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1 Foreword and main findings 
 

Since the Basel 2 Accord, the Regulators have raised the issue of errors arising in the internal model 

estimation process, calling for margins of conservatism to cover possible underestimation in capital.  

However, this issue has been dealt with just a few general statements into to the primary regulations, 

namely the 2013 Capital Requirement Directive and the EU Regulation 575/2013 for European 

Union. 

More recently, the EBA has devoted a material share of its 2017 Guidelines on model estimation to 

build up a framework to define, classify and quantify the Margin of Conservatism (MOC). 

Furthermore, regulation has been brought out on Model Risk, which appears to have close relations 

with MOCs, though still not thoroughly elaborated. 

 

In this paper, we start surveying the regulatory requirements and the methodological foundations of 

the MOC related to the general estimation error. It comes out that the likelihood of double counting 

risks and overestimating capital requirements is significative, largely because of the potential 

overlapping between the variability of the observed variable and that of its estimator; the aggregation 

of MOCs on different risk components is another source of overconservatism that needs to be tackled. 

We thus formulate a set of general principles that should be followed in order to comply with 

regulatory requirement while avoiding excessive and unjustified burdens. 

 

We propose then a simple method to calculate the MOC, as an adjustment to each risk parameter (PD, 

LGD and CCF) resulting from the product of a factor (k) times the standard deviation (sigma) of the 

parameter estimator. Both the components of the method (i.e. quantifying the standard deviation of 

the parameter estimator and setting the k factor) are analysed from the methodological and the 

operational point of view: 

 For sigma some alternative approaches are put forward, as well as an approach to models 

designed as the aggregation of model components; 

 For k, whose calibration is crucial to avoid (or at least to limit) double counting of risks and 

requirements, a closed-formula and a Monte Carlo approach are discussed, and the latter is 

elaborated in depth with a final calibration proposal. 

 

The obtained results are used to perform an impact analysis on RWA according to different calibration 

scenarios for k and sigma. The main outcome is that MOC, if not properly calibrated, can be very 

burdensome for small portfolios, and especially for low default portfolios. 

 

Finally, some operational issues are explored concerning the implementation of the MOCs on “real 

life” portfolios, where different segmentations across risk components may involve technical 

problems, and the extension of MOCs to defaulted asset RWAs computation. Also, the lifecycle of 

MOCs should follow that of the related models, thus implying a synchronization in the lifecycle of 

all risk components model for each portfolio segment. 

 

 

2 The regulation and methodological framework 
 

The original statement calling for conservatism into estimates can be found in the 2005 Basel Accord, 

International Convergence of Capital Measurement and Capital Standards (see [1]).  

More precisely, par. 451 states:  

“In general, estimates of PDs, LGDs, and EADs are likely to involve unpredictable errors. In order 

to avoid over-optimism, a bank must add to its estimates a margin of conservatism that is related to 
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the likely range of errors. Where methods and data are less satisfactory and the likely range of errors 

is larger, the margin of conservatism must be larger”. 

The risk of introducing undesired and excessive capital burdens to the bank is quite concrete. This 

seemed to be already apparent to Basel Regulators since the beginning of the Accord: in the 2005 

BCBS Paper “An Explanatory Note on the Basel II IRB Risk Weight Functions” (see [29]), one can 

read at par. 5.1: “The high confidence level was also chosen to protect against estimation errors, that 

might inevitably occur from banks’ internal PD, LGD and EAD estimation, as well as other model 

uncertainties”. As a matter of fact, the standard level of confidence used in the Value at Risk models 

is 99%; since “the high confidence level was also chosen to protect against estimation errors… as 

well as other model uncertainties”, we can argue that the difference in the capital requirements 

involved by the extension from 99% to 99.9% can be deemed as a rough approximation of a MOC C 

already embedded in the supervisory formula. 

 

In the European regulation, the provision is transposed into both the 2013 Capital Requirement 

Directive (the so called “CRD IV”, see [2]) and into the EU Regulation 575/2013 (the so called 

“CRR”, see [3]). The latter, in particular, at the art. 179 states:  

“In quantifying the risk parameters to be associated with rating grades or pools, institutions shall 

apply the following requirements: 

…………………………….. 

f) an institution shall add to its estimates a margin of conservatism that is related to the expected 

range of estimation errors. Where methods and data are considered to be less satisfactory, 

the expected range of errors is larger, the margin of conservatism shall be larger…”. 

 

However, these high-level principles have been interpreted by the banking industry and national 

supervisors in various ways, leading to a wide a variety of practices. Hence, in the context of its 

project to harmonize industry practices and reduce RWA variability, the EBA in the 2017 Guidelines 

on PD estimation, LGD estimation and the treatment of defaulted exposures (see [4] ) provided a 

more elaborated version of the requirement.  

The whole chapter 4.4 is devoted to the “Treatment of deficiencies and margin of conservatism”. 

The definition of MOC is provided in the par. 42: 

“The final MOC on a risk parameter estimate should reflect the uncertainty of the estimation in all of 

the following categories: 

 Category A: MOC related to data and methodological deficiencies identified under category 

A as referred to in paragraph 36(a); 

 Category B: MOC related to relevant changes to underwriting standards, risk appetite, 

collection and recovery policies and any other source of additional uncertainty identified 

under category B as referred to in paragraph 36(b); 

 Category C: the general estimation error”. 

 

In this paper, we are focusing only on the last MOC category. Par. 43 further elaborates: 

“In order to quantify MOC institutions should do all of the following: 

………….. 

(b) quantify the general estimation error of category C referred to in paragraph 42 associated with 

the underlying estimation method at least for every calibration segment; the MOC for the 

general estimation error should reflect the dispersion of the distribution of the statistical 

estimator”. 

Additional requirements are provided in the rest of the chapter. Here we highlight only two more: 

par. 47, stating that “the MOC stemming from the general estimation error is greater than zero” and 

par. 48, stating: “Institutions should consider the overall impact of the identified deficiencies and the 

resulting final MOC on the soundness of the model and ensure that the estimates of the risk parameters 



6 

and the resulting own funds requirements are not distorted by the necessity for excessive 

adjustments”. 

 

Thus, leaving aside the MOCs on data, methodologies and process, we can summarize the 

requirements on the MOC of type C, on general estimation error, as follows: 

 It should reflect the dispersion of the distribution of the statistical estimator (par. 43) 

 It should be quantified at least for every calibration segment (par. 43) 

 It must always be greater than zero (par. 47)  

 (together with the other MOCs) It should not distort with excessive adjustments the estimates 

of the risk parameters and the resulting own funds requirements (par. 48). 

It is also convenient mentioning what the GLs say about the aggregation of MOCs at Chapter 2 

Background and Rationale:  

“…for the purpose of harmonisation and in order not to impose over sophistication, it has been 

decided to require the aggregation of MOC between the categories based on a simple sum. However, 

different aggregation techniques may be used within each of the categories”. 

Though this is related to the different MOC types, we notice that the same issue must be coped with 

for the aggregation of the MOCs on the different risk components. Specifically, general estimation 

errors can be reasonably assumed independent on one another while separately adjusting each risk 

parameter estimator for its own MOC involves an implicit assumption of correlation between errors. 

MOC aggregation should hence be designed in a way not produce “excessive adjustments”, as stated 

before. In this regard, it worth noticing that the EBA GL itself ( [4] ) clearly states in par. 43. to “[…] 

quantify MOC for the identified deficiencies referred to in paragraphs 36 and 37 [i.e. categories A 

and B], to the extent not covered by the general estimation error, […]”, thus putting attention if the 

generalized estimation error, in the way in which is quantified, might already factorize the additional 

buffer of conservatism stemming from a category A or B deficiency. Let’s assume the following 

example: due to a structural break on underwriting process (Category B.i in the list reported in par. 

37) both development and calibration samples (including the one related to the Long Run Average 1-

year default rate) have been shortened (ensuring in any case the minimum time horizon required by 

the CRR). In this case, being the MOC category C inverse function of the number of observations of 

the estimation sample, a lower number of observations would already entail, ceteris paribus, a higher 

MOC C, thus effectively factorizing the adjustment (based on the time series shortening) applied in 

order to outweigh the limited representativeness before the structural break.    

 

A further regulatory reference, still published as a consultative document in September 2018, is the 

ECB guide to internal models, Risk type specific chapters (see [5] ). The MOC paragraph, specifically 

concerning MOC of type C, extends to CCFs the content of the EBA GLs on PD and LGD estimation. 

Furthermore, for PDs it specifies that the MOC should “account for statistical uncertainty/sampling 

error affecting the LRA estimate at grade level stemming from the variability of each year’s default 

rate and from the period considered…”.  

This raises some concerns: 

 Estimating the MOC at the grade level alters the shape of the discriminant function. An 

inversion of the curve (and then a reduction of predicting power) can even happen if the MOC 

is inversely proportional to PD in some segment of the curve, as it might easily be the case if 

the MOC is proportional to the sample size. Moreover, the estimation becomes rather 

arbitrarily dependent on the number of grade levels of the model. For that reasons, we believe 

that this provision should be interpreted in the sense that the MOC must be calculated at the 

model level and then allocated to each grade in a way that preserves the predicting power of 

the model; 

 Considering separately the default rate of each year can confuse the variability of the default 

rate time series with that of its estimator: only the latter should concur at defining the type C 
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MOC1. We believe that this statement should be interpreted as a recommendation to consider 

the whole time series in order to evaluate the variability of the estimation error.  

Both these issues will be further explored in the methodological analysis developed below in this 

chapter, as well as in the proposals put forward in the following ones. 

A last point on the regulatory framework concerns the relationship between the required MOCs, 

specified as detailed before, and the model risk. The March 2018 General Topics chapter of the ECB 

guide to internal models (see [6]) recaps a number of issues which had already come out in the 

preceding regulatory environment2. 

It is worth reporting an abstract of the paragraph “Implementation of a model risk management 

framework” (par. 14): 

“Effective model risk management allows institutions to reduce the risk of potential losses and 

underestimation of own funds requirements as a result of flaws in the development, implementation 

or use of the models. To mitigate these risks, institutions should have a model risk management 

framework in place that allows them to identify, understand and manage their model risk for internal 

models across the group. This framework should comprise, at least, the following:  

a) A written model risk management policy. This policy should, as a minimum, include a concept 

or a definition of what constitutes a model, provide the institution’s interpretation of model 

risk and describe the model risk framework with reference to its different components (e.g. 

model governance, risk control function, validation function, internal audit) and their related 

documented policies.  

b) A register of the institution’s internal models…. This register should facilitate a holistic 

understanding of the application and use of the models and provide the institution’s 

management body and senior management with a comprehensive overview of the models in 

place.  

c) Guidelines on identifying and mitigating any areas where measurement uncertainty and model 

deficiencies are known to exist, according to their materiality. In particular, those elements 

that relate to qualitative aspects of model risk (such as data deficiencies, model misuse or 

implementation errors) should be considered. This methodology should be applied 

consistently across the group (e.g. in subsidiaries or regions).  

d) Guidelines and methodologies for the qualitative and/or quantitative assessment and 

measurement of the institution’s model risk.  

e) Guidelines with respect to the model life cycle ….  

f) Procedures for model risk communication and reporting (internal and external).  

g) Definition of roles and responsibilities within the model risk management framework.” 

Apart from the need of a clear and harmonized definition of a model, which emerges as a pre-requisite 

for understanding the perimeter of Model Risk Management, some questions arise, in particular what 

the granularity of the model register should be and if the guidelines concerning points from (c) to (f) 

should be or not part of the Model Risk Management policy.”  

Furthermore, and more interestingly in this context, it should be defined if a capital buffer is needed 

for model risk and if there is or not a difference between Pillar I and Pillar II or other managerial 

models.  

A common understanding is that a model risk buffer – pertaining to Pillar II - should be calculated: 

this is due to the fact that, even if monitored and controlled, a physiological level of model risk will 

always be present. Only if it has been thoroughly recognized, “measured” and controlled banks should 

                                                
1 Incidentally, we observe that the statistical inference (e.g. bulding confidence interval) makes sense when we are dealing 

with samples extracted from a population. But in the default rate calculation one must use all portfolio and all defaults 

(as required by Art. 180.1 CRR). Hence, there is no statistical uncertainty around the annual default rate and there is no 

room for type C MOC.   
2 E.g. the “Supervisory guidance on model risk management”, issued in 2011 by the Board of Governors of the Federal 

Reserve System and the Office of the Controller of the Currencies, or the Guidelines on common procedures and 

methodologies for the supervisory review and evaluation process (SREP), issued in December 2014 by ECB 
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be allowed not to quantify a specific capital requirement to face it. But this is still a long way run for 

most banks.  

If a model risk capital buffer is deemed necessary, in order to avoid any double counting on economic 

capital measures with respect to MOCs (and generally speaking add-ons) already included in Pillar I 

measures, a mapping of prudential elements applied to face specific regulatory request should be 

done. Probably, most part of these prudential measures are considered also in the economic capital 

ones, which justifies the fact of not applying a model risk capital buffer to Pillar I risks that are also 

applied in Pillar II (ICAAP). Banks should calculate an economic capital to face model risk only if 

no “general estimation error” MOC is included in Pillar II. 

 

 

 
 

It comes out that, although quite more elaborated than Basel Accord and CRD/CRR, the requirement 

for introducing a margin of conservatism related to the general estimation error into the estimates is 

still far from being operational. 

The main contribution of EBA GLs is the definition and classification of the MOCs. However, these 

provisions are still high-level principles. In order to reduce the “unjustified variability” of RWA the 

Industry should define common practices, in agreement with Supervisors. 

To that aim, a number of issues arise from reading the MOC C features listed above, but the first one 

really lies at the heart of problem: what does mean the “dispersion of the distribution of the 

statistical estimator” mean and how can we measure it? 
 

Page 18 of the Guidelines clarifies that “The reference to statistical variance has been avoided in 

order to not impose a fixed methodology, which might for example lead to disproportionate MOC for 

low default portfolios”. 

 

The analysis of uncertainty around the statistical estimator is one of the fundamental topics of 

inferential statistics. In that context, significant information on population features are captured, such 

as mean and variability of certain phenomena, starting from information extracted from a random 

sample of that population. Parametric inferential statistics is based on assuming specific distributions 

of phenomena; for sufficiently large samples the central limit theorem is applied, which enables the 

use of the normal distribution. 

 

Collected experimental data are only one of the many possible samples (eventually infinite) which 

theoretically can be collected; it is essential that the sample is random and unaffected by biases which 

could influence the estimation error of parameters to be studied. 

 

For example: given n independent observations Xi drawn by a population that is characterized by 

unknown parameters of mean  and variance 2, the sample mean and variance are �̅� and s2. But from 

the inferential standpoint, the mean has to be regarded as a random variable, with its own expected 

value and variance, equal to: 𝐸(�̅�) = 𝜇 and 𝑣𝑎𝑟(�̅�) =
𝜎2

𝑛
. For n tending to a largest number, the 

central limit theorem ensures that the variable 
�̅�−𝜇

𝜎

√𝑛

  converges to the standard normal distribution: 

�̅�−𝜇
𝜎

√𝑛

𝑑
→ 𝑁(0,1) (where the symbol 

𝑑
→ indicates convergence in distribution), so that is �̅�

𝑑
→ 𝑁 (𝜇,

𝜎2

𝑛
).   

The convergence to the normal distribution, for n very large, holds also if the sample variables are 

not normally distributed. The expected value of the mean estimator corresponds to the population 

mean and the estimator standard error can be computed as the sample standard deviation divided by 

the square root of the number of observations contributing to the parameters estimate.  
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From the estimator distribution (in our example, of the mean), the levels of confidence can be built; 

for example, for a level of confidence of 95% we have:  

𝑃𝑟𝑜𝑏 [−1.96 ≤
�̅� − 𝜇

𝜎/√𝑛
≤ 1.96] = 0.95 

from which: 

𝑃𝑟𝑜𝑏 [�̅� − 1.96 ∗
𝜎

√𝑛
≤ 𝜇 ≤ �̅� + 1.96 ∗

𝜎

√𝑛
] = 0.95 

 

The searched mean is included between the two interval limits with a probability of 95%. In general: 

𝑃𝑟𝑜𝑏 [�̅� − 𝑧𝛼 2⁄ ∗
𝜎

√𝑛
≤ 𝜇 ≤ �̅� + 𝑧𝛼 2⁄ ∗

𝜎

√𝑛
] = 1 − 𝛼 

where in the above example =0.05 and z is the quantile of the standard normal. The uncertainty 

around the estimator decreases with the increase of the number of observation (at the square root 

path).  

 

Needless to say, we must not confuse the two expressions �̅� + 1.96 ∗ 𝜎 and �̅� + 1.96 ∗
𝜎

√𝑛
: the former 

identifies the 97.5% quantile of the �̅� variable, while the latter corresponds to the upper bound of the 

95% confidence interval around the estimator (two tails interval). In the first case  is the variability 

of the variable �̅�, while in the second one 𝜎 √𝑛⁄  is the variability of the estimator. 

In the actual computations  is replaced by s3. 

This example could appear trivial in this context but, in particular for what concerns LGD and CCF, 

it is material the chance that some of the people involved in the discussion start to confound the 

population variability with the parameter estimator variability. This mistake should be definitely 

avoided as to ensure a rational discussion.  

 

 

****** 

 

 

Let us start considering the probability of default. We will discuss it as length because it has received 

by academics, practitioners and regulators much more attention than the other risk parameters. We 

will subsequently exploit the findings on probability of default to extend the framework to loss given 

default and exposure at default. 

 

If we apply the above framework to the default event variable, we can follow this way: the default 

event is observed through a series of sample detections of firms in various financial conditions; in the 

context of default-mode models, credit risk is perceived as the extreme event risk (the default), while 

risks of firm credit quality variations are ignored. The extreme event of default can be modelled with 

the Bernoulli distribution which has only two values (0;1) and is characterized by the P parameter 

which represents the probability of observing the event.  

The average of the Bernoulli distribution is simply P, while the variance is P(1-P). Hence the standard 

error of the mean estimator is: √
𝑃(1−𝑃)

𝑛
=

𝜎(𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖)

√𝑛
  

 

The central limit theorem, for n large, allows us to apply the approximation with the normal 

distribution, with which it is possible to build confidence interval of size k* around the default 

probability (P, estimated by the observed default rate). 

                                                
3 Technically the use of s instead of the unknown σ transforms the standard normal variable in a student-t variable with 

n-1 degree of freedom, but for large n the Student-t converges to a standard normal. 
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For the validity of the adopted framework, it is essential that the n observations are independent from 

each other, that is, in terms of extreme events, that the observed defaults are independent. 

Specifically, with independent defaults and default probability constant over time4, the default rate 

(DR) distribution in the t period is: 𝐷𝑅𝑡~𝑁 (𝑝; √
𝑝(1−𝑝)

𝑛𝑡
), while over the horizon of T periods is: 

𝐷𝑅𝑇~𝑁 (𝑝; √
𝑝(1−𝑝)

𝑛𝑇
), where nT is the total number of observations over T periods. This approach is 

often adopted by practitioners to assess stability and statistic robustness of default rates estimated by 

rating agencies (see [7] and [8]5), to analyse the default rate monotonicity across rating grades or 

simply to complement the statistics on default rates with confidence intervals around them (see [9]). 

The ECB, among others, relied on this approach for collateral assessment in monetary policy 

operations (see [10]). 

 

An equivalent way to consider the uncertainty around the estimator consists in finding the minimum 

observation number necessary to narrow the confidence interval inside a defined target value (see 

[11])  or in using the binomial test to assess the consistency of observed default occurrences with the 

one that is theoretically expected based on default probability6.  

 

A first adjustment to this framework concerns the removal of default probability serial stability. Let 

us assume that in each period the probability pt changes over time due to random fluctuations of 

underlying macroeconomic or sectorial variables. Let also assume that in each t the probability is 

normally distributed around its long period value p, and that shocks are serially independent with zero 

mean and volatility , or pt=p+t, with 𝜀𝑡~𝑁(0; 𝜎𝜖
2), then the default rate distribution at period t is: 

𝐷𝑅𝑡~𝑁 (𝑝; √
𝑝(1−𝑝)

𝑛𝑡
+ 𝜎𝜀

2), and the one over T periods is (see [7]): 

𝐷𝑅𝑇~𝑁 (𝑝; √
𝑝(1−𝑝)

𝑛𝑇
+

𝜎𝜀
2

𝑛𝑇
2 ∑ 𝑛𝑡

2𝑛
𝑡=1 )7.  

 

The type C MOC for PD generated by through-the-cycle rating systems could find useful references 

in this framework. 

 

Notice that, the hypothesis of default independence is very restrictive and leads to confidence 

intervals that may be too narrow. In fact, the large numbers law and the central limit theorem do not 

hold (or do not hold properly) in case of correlations among variables; possible corrections, though 

partial, can be those proposed by Agresti and Coull or by Clopper (see [8]) and Pearson. 

Stein (see [11]) observed that there is not an analytical solution to adjust the PD variance in case of 

non-independent observations: numerical methods are able to estimate the parameters of the PD 

distribution, the minimum size observations in the sample, and the minimum sample size threshold 

consistent with the acceptance of a correct PD estimation (in this case the Vasicek distribution allows 

for significant simplifications, see [12] and [13] 8). 

                                                
4 More specifically: iid observations, where the PD does not change systematically in time or across sectors and, in 

addition, in each period the PD of the ith firm is independent of   the jth firm. 
5 The latter applies confidence intervals to each individual rating class. 
6 Given the observed default number nd (in a portfolio or a risk class), we refuse the hypothesis that the PD is reliable if 

it trespasses the critical threshold defined by ˆ min | (1 ) 1
d

n
i n i

d d

i n

n
n n p p

i




  
     

  
 , given the confidence 

interval 1-α.  
7 The authors propose as well a further extension to take into account the shocks persistence, by modelling them with a 

first-order auto-regressive process. 
8 See the first reference for analytical details and the second one for multiperiod evaluations. 
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The non-parametric inferential statistics does not require specific assumptions on the distributions 

shape but, in general, except for data assuming the feature of ranks, the non-parametric tests do not 

have the same effectiveness as the parametric ones. To the non-parametric approach belongs, on the 

other hand, the bootstrapping, which is adopted by practitioners either as a complement or as an 

alternative to the parametric confidence intervals (see [8], [14]9 and [15]); we remind that, while there 

is no assumption on the distribution shape, in the bootstrapping the default independence is 

maintained. 

 

Another alternative to the confidence interval approach is the use of Brier score (see [16]), which 

operates on the residual sum of squares between the default probability and the variable identifying 

the default events: 𝐵𝑟𝑖𝑒𝑟 =
1

𝑛
∑ (𝑝𝑖 − 𝑦𝑖)2𝑛

𝑖=1 , with 𝑦𝑖 = {
0 𝑖𝑓 𝑛𝑜𝑛 𝑑𝑒𝑓𝑎𝑢𝑙𝑡

1 𝑖𝑓 𝑑𝑒𝑓𝑎𝑢𝑙𝑡
; however, statistical 

tests for Brier score verification are not well identified (see [10]). 

 

If, rather than considering with the Brier score a single rating class, we want to take into account 

simultaneously the residual square differences on the whole rating scale, the Hosmer-Lemeshow test 

can be used:  

𝐻𝐿 = ∑
(𝑛𝑗𝑝𝑗 − 𝑛𝑑𝑗)2

𝑛𝑗𝑝𝑗(1 − 𝑝𝑗)

𝑅

𝑗=1

 

Where R = number of rating classes, nj = number of firms in the jth rating class, pj = default probability 

in the jth class, ndj = number of default in the jth class. The test has a Chi-square distribution with R-2 

degrees of freedom, under the condition that all firms in each rating class have the same PD and the 

usual normality conditions hold.  

 

HL test can be used as the basis for a valuation of type C MOC on the whole rating classes scale 

jointly considered, at the cost of a significant complication of the reference frame and the connected 

computations; among the open issues there is the non-trivial one concerning the transfer of the overall 

MOC on the single class PD. 

 

The Bayesian approach allows to incorporate explicitly into the estimate the a priori knowledge (or 

the assumptions) of the decision maker; in that way, the final distribution of considered variable 

reflects both “objective” elements, drawn by observations, and “subjective” elements, coming from 

the analyst accumulated experience and available information. One of the first works on the role of 

parameter uncertainty in the credit risk estimate is actually based on the Bayesian approach (see [17]). 

As an example, we can consider the case of a bank expressing the PD best estimate on the basis of a 

priori knowledge, which is subsequently updated using new observations. Generally speaking, the 

posterior distribution of default probability is:  

𝑝(𝑃𝐷|𝑑𝑎𝑡𝑎) =
𝑝(𝑑𝑎𝑡𝑎|𝑃𝐷) ∗ 𝑝(𝑃𝐷)

∫ 𝑝(𝑑𝑎𝑡𝑎|𝑃𝐷) ∗ 𝑝(𝑃𝐷)𝑑𝑃𝐷 [= 𝑝(𝑑𝑎𝑡𝑎)]
=

𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 ∗ 𝑝𝑟𝑖𝑜𝑟

𝑢𝑛𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑖𝑠𝑡𝑟.
= 𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 

 

Given a portfolio of N exposures with X default events, the joint distribution of data conditional to 

the hypothesis of a certain value for PD is: 

𝑃(𝑋|𝑃𝐷) = (
𝑁

𝑋
) 𝑃𝐷𝑋(1 − 𝑃𝐷)𝑁−𝑋 

which corresponds to the likelihood function. 

                                                
9 In this source, non-parametric confidence intervals on cumulated default rates are considered. 
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The a priori PD distribution can be modelled with a Beta10 function with parameters (,). The choice 

of the Beta allows to exploit a well-known result of the Bayesian inferential statistics (see [18]), 

according to which the combination of a Bernoulli data-conditional distribution and a Beta prior 

produces a posterior conjugate which is still a Beta function; hence: 

𝑝(𝑃𝐷) =
Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
𝑃𝐷𝛼−1(1 − 𝑃𝐷)𝛽−1 =

𝑃𝐷𝛼−1(1 − 𝑃𝐷)𝛽−1

𝐵(𝛼, 𝛽)
= 𝐵𝑒𝑡𝑎 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 

where B(,) = Beta function, () = Gamma function. 

 

Therefore, multiplying likelihood times prior leads to: 

 

𝑃(𝑋|𝑃𝐷) ∗ 𝑝(𝑃𝐷) = (
𝑁

𝑋
) 𝑃𝐷𝑋(1 − 𝑃𝐷)𝑁−𝑋

Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
𝑃𝐷𝛼−1(1 − 𝑃𝐷)𝛽−1 =

= (
𝑁

𝑋
)

Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1 

 

The unconditional distribution is (see [18]):  

𝑃(𝑋) = ∫ (
𝑁

𝑋
)

Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1𝑑𝑃𝐷 =

=
Γ(𝑋 + 𝛼)Γ(𝑁 − 𝑋 + 𝛽)Γ(𝛼 + 𝛽)Γ(𝑁 + 1)

Γ(𝑋 + 1)Γ(𝑁 − 𝑋 + 1)Γ(𝛼)Γ(𝛽)Γ(𝑁 + 𝛼 + 𝛽)
 

from which we obtain the posterior distribution: 

𝑝(𝑃𝐷|𝑋) =
(𝑁

𝑋
)

Γ(𝛼 + 𝛽)
Γ(𝛼)Γ(𝛽) 𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1

∫(𝑁
𝑋

)
Γ(𝛼 + 𝛽)
Γ(𝛼)Γ(𝛽) 𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1𝑑𝑃𝐷

 

and, bearing in mind that (N+1)=N! and that the binomial coefficient is 
𝑁!

𝑋!(𝑁−𝑋)!
, we have: 

𝑝(𝑃𝐷|𝑋) =

Γ(N + 1)
Γ(𝑋 + 1)Γ(𝑁 − 𝑋 + 1)

Γ(𝛼 + 𝛽)
Γ(𝛼)Γ(𝛽) 𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1

Γ(𝑋 + 𝛼)Γ(𝑁 − 𝑋 + 𝛽)Γ(𝛼 + 𝛽)Γ(𝑁 + 1)
Γ(𝑋 + 1)Γ(𝑁 − 𝑋 + 1)Γ(𝛼)Γ(𝛽)Γ(𝑁 + 𝛼 + 𝛽)

=

=
Γ(𝛼 + 𝛽 + 𝑁)

Γ(𝛼 + 𝑋)Γ(𝛽 + 𝑁 − 𝑋)
𝑃𝐷𝛼+𝑋−1(1 − 𝑃𝐷)𝛽+𝑁−𝑋−1 =

= 𝐵𝑒𝑡𝑎(𝛼 + 𝑋, 𝛽 + 𝑁 − 𝑋) 

 

Let us use the following data as an example: 

N=2720 

X=47 

PD=0.01728 (correspondent to 47 default events/2720 counterparts) 

sd_PD=0.13031 (from the Bernoulli) 

err_PD)=0.0025 (sd/sqrt of 2720) 

α prior =46.98 (PD^2(1-PD))/(err_PD^2)-PD 

β prior =2672.02 (PD(1-PD)^2)/(err_PD^2)+PD-1 

α posterior=93.98 (=46.98+47) 

β posterior=5345.02 (=2672.02+2720-47) 

 

                                                
10 As a reminder: 

𝑚𝑒𝑎𝑛 =
𝛼

𝛼+𝛽
; 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 =

𝛼𝛽

(𝛼+𝛽)2(𝛼+𝛽+1)
; 𝑚𝑜𝑑𝑒 =

𝛼−1

𝛼+𝛽−2
; 𝛼 =

𝑚(𝑚−𝑚2−𝜎2)

𝜎2 ; 𝛽 =
((𝜎2+𝑚2−𝑚)(𝑚−1)

𝜎2  
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The PD, evaluated at 99.9th percentile with the posterior Beta is equal to 0.02325; the difference with 

respect to the ex-ante PD (0.01728) is 2.388 times the estimation error (lower than 3.09 times). The 

stressed PD at the 99.9th percentile by applying Vasicek (with rho=0.15) is equal to 0.1945. 

 

The PD Beta density is shown in the below chart (it comes out that it is highly concentrated on lowest 

values of PD): 

 

 
 

 

The Bayesian approach is likely to be the most appropriate to study the uncertainty around the 

estimators, thanks also to the remarkable flexibility in specifying the a priori distribution in desired 

shape; however, as soon as we depart from closed-form conjugates, it becomes necessary to resort to 

the numerical computation with methods of the Markov Chain Monte Carlo type. 

 

A source of further significant difficulties are the low-default portfolios, which make still more 

complex the evaluation of uncertainty around the PD estimator. Here, the limited availability of 

observations raises serious problems to the construction of reliable statistical estimates. While for the 

strictest analytical aspects we refer to dedicated literature (see [19], [20], [21] and [22]11), we 

highlight that the confidence interval that can be built on these portfolios are based on the conditional 

independence of default events used to compute the probability of observing a few or even no events 

in the considered period; for approximations effectiveness it is essential that the rating system are 

able to correctly order the firms creditworthiness, setting then a growing hierarchy to the estimated 

PD. Inserting the events correlation forces to resort again to the numerical computation of the integral 

defining the confidence interval region around the PD. Some attempts, not reported here, to estimate 

the type C MOC on a low default portfolio PD led to extremely high magnitudes, such to significantly 

modify the regulatory requirement, as anticipated by the concern reported at page 18 of EBA GLs. 

 

As one can see, the difficulty of the evaluation of the PD general estimation error is such to suggest 

in this phase a realistic approach which, though allowing for some simplification, is practically 

viable for all banks. Therefore, taking into account the complexity of the various approaches that have 

been considered here and adopting the appropriate simplifications, the type C MOC for PD can be 

defined with the k-sigma method, consisting in an adjustment of the estimated PD, calculated as 

the product of the estimator standard deviation times a factor k. 

 

 

                                                
11 The author resorted to the Bayesian approach to estimate PD and its uncertainty in low-default portfolios.  
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We will come back below on the proposed method, after completing the reference methodological 

framework by including the general estimation error on LGD and EAD. 

 

Here, in addition to the issue of individuating the LGD and EAD estimation error, it comes out also 

that of taking into account the connection among the three variables input to the capital requirement. 

 

The EAD can be broken down into (1-q)+q*CCF, where q = undrawn exposure share and CCF = 

credit conversion factor. For sake of simplicity, we can consider as fixed (or better: known without 

uncertainty) the undrawn exposure share and limit the type C MOC estimate to CCF alone. 

 

As well known, from the methodological standpoint modelling LGD and CCF is more complex than 

PD; in particular, the fact that LGD and CCF are observable only for defaulted counterparts12, thus a 

minority of observations, limits the analytical options. Leaving aside here those issues, a first 

approach for the valuation of type C MOC on LGD consists in replicating the same framework 

seen for PD: first we define (or find) the functional form of the reference statistical distribution, then 

starting from it we obtain the estimator standard error of the variable mean. For example, let us 

suppose that LGD can be correctly described by a Beta distribution, with  and  estimated on 

available observations; since the Beta variance is 
𝛼𝛽

(𝛼+𝛽)2(𝛼+𝛽+1)
, the estimator standard error is 

√
𝛼𝛽

(𝛼+𝛽)2(𝛼+𝛽+1)
𝑛 ⁄ ; then, by defining as k the upper bound of the confidence interval, the LGD MOC 

becomes: 𝐿𝐺𝐷 + 𝑘 ∗ √
𝛼𝛽

𝑛∗(𝛼+𝛽)2(𝛼+𝛽+1)
. 

The same framework can be applied to CCF13. 

 

The same arguments elaborated for PD hold also here, about the correlation among LGD and the 

resort to the non-parametric approach, bootstrapping in particular. 

 

A second approach, which could be common to LGD and CCF, consists in working on the 

parameters of the model adopted by the bank to synthetize the variables that are relevant in 

describing/interpreting LGD and CCF. As an example, let us consider a simple multiple linear 

regression (or linearized, possibly through dummies): 

𝐿𝐺𝐷(ℎ) = 𝑏0 + 𝑏1𝑌1+𝑏2𝑌2 + ⋯ + 𝜖̃ 
where h indicates the hth facility. The coefficient b0, the constant, can be considered as the reference 

general mean of the hth facility, before the explanatory variables (the Y) are specified, which allow to 

identify the various features determining the actual LGD of the facility. The general estimation error 

could then be reasonably referred to b0: MOC[LGD(h)]=k*stddev of the constant14. In a more 

sophisticated version, we could even consider the other model coefficients, to be connected through 

their correlation matrix. 

A variation of this approach can be considered in the context of adoption of a Direct LGD estimation 

pursuant to CRR Article 169.3, resulting from the combination of intermediate model components. 

Pursuant to par. 161.b of EBA GL 2017, the LGD estimates resulting from the combination of the 

estimated model components underlying should be calibrated to the overall observed long run LGD 

(i.e. the default-weighted average realized LGD observed on a long run time series considering all 

defaults observed - both cured and not cured - including inference on open cases at the cut-off dates 

of the calibration sample), by means of calibrated factor (e.g. a scaling factor). Consequently, 

                                                
12 Actually, CCF can be measured on all exposures, independently of the change in the default status; however, the Basel 

framework envisages to estimate them only on defaulted exposures, on the time horizon preceding the default time. 
13 The CCF parameter can vary between plus/minus infinite. In order to use a beta it has to be normalized between 0 and 

1. 
14 Even in this case the standard error of the constant must not be confused with the residual standard error ε. 
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similarly to the approach reported for PD parameters aimed at calculating a MOC C according to the 

standard error of a dichotomy random variable, in this case the standard error of the Long Run overall 

average realized LGD underlying the calculation of the scaling factor would be adopted for the 

calculation of MOC C15: 

𝑆𝑡𝑎𝑛𝑑𝑎𝑟 𝐸𝑟𝑟𝑜𝑟 𝐿𝑜𝑛𝑔 𝑅𝑢𝑛 𝐿𝐺𝐷 =
𝜎(𝐿𝐺𝐷𝐿𝑅𝐴̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

√𝑛
. 

 

Simpler approaches to the standard error calculation of LGD and CCF are described in the following 

paragraph. 

 

Concerning the Bayesian approach, and considering a unit EAD, we can complete the example that 

we began above: the bank determines the best estimate on LGD as well, whose posterior distribution 

can be written as:  

𝑝(𝐿𝐺𝐷𝑑|𝑑𝑎𝑡𝑎) =
𝑃(𝑑𝑎𝑡𝑎|𝐿𝐺𝐷𝑑) ∙ 𝑝(𝐿𝐺𝐷𝑑)

∫ 𝑃(𝑑𝑎𝑡𝑎|𝐿𝐺𝐷𝑑) ∙ 𝑝(𝐿𝐺𝐷𝑑)𝑑𝐿𝐺𝐷𝑑[= 𝑝(𝑑𝑎𝑡𝑎)
= 𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 

Where LGDd is the downturn LGD. The LGDd estimate could be modelled by specifying a Beta 

distribution for the likelihood and a second Beta for the prior. Unfortunately, there is no closed-form 

expression for the posterior conjugate, which must then be numerically evaluated. The same holds 

for likelihood-prior combinations as Beta-Normal and Uniform-Beta. A closed-form solution is 

available with Gamma-Gamma, still obtaining a conjugate Gamma, but it appears to be a stretch only 

for analytical convenience, since we can regard that for the LGD a posterior Beta is closer to the 

reality. 

 

In order to have a posterior Beta coming from a closed-form solution, we use here a Geometric 

likelihood density, which is compatible with a Beta prior and a Beta conjugate; the choice that we 

adopt here, only for sake of example, is then:  




BetaGeometric

BetapriorLikelihoodGeometric
BetaPosterior

*

*
 

where the geometric distribution is purely specious to obtain a Beta posterior distribution.  
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By using the following data: 

N=47 

LGDd expected= 0.50467  

sd_LGD=0.05118 

LGDerror=0.00746 (sd/square root of 47) 

                                                
15 A similar approach, in case of analogous methodological framework based on model components, can be adopted for 

Conversion Factors.  
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Sum LGDd(i)=23.7195 

α prior =2263.56 (LGD^2(1-LGD))/(errLGD^2)-LGD 

β prior =2221.66 (LGD(1-LGD)^2)/(errLGD^2)+LGD-1 

α posterior=2310.56 (=2263.56+47) 

β posterior=2198.38 (=2221.66+23.719-47) 

 

The LGDd evaluated at the 99.9° percentile with a Beta posterior is 0.5354; the difference with respect 

to the ex-ante LGDd (0.5046) is 4.12 times the estimation error (greater than 3.09 times). The Beta 

density of LGDd is, as expected: 

 

 
 

The Bayesian example can be completed with the TL computation (total loss with unitary EAD). 

By adopting the idea that, conditionally to the realization of the common factor, PD and LGD are 

independent between themselves and within the portfolio, the TL is computed as the product 

(PD|0.999)*LGDd. 

 

This assumption is a crucial step. In general, the TL computation should be specified as a function of 

the conjugated distribution of PD|0.999 and LGDd, thus considering the posterior: 

 

LGDdPDdensityfconjugatedjigwhere

djdijigLGDdPDfTLE ji

&)(),(

),(**)()(

999.0

999.0999.0



 
 

 

But the specification of the form g(i,j) is not easy. In theory, a bivariate likelihood of f(PD|0.999) and 

LGDd should be defined, a bivariate prior and from them obtaining a conjugate bivariate g(i,j)16. 

An easier non-Bayesian approach consists of defining a copula which links the posterior f(PD|0.999) 

and LGDd by establishing the degree of monotonicity on the basis of hypotheses formulated on the 

correlation of the two variables. 

To maintain the adherence to the regulatory framework which, to avoid the correlation between PD 

and LGD, uses the downturn LGD (the LGD conditioned to the realization of negative economic 

cycle of the systematic factor), it is possible to compute the TL|0.999 by exploiting the Monte Carlo 

simulation of independent realizations of PD, transformed into PD|0.999 with Bayesian errors, and 

LGDd with Bayesian errors; by multiplying these realizations, it is possible to derive the distribution 

of TL, from which obtaining the TL|0.999 inclusive of errors on PD and LGDd parameters. 

                                                
16 One possibility could be to define a copula with parameters subject to Bayesian uncertainty and to write likelihood, 

prior and conjugate on each parameter. 
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The following graph shows the distribution of simulated TL: 

 

 

 
 

The 99.9th percentile of TL is equal to 0.09876. If instead we adopt the hypothesis of a copula strictly 

monotonic between PD and LGDd, that is equivalent to consider jointly the 99.9th percentile of PD 

and LGD, the TL would turn out to be 0.1042, inclusive of estimation errors on parameters PD|0.999 

and LGDd. 

 

The Bayesian approach illustrated in the example highlighted the problem of the processing of PD, 

LGD and EAD connection. Numerous are the scientific contributions which have tackled this issue 

so far, but, for the concrete implementation, all of them depend on the availability of statistically 

robust estimates on the correlation coefficients among the variables (even not parametric, if 

necessary, see [17]) 17. With regard to PD and LGD, the easiest approach is to have a dependence of 

LGD (or the value of guarantees safeguarding from the insolvency) from the same systematic factor 

underlying the PD (see [23] and [24]), potentially complemented with the idiosyncratic component 

of the variable driving the default (the return of the assets in the models which are inspired by the 

Merton’s original one, see [25]). 

 

Theoretically not only the correlations among PD, LGD and EAD matter, but also those within the 

variables, and so the correlations among LGDs of different companies and the correlations among 

various EADs: Miu and Ozdemir (see [26]) dealt with this complexity with respect to PD and LGD. 

 

The inclusion of a stochastic EAD together with PD and LGD has been tackled, among the others, by 

Kupiec (see [27]): the single factor model has been extended to incorporate the framework of 

interrelations among variables, all of them stochastic; the loss on credits is conditioned by the 

realization of the common factor driving the events underlying PD, LGD and EAD. More complex 

multifactor models at latent variables have further enriched the Kupiec proposal. 

 

Directly or indirectly those considerations lead to modify the regulatory formula, which is not part of 

the goals of the MOC C evaluation. Therefore, in the following paragraphs, the assumption of 

independence among PD, LGD and EAD has been adopted, even in consideration of the fact that, for 

                                                
17 The author has considered the link between PD and asset correlation, but here it is not considered not to create a bias 

on the regulatory formula which already includes that correlation. 
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the prudential purposes many times evoked, the PD is estimated conditionally to the adverse scenario 

at 99.9% and the LGD and EAD are computed conditionally to the downturn scenario.  

 

As an alternative to the independence of errors, if we considered their dependence, we would 

introduce a sort of errors’ propagation. For example, with regard only to PD and LGD (but it would 

be true for EAD as well), if we measured PD, with error, and conditionally to it we measured the 

LGD with a link to PD error, it would mean that a wrong upward measure on PD would imply an 

upward measure as well on LGD (downward measure in case of opposite sign of the correlation 

coefficient). Since in this document we hypothesize that the PD measure is independent from the 

LGD one, it is reasonable to assume the independence of errors without corrections for the 

correlations. In other terms, the issue on the correlation among estimation errors corresponds to the 

question if the source of PD error is linked or not to the source of LGD error.   

 

This exemplification leads to consider separately the MOC C on PD, LGD and EAD and to include 

them within the regulatory formula, without corrections for the correlations. The cautions expressed 

by Tarashev about the correction for uncertainty applied separately to each component of the 

regulatory formula are still open (see page 6 of [17]). 

 

 

A recent proposal to deal with margins of conservatism has been brought forward by Liu (see [28]). 

In his paper, Liu designs a comprehensive framework for all EBA GL MOC types and for all risk 

components. Focusing on the type C MOC, he proposes to add to the risk components two error 

terms, aiming at catching respectively the estimation error related to the risk differentiation and the 

estimation error related to the risk calibration process. The first component can be seen as a re-

arrangement of the Somers’d accuracy metric and second one as a measure of what we above called 

the variability of the estimator. 

 

This method is not inconsistent with the k-sigma we introduced above. In particular, in the following 

paragraph we will propose a method for sigma estimation, based on the Briers score, which shows 

similarities with Liu’s errors approach. However, the Liu framework implicitly assumes a k factor 

equal to one or, in other words, does not provide a rationale for adding exactly one volatility to risk 

components, grounded on the statistical distribution of variables at stake; moreover, the issue of the 

aggregation of the MOCs added to the risk components is not tackled. In paragraph 4, we will address 

directly those issues coming to a calibration proposal for factor k. 

 

 
 

 

 

From this survey of available methodological alternatives, it clearly comes up that there is not a 

simple choice, consistent with both methodological soundness and operational feasibility.  

As mentioned in Chapter 2, since the beginning of the Accord, Basel Regulators had in mind that 

introducing prudential requirements regarding the estimation errors in a VaR framework could be 

challenging and distortionary -see [29] par. 5.1 and [17]. 

 

Just to give a magnitude, we can take the example shown above where we have a PD of 0.0173, 

leading to a 99.9% stressed PD of 0.1601. A level of confidence of 99% would have led to a stressed 

PD of 0.0942: our rough implicit MOC is an impressive 0.0658, or 41% of the capital requirement.  

Going on with the example, we have seen that with a Bayesian approach we can add a MOC to the 

baseline PD, taking it to 0.0232 and the 99.9% stressed PD to 0.1945: this leads our final bill, 
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expressed in terms of share of capital requirement ante MOC, to 63%. The prevailing driver of capital 

requirement is now the estimation error18 of the risk, rather than the loss risk itself.   

 

Of course, a Regulator can argue that the choice of 99%, though standard, is arbitrary and the decision 

to increase the level of confidence is motivated also by other reasons, namely the desire to extend the 

bank capital protection against losses. 

However, the risk of imposing excessive and undue burdens to banks is evident and can also be shown 

by putting the above figures in another perspective: we have an estimated PD of 0.0173 and a MOC 

correction leading to a final capital requirement of 0.1945; the implicit level of confidence has been 

extended to nearly 99.97%. If 99.9% included already the protection against estimation errors, we are 

going well beyond the regulation provisions. 

 

Bearing all that in mind, we believe that the first step to develop a MOC C methodology is to define 

a framework, consisting in a set of general principles: 

1. In order to define the size of the adjustment, it should be kept in mind that the confidence 

interval of Basel formulas is fixed at 99.9% for PD parameter in order to “protect against 

estimation errors”: MOC C determines a further implicit increase of this confidence level, 

which is already quite high.  

2. Category C of the MOC is to be applied at calibration segment level rather than rating 

grade level. Two main reasons are motivating the choice: MOC concerns capital 

quantification, thus it should affect calibration which is the final layer in the parameters 

determination; furthermore, if applied at rating grade level, it could introduce distortions 

in the measures and would not be immediately identified, as also reported in the next 

sections of this position paper. 

3. Consequently, the granularity should follow the calibration, generally coinciding with 

(regulatory) model level. The rationale is to avoid an excessive granularity, potentially 

leading to distortions.  

4. In the case of models built through a “component” approach, the potential overestimate of 

the error due to the aggregation of independent measures must be limited. 

5. A similar consideration holds for the aggregation in the Expected Loss measure of MOCs 

calculated separately for PDs, LGDs and CCFs: given the correlations among the three 

MOC measures, a cap on the total level of the add-on should be imposed and then single 

parameters levels should be consequently adjusted. 

6. The estimate error measurement must be (inversely) proportional to total sample 

dimension, while temporal dimension per se should not be relevant. 

 

In the following paragraphs, we will describe a simple approach, which we call k-sigma, consisting 

in adjusting each risk factor (PD, LGD, CCF) for a quantity equal to k times the volatility of 

the risk factor. The MOC C is thus defined by the formula: 

 

MOC C = Ksigma 

 

We will discuss how to define and compute the sigma parameter and how to calibrate the k parameter 

in a way that is consistent with the principles set above.  

 

 

                                                
18 Note also that we have ignored here other additional sources of MOC driven capital requirement, namely the 

contributions coming from LGD and CCF components, as well as the fact that the asset correlation parameter appearing 

in the supervisory formula is set at levels extremely conservative compared to the available empirical evidence. 
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3 The k-sigma approach: estimation of sigma 
 

In order to define sigma, it must be recalled that we have to measure the “dispersion of the distribution 

of the statistical estimator”. Hence, sigma should measure the volatility of the statistical estimator. 

Even if it may appear trivial, it is important to never confuse the variability of the population with the 

one of the estimator. This confusion comes easier when talking about the LGD and CCF. See 

paragraph 2 above for details on that topic. 

 

We have identified two alternative methods, one based on the calibration sample volatility and the 

second one based on the “within” variance of the estimates. 

 

 

Method 1: calibration sample volatility 

 

As we saw in paragraph 2, the sigma for PD estimators can be computed according to the well-known 

formula for the standard deviation of a binomial distribution: 

𝜎 = √
𝑝 ∙ (1 − 𝑝)

𝑛
 

where p is the (ante MOC) Central Tendency of the calibration, or the Long Run Average Default 

Rate (LRADR), and n is the numerosity of the calibration sample. 

 

We want to stress here that sigma must be computed at the level of calibration sample and not at each 

rating grade level, in order to avoid several undesired consequences: arbitrariness in defining the 

master scale (especially the number of rating grades), disproportionate impacts on low populated 

rating grades and finally the risk of altering the rank order of the rating and diminishing its predictive 

power. However, it will be always possible to allocate the resulting MOC to each rating grade, for 

example via a Bayesian approach 19, rather than simply adding it to each PD of the scale, depending 

on the model design that the bank has adopted. 

 

For LGD and CCF risk factors the use of a closed formula is not straightforward, because we do not 

have a generally accepted underlying theoretical distribution of the estimator, especially for CCF.  

In par. 2 we proposed to use the standard deviation of the regression intercept. This is of course a 

viable solution for banks using an econometric approach to estimate LGD and CCF; however, it is 

always possible to reverse engineer a look-up table of estimated values into a linear regression. 

 

An alternative very simple approach, that we used in our empirical work, is to bootstrap the calibration 

sample and take the sample standard deviation of computed averages. The bootstrapping must be 

done with re-immission and the numerosity of each run must be kept equal to that of the calibration 

sample.  

In formulae, we have for each run k: 

�̅�𝑘 =
1

𝑛
∑ 𝑥𝑖,𝑘

𝑛

𝑖=1

 

where x is the observed value of our risk factor. 

Then we compute mean and standard error across the K runs: 

                                                
19 The Bayesian approach has been described in general terms in par. 2. Here we mean an application of the Bayes formula 

to calibrate each grade of the master scale, where the new PD are the posterior probabilities and the new Central Tendency 

(p + k*Sigma) is the prior. 
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𝜇(𝐾) = ∑  �̅�𝑘

𝐾

𝑘=1

                 𝜎(𝐾) = √
1

𝐾 − 1
∑(�̅�𝑘 − 𝜇(𝐾))2 

𝐾

𝑘=1

 

The value of (k) is the sigma parameter requested. We noticed that a few thousand iterations are 

sufficient to achieve the convergence of (k) to the sample average, and of (k) to its sample standard 

error. 

 

The same considerations made above for PD hold also for LGD and CCF about the necessity of 

quantifying sigma at the calibration level and not at each estimated value level. 

 

 

Method 2: “within” variance of the estimates 

 

In order to describe this method, it is convenient to start with LGD and CCF and then to extend it to 

PD risk factor. 

 

Let us assume that LGD and CCF estimates are collected in a look-up table, an estimates “grid” or 

multivariate table where each cell represents the intersection of some risk drivers20. We can store the 

N observed values of our estimation sample into the j cells, so that each cell has an estimated value 

�̅̂�𝑗 and Nj observations. 

As we said about method 1, we must refrain from computing sigma at the cell level, because this 

could involve unintended consequences as disproportionate burdens and even a worsening in the 

predictive power of the model. 

The proposed approach is then based on a well-known property of variance, namely the total variance 

decomposition into a “within” and a “between” component. In the case of our grid, the within 

component is the variance arising from the dispersion of observed values around the estimated ones, 

that is the estimation error. The idea is then to have the MOC proportional to the within variance: the 

more the variance between the cells and the homogeneity inside them, the less will be the MOC. At 

the limit of a perfect model, where all observed values are equal to the estimated value in their cell, 

the sigma and the MOC will be zero. 

To that aim, we define the “within variance” as the variance of each cluster of the grid: 

𝑠𝑗
2 =

1

𝑁𝑗 − 1
∑(𝑥𝑖𝑗 − �̂�𝑗)

2
 

where 𝑥𝑖𝑗 is the i-th observation in the j-th cell of the grid, �̅̂�𝑗 is the estimated risk factor for the j-th 

cluster and 𝑁𝑗 is the number of observations in the j-th cluster. 

 

Then we compute the weighted average of the variances of each cluster as follows: 

𝑠𝑤
2 = ∑

𝑁𝑗

𝑁
𝑠𝑗

2

𝐽

𝑗=1

= ∑
𝑁𝑗

𝑁

1

(𝑁𝑗 − 1)
∑(𝑥𝑖𝑗 − �̂�𝑗)

2

𝐽

𝑗=1

 

where 𝑁 is the total number of observations in the sample. 

 

Now we are able to define the standard error associated with this average variance (the sigma 

parameter in k-sigma formula) as follows: 

                                                
20 This does not involve a loss of generality. Even a model whose output is a continuous range of LGD values can easily 

be brought back to a grid by aggregating the continuous values into buckets (e.g. 10-20%; 20-30%, …). It is the analogous 

of bringing a continuous PD score into a discrete rating scale. 
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𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟 =
√𝑠𝑤

2

√𝑁
=

√∑
𝑁𝑗

𝑁
1

(𝑁𝑗 − 1)
∑(𝑥𝑖𝑗 − �̂�𝑗)

2𝐽
𝑗=1

√𝑁
 

 

 

 

For the extension of the method to the PD risk factor we start with the Brier score described in par. 

2: 

𝐵𝑟𝑖𝑒𝑟 =
1

𝑛
∑(𝑝𝑖 − 𝑦𝑖)2

𝑛

𝑖=1

 

Let us restate the notation as follows: 

𝐵𝑟𝑖𝑒𝑟 =
∑ (𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔𝑑𝑓𝑙𝑡𝑖)

2𝑁𝑗

𝑖=1

𝑁𝑗 − 1
 

where PDj is the PD associated to the j-th rating grade of the master scale and Nj is its numerosity, 

flagdflti is a binary 0/1 variable representing the default event. 

We notice that the Brier score will never be zero because the default event is not a continuous variable. 

This in contrast with LGD and CCF estimates, whose “within variances” could theoretically be zero 

in the case of a “perfect” model. 

Hence, in order to transform the Brier score into a “within variance” we rescale the above formula 

for a subtracting factor, equal to the minimum attainable value for the Brier score. Some algebra (see 

details in Annex 1) shows that this minimum “within variance” is equal to  

 #𝑑𝑓𝑙𝑡𝑗(1 − 𝐷𝑅𝑗) 

where #dfltj and DRj are the number of default and the default rate observed in the rating grade j, and 

the sj and  formulas written above for LGD and CCF can be modified as follows: 

𝑠𝑗
2 =

1

𝑁𝑗 − 1
∗ [(∑(𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔𝑑𝑒𝑓𝑖)

2

𝑁𝑗

𝑖=1

) − #𝑑𝑓𝑙𝑡𝑗(1 −  𝐷𝑅𝑗) ] =
1

𝑁𝑗 − 1
∗ 𝑁𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗)

2
 

𝜎 =  
√𝑠𝑊

2

√𝑁
=

√∑
𝑁𝑗

𝑁
𝐽
𝑗=1 ∗ 𝑠𝑗

2

√𝑁
=

√∑ 𝑁𝑗
𝐽
𝑗=1 ∗  𝑠𝑗

2

𝑁
 

where N is the total sample numerosity. 

 

 

The two methods can be compared on several angles: 

 On the methodological standpoint, both methods appear to be compliant to the requirement to 

assess the “dispersion of the distribution of the statistical estimator”. This is a feature of the 

sample numerosity and distribution and cannot be eliminated by the estimation model. The 

main difference is that method 2 admits theoretically a zero result for sigma, but only in the 

unrealistic case of a “perfect” model. 

 From a practical point of view, method 2 has a number of positive features: it is risk sensitive, 

in the sense that a better model will have a lower sigma and consequently a lower MOC, 

which seems to be sound; it is computed at the rating grade/grid cell level, though recombined 

at the calibration level (thus resulting suitable in a context of calibration by grade or pool 

whereas Method 1 results more immediately applicable in presence of direct calibration at 
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segment level); being sensitive to the discriminant power (in addition to sample numerosity), 

it can mitigate disproportionate results in low default portfolios21. 

 

Empirical results obtained on sample portfolios of a large bank show that the two methods provide 

very similar results for LGD and CCF, while Method 1 is far more conservative for PD and especially 

burdensome for low default portfolios. Obviously, these results could change over the time, likely in 

the downward direction, because of larger sample numerosity (as long as time series expand) and 

more discriminant models. 

 
Table 1: sigma (expressed in share of the average value of estimate)  

 Sigma PD Sigma LGD* Sigma CCF 

 Method 1 Method 2 Method 1 Method 2 Method 1 Method 2 

LDPs 4-11% 2% 4-10% 3-10% N/A N/A 

Corporate 0.5% 0.2% 0.5% 0.5% 6% 5% 

Retail 0.2-0.4% 0.2-0.4% 0.1-0.9% 0.1-0.9% 0.6-1.2% 0.6-1.2% 

* computed only on workout exposures, can be regarded as a loss given loss 

NB: floors to 1 bp have been applied on sigma absolute values 

 

 

Finally, an alternative approach can be based on bootstrapping and the computation of semi-variance, 

that is the computation of variance only on “positive” estimation errors. We provide a description of 

this method in Annex 2. 

 
 

 

A further issue that has to be treated is the calculation of sigma for models whose model design 

envisages the aggregation of model components. 

 

Instead of proposing a general approach, we explore below a simple but common case: a LGD model 

based on two components, a Loss Given Loss and a Cure Rate: 

 

𝐿𝐺𝐷 = 𝑑 ∗ 𝐿𝐺𝐿 + (1 − 𝑑) ∗ 𝐿𝐺𝐶 
where LGL is the loss incurred in the workout procedure, LGC is the loss incurred in case of cure 

(returning to performing status) and 1-d is the cure rate, or d is the probability to enter the workout 

procedure (“danger rate”). 

 

Let us assume that LGC0 and neither loss nor recoveries are incurred in the pre-workout phase. Our 

model thus reduces to: 

𝐿𝐺𝐷 = 𝑑 ∗ 𝐿𝐺𝐿 
 

We can compute the standard deviation of d according to the binomial formula22: 

𝜎𝑑 = √
𝑑(1 − 𝑑)

𝑛
 

where n is of course the number of observations in the cure rate sample. 

                                                
21 However, for LDPs the very limited availability of default events observed in the historical time series might entail in 

some cases the recourse to shadow rating approaches (as defined in par. 4.1.5 of the ECB Guide on internal models) 

where the adoption of a target value, not being a default event 0-1 but rather the ECAI grading, would require the 
development of more “tailored made” methodologies (not treated in this paper) that can fit more for the purpose of 

quantifying the estimation error given the different methodological framework. . 
22 We have used here only method 1 for sigma of the cure rate component, but method 2 is always available as well. 
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We now assume that the d and LGL estimators are independent variables, so that we can use the 

formula for variance: 

𝑉𝐴𝑅[𝑋𝑌] = 𝐸[𝑋2𝑌2] − 𝐸[𝑋𝑌]2 = 𝐸[𝑋2]𝐸[𝑌2] − 𝐸[𝑋]2𝐸[𝑌]2 =  
                   = (𝑉𝐴𝑅[𝑋] + 𝐸[𝑋]2)(𝑉𝐴𝑅[𝑌] + 𝐸[𝑌]2) − 𝐸[𝑋]2𝐸[𝑌]2 

             = 𝑉𝐴𝑅[𝑋]𝑉𝐴𝑅[𝑌] + 𝐸[𝑋]2𝑉𝐴𝑅[𝑌] + 𝐸[𝑌]2𝑉𝐴𝑅[𝑋] 
+𝐸[𝑋]2𝐸[𝑌]2 − 𝐸[𝑋]2𝐸[𝑌]2                       

= 𝑉𝐴𝑅[𝑋]𝑉𝐴𝑅[𝑌] + 𝐸[𝑋]2𝑉𝐴𝑅[𝑌] + 𝐸[𝑌]2𝑉𝐴𝑅[𝑋] 
 

By substituting X=d and Y=LGL we obtain the sigma for LGD: 

𝜎𝐿𝐺𝐷 = √𝜎𝑑
2 ∗ 𝜎𝐿𝐺𝐿

2 + 𝑑2 ∗ 𝜎𝐿𝐺𝐿
2 + 𝐿𝐺𝐿2 ∗ 𝜎𝑑

2 

where LGL can be obtained with either method 1 or method 2 described above. 

 

To obtain this result, we made a couple of assumptions that deserve to be discussed. 

Starting with independence between the estimators of model component, we note that this assumption 

is sound, since it is not related to the two variables, which may actually be correlated, but to their 

estimators: there is no reason why the errors made in the estimation of cure rate should be correlated 

with those made in the estimation of loss given loss.  

On the other hand, it can be argued that a simple aggregation rule, consisting of computing separately 

the MOCs on cure rate and LGL and calculating the LGD with MOC as the product of the two post 

MOC components, embeds the implicit assumption of perfect correlation between cure rate and LGL 

estimation errors and leads to excess of conservatism. We further elaborate on that in Annex 3. 

 

The second one is more a simplification than an assumption, consisting in reducing the model to only 

two components. Actually, the extension to more model components is feasible though a closed 

formula for the variance of the non-linear aggregation of several components is not generally 

available and then the complexity can explode. We recommend striking the balance between 

theoretical perfection and simplicity, by limiting the computation of sigma only to the components 

that judgementally can be deemed as more relevant in the whole model. 

 
Table 2: sigma for model component LGD (expressed in share of the average value of estimate)  

 Sigma LGL Sigma d Sigma LGD 

 Method 1 Method 2 Method 1 Method 1/1 Method 2/1 

LDPs 4-10% 3-10% 1,5-2,5% 4-10% 4-10% 

Corporate 0.5% 0.5% 1.50% 1.50% 1.50% 

Retail 0.1-0.9% 0.1-0.9% 0.2-0.5% 0.2-1% 0.2-1% 

 

 

 

4 The k-sigma approach: calibration of k 
 

The calibration of K coefficient, which identifies the upper bound of the confidence interval adopted 

for the general estimation error, is a crucial issue of the entire procedure for the MOC quantification. 

It is possible to evaluate various methodological alternatives but, in this paper, a scheme seemingly 

rationale and in general straightforward is privileged.   

The starting point, as underlined at Chapter 2, derives from the choices adopted by the Basel 

Committee about the regulatory formula for the incorporation of prudence within internal rating 

systems parameters: 

a) The PD confidence interval set at 99.9% “was also chosen to protect against estimation errors, 

that might inevitably occur from banks’ internal PD, LGD and EAD estimation, as well as 
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other model uncertainties. The confidence level is included into the Basel risk weight formulas 

and … used to provide the appropriately conservative value of the single risk factor” (see 

[29]); 

b) The prudence perspective must involve also the LGD and EAD evaluation. “A bank must 

estimate an LGD for each facility that aims to reflect economic downturn conditions where 

necessary to capture the relevant risk. … banks may make reference to the average of loss 

severities observed during periods of high credit losses, forecasts based on appropriately 

conservative assumption, or other similar methods” (see ref. 235 of [30]). “… for exposures 

for which EAD estimates are volatile over the economic cycle, the bank must use EAD 

estimates that are appropriate for economic downturn, if these are more conservative than the 

long-run average” (see ref. 42 of [30]). 

 

While for PD parameter a specific regulatory formula exists, in which the prudence is explicitly 

incorporated through a confidence interval, for LGD parameter, as well as for EAD, without specific 

regulatory formulas, the prudence is defined in terms of downturn adjustments with respect to the 

long run weighted averages of the same variables.   

In this context, it appears evident that the MOC inclusion within PD, LGD and EAD estimates 

inevitably determines an increase in the overall confidence interval for the computation of the capital 

requirement. Nevertheless, as cited above, the 99.9% threshold for PD and the references to downturn 

scenarios for LGD and EAD appear to have been chosen by the Committee to indeed include 

uncertainties and errors within the models and the relative estimates of parameters. Apparently, it 

turns out to be a duplication, at least partial, of corrections for prudence. The underlying idea 

developed by the AIFIRM working group considers the MOC inclusion as making explicit a share of 

uncertainties and protections against errors already implicitly incorporated within regulatory 

formulas23. 

 

As specified in the general principles defined at Chapter 2, the adoption of MOC for general 

estimation error must not be a surreptitious tool to ask banks for an increase of their regulatory capital 

requirements. 

 

Based on this principle, the approach adopted in this paper for the k calibration has the goal to reduce 

as much as possible the double counting of regulatory cautions, nonetheless recognizing that, with 

the aim of not altering the regulatory formulas, this double counting cannot be entirely eliminated. 

 

By referring, for sake of simplicity, to Corporate segment, the regulatory formula can be expressed 

as: 

 

Capital requirement =

1 1( ) (0.999)
* * * *

1

PD
EADd LGDd PD LGDd M





      
   

    

 

 

where EADd = EADdownturn, LGDd = LGDdownturn, M = maturity adjustment. 

 

 

By ignoring the maturity adjustment and working on the Total Loss (TL, loss at the quantile of the 

desired confidence interval corresponding to the sum of the expected loss and the requirement for the 

unexpected one), defined as the product of EAD, LGD and PD adjusted for prudence, it is possible 

to obtain before the deduction for the expected loss: 

                                                
23 The definition of MOC C encompassing also downturn components is not elaborated further because EBA Guidelines 

on this topic are currently in consultation phase. However, we are of the opinion that the MOC C on LGD and CCF must 

be calculated once, on the total estimation including the downturn components. 
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1 1( ) (0.999)
( ) * *

1

PD
TL R EADd LGDd





      
    

    

, where TL(R) represents the Total Loss 

of Basel regulation.  

 

If we want to avoid the double counting of regulatory cautions, the TL inclusive of MOC should be 

written as: 

 

   
1

|

|

( ) *
( ) * *

1

P PD

P PD

P PD k

E EAD L LGDd

k

PD k F
TL MoC EAD k LGD k





 
 



     
     

    

 

 

where EAD and LGD variables are computed before downturn adjustment and the macro factor (F)24 

is left free to assume values lower than the threshold of the 99.9% regulatory confidence interval; the 

asset correlation, finally, takes into account the MOC impact on PD. Both F and the three k parameters 

have standard normal distribution. To avoid double counting, the value assumed by TL (MOC) in the 

99.9% probability scenario [TL(MOC)|0.999] should not be higher than TL(R). 

 

In that formulation of TL(MOC) there are different values of k parameter for PD, LGD and EAD in 

order to consider the greatest flexibility in the MOC calculation; in the following paragraphs, we will 

refer to a single k value for the three variables in order to avoid introducing an excessive number of 

degrees of freedom which would require the introduction of further constraints to solve the system. 

 

Therefore, the comparison introduced for the k calibration is between TL(R) and TL(MOC)|0.999. 

To this aim two different paths can be followed: the first alternative concerns a solution in closed 

form (or partially closed), while the second one is based on a numerical solution through the Monte 

Carlo simulation. 

 

 

A) SOLUTION IN CLOSED FORM 

 

The TL is nothing else than the product of three random variables, of which it is possible to compute 

the mean and the variance; given T=X*Y*Z, mean and variance are: 

 

𝐸(𝑋𝑌𝑍) = 𝐸(𝑋) ∗ 𝐸(𝑌) ∗ 𝐸(𝑍) + 𝐶𝑂𝑉 (𝑋 ∗ 𝑌, 𝑍) + 𝐸(𝑍) ∗ 𝐶𝑂𝑉(𝑋, 𝑌) 

𝑉𝐴𝑅(𝑋𝑌𝑍) = 𝐶𝑂𝑉(𝑋2 ∗ 𝑌2, 𝑍2) + 𝐶𝑂𝑉(𝑋2, 𝑌2) ∗ 𝐸(𝑍2) + 𝐸(𝑋2) ∗ 𝐸(𝑌2) ∗ 𝐸(𝑍2) − [𝐸(𝑋𝑌𝑍)]2 

 

From the variance definition, 𝐸(𝑋2) can also be written as 𝑉𝐴𝑅(𝑋) + [𝐸(𝑋)]2 and the same holds 

for 𝐸(𝑌2) and 𝐸(𝑍2). 

 

These formulas can be considerably simplified by adopting, as indicated at Chapter 2, the 

independence hypothesis among EAD, LGD and PD25 which allows to eliminate the terms of 

covariance. 

                                                
24 Positive values of F identify adverse scenarios. 
25 Consider that the independence is assumed not on standard errors of parameters estimation but on the parameters itself; 

while the latter is clearly a simplification, the independence among standard errors of estimates is not subject to particular 

challenges (cfr. Also par.2). 
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By defining X=(PD+MOC)|F, Y=LGD+MOC and Z=EAD+MOC, it is possible to obtain 

E[TL(MOC)] and VAR[TL(MOC)]. While mean and variance of EAD+MOC and LGD+MOC do 

not cause specific problems for the direct estimation: 

 

2 2

2 2

( ) ( )*

( ) ( )*

( ) ( )*

( ) ( )*

E EAD E EAD

E EAD E EAD EAD

L LGD L LGD

L LGD L LGD LGD

E EAD k EAD E k EAD

VAR EAD k VAR k

E LGD k LGD E k LGD

VAR LGD k VAR k

 

  

 

  

   

  

   

  

 

 

the mean and variance of (PD+MOC)|F have to be estimated through numerical way due to the non-

linear relationship between (PD+MOC) and (PD+MOC)|F.  

 

By having E[TL(MOC)] and VAR[TL(MOC)], it is possible to estimate Alfa and Beta parameters 

which describe a Beta distribution coherent with mean and variance of TL(MOC), from which, by 

inverting the calculation, we can determine the percentile value at 99.9% of TL(MOC). The same 

approach can be applied with distributions different from Beta, whose parameters are computable 

based on theoretical ones of TL(MOC), such as, for example, Gamma distribution (with an acceptable 

proximity in the tail relevant for the percentile to be evaluated).  

 

For example, the following graphs report the TL(MOC) distribution simulated with a limited number 

of Monte Carlo scenarios and two Beta distributions, the first with parameters derived from mean and 

variance of the simulation and the second with parameters computed through theoretical way (from 

original parameters of PD|F, LGD and EAD); the second graph concerns, in particular, the tail of the 

three distributions: 
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By selecting the 99.9% percentile of TL(MOC), it is possible to obtain through numerical way the 

single k value which, substituted to kE, kL e kP, maintains equal the value computed for 

TL(MOC)|0.999:  

 

𝑇𝐿(𝑀𝑜𝐶)|0.999 = (𝐸𝐴𝐷 + 𝑘𝜎𝐸𝐴𝐷) ∗ {𝛷 [
𝛷−1(𝑃𝐷 + 𝑘𝜎𝑃𝐷) + √𝜌|𝑘𝜎𝑃𝐷

∗ �̂�

√1 − 𝜌|𝑘𝜎𝑃𝐷

] ∗ (𝐿𝐺𝐷 + 𝑘𝜎𝐿𝐺𝐷𝑑)} 

 

where �̂� is the value assumed by the macro factor corresponding to the adverse scenario at the 99.9% 

percentile of TL(MOC). 

 

 

 

 

B) MONTE CARLO SIMULATION 

 

The numerical calculation with Monte Carlo simulation of 99.9% quantile of TL(MOC) allows 

greater degrees of freedom compared to the solution in closed form, whose quality entirely depends 

on the goodness of the fit (in the tail) of the theoretical distribution applied to the effective one of 

TL(MOC). 

The simulative approach can be organized as follows: 

1) Two million random values with an underlying Uniform distribution are generated with a 

repetition for n run (n must be sufficiently high to guarantee stable results, in our case we 

use 2.000). The inverse of the normal standard distribution at 99.9 percentile is applied to 

each value in order to cap the final distribution at the regulatory macro factor (F) equal to 

3.09023 

2) With the same approach, three normal standard random variables are generated, independent 

among themselves and independent from the macro factor. They are marked as kE, kL and 

kP 

3) Since the Regulation foresees that MOC should always be positive, the extraction of three 

normal standard random variables can be constrained to assume only positive values of k. 

This goal can be achieved either by adopting the absolute value or by generating a normal 
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standard distribution truncated on 0, which is the preferred option in the process here 

described26  

4) Starting from the simulated scenarios of the four random variables, the TL(MOC) 

distribution is computed, from which it is possible to derive the 99.9th percentile. Since this 

percentile is very much inside the tail of the distribution, it is essential that the number of 

simulated scenarios is remarkable in order to fill the tail with a sufficient number of values 

and to stabilise the percentile value. In fact, with a limited number of scenarios, the 

percentile value tends to be unstable and conditioned by the specific simulation27 

5) After having obtained the 99.9th percentile of TL(MOC), the process continues by finding 

the single k value that, correspondent to the macro factor (F) above obtained, substituted to 

kE, kL and kP and applied to the original PD, LGD and CCF values, maintains unchanged the 

value obtained of TL(MOC)|0.999.  

 

 

In the following table we report, for each regulatory segment, the average k for the 2.000 runs of the 

process above described: 

 
Table 3: average of k  

 

 

Now, since the regulatory formula should not be altered, the k value above obtained must be inserted 

within the computation of TL(R) corrected for MOC: 
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The result, including the regulatory Macro factor and the Downturn adjusted LGD and EAD, is indeed 

higher than the TL(R) previously computed; the magnitude of the difference is quantified by 

generating a Macro factor distribution of 2 Million scenarios whose 99.9th percentile corresponds 

exactly to the regulatory one and consequently to the regulatory TL. By mapping the value of TL(R 

+ MOC) on this distribution it is possible to derive the equivalent percentile reached by the MOC 

introduction combined with the Macro factor and the Downturn adjustments. Results are reported in 

detail within the Table below, always computed as the average of the different runs and differentiated 

by regulatory segment:   

 
Table 4: equivalent percentile of TL(R + MOC) on TL(R) 

LDPs Corporate Retail 

99.91-99.93 99.91 99.90-99.91 

 

                                                
26 If k are constrained to assume only positive values and a comparison with the calculation in closed form is desired, the 

previous formulas of mean and variance of LGD+MOC and EAD+MOC should be modified because k are no more 

normal standard but normal truncated, while mean and variance of (PD+MOC)|F should be estimated again through 

numerical way. 
27 A further improvement of the estimate could be reached by adopting the extreme values statistics (EVT), approaching 

the tail of the last 5% of the simulated distribution with a Generalized Pareto and obtaining the desired percentile in closed 

form. 

Segment Average 

LDPs 0.71-0.91 

Corporate 0.81 

Retail 0.81-0.82 



30 

The differences with 0.9990 represent the impact of the double counting introduced by MOC.  

 

 

5 Summary of results and impact analysis 
 

In the previous paragraphs, we reported both methodologies and results obtained on realistic sample 

portfolios. Specifically, paragraph 3 includes the estimates for sigma on main portfolio segments and 

paragraph 4 showed that a reasonable calibration for k puts it around a value of 0.8. 

 

Given these ingredients, the calculation of MOC=k*sigma is obviously trivial. In what follows we 

report the impact analysis on performing exposures RWAs of the results obtained, using the sigma 

computed according to method 2 and assuming k=0.8 as per our main finding. For the purpose of 

sensitivity analysis, we also show the impacts with k=1, to be interpreted as an upper bound of the 

parameter in case of extremely conservative choice. 

Table 5 shows that, as expected, the impacts are very burdensome for low default portfolios and 

manageable for retail. Corporate is in the middle and, considering that it is for most bank the largest 

portfolio, it is likely to be representative of the total impact.  

Taking also into account that we have chosen the less penalizing method for sigma, we conclude that 

a calibration of 0.8 for k is already quite punishing and lower values could be chosen, at least for low 

default portfolios. We recall once again that k has been calibrated assuming that estimation errors are 

always “on the wrong side”, and that is actually altering the 99.9% level of confidence stated by the 

Regulation. 

 
Table 5: RWA impacts of MOC-C on an Italian large bank performing portfolio 

 Delta RWA% 
 k=0.8 k=1 

LDPs  3-8% 4-10% 

Corporate 1.5% 2% 

Retail 0.3-0.9% 0,3-1.1% 

 

 

 

6 Operational issues and final remarks 
 

In the previous paragraphs we have worked under the implicit assumption that the level of 

application of MOC is the model segment and this coincides for all the risk components. 

But it easy to see that it is not the general situation. Take for example the case of a bank estimating 

PD for individuals at counterpart level, while LGD models are differentiated among Mortgage and 

Other Individuals (and EAD models possibly following a further segmentation): following the 

approaches described in paragraph 4, we should calibrate at least two different k, one for Mortgage 

and one for Other Individuals (ignoring EAD for sake of simplicity); but when we must apply the 

MOC to PD, we need to have a single k value.  

Since we do not have a methodological solution for this issue, we can define a practical rule of 

aggregation, such as taking the average of obtained k, or conservatively the maximum of the two. 

 

The previous paragraphs of this position paper refer, in general, to the framework for Performing 

exposures RWA computation, but a significant impact of the MOC framework is, moreover, 

constituted by the Defaulted Asset LGD and its application for defaulted exposures RWAs. 

Regulatory prescriptions on this topic have been detailed by both the Regulation EU 575/2013 (Art. 
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181 (1) (h)) and the European Banking Authority28: the core issue is the estimate of the increase of 

loss rate caused by possible additional unexpected losses during the recovery period, i.e. between 

date of default and final liquidation of the exposure. The additional unexpected loss during the 

recovery period is broken down into three fundamental components: the downturn conditions 

component calibrated on the downturn adjustment to the long-run average LGD, any component 

covering for potential additional unexpected losses during the recovery period and the MOC 

component where the latter encompasses the three categories A, B and, above all, C.  

The regulatory requests on defaulted assets clearly increase the importance of the MOC quantification 

since all the three categories defined by the EBA must be part only of the LGD in-default and not of 

the ELBE. Therefore, together with the Downturn, they characterize the unexpected loss component 

which, multiplied by 12.5 times the EAD, determine the RWA figures. 

The Method 2 approach (“within variance”) presented for the sigma definition on LGD (the unique 

risk parameter significant for defaulted assets valuation) can be applicable as well to defaulted 

exposures where a further issue can be represented by the granularity introduced by the reference date 

LGD observation (i.e. the differentiation of the risk parameter by the time spent in default). In fact, 

the regulatory requirements for defaulted assets LGD estimation underline the need to analyse the 

LGD by time in-default and recoveries realised so far, determining at least a further axis of analysis 

with respect to Performing LGD. The greater granularity together with the increase of the number of 

observations (i.e. the same facility is repeated by the years spent in default) cause a different result in 

terms of sigma from the Performing LGD estimation. More problems concern the application of 

Method 1 (bootstrapping), unless a constraint is imposed for the facility extraction on the combination 

of risk drivers (the time spent in default causes significant differences in LGD outcomes). 

For the default statuses before the litigation process the same methodological issues underlined for 

model components approach on Performing LGD can be extended (see Annex 3). 

On the other side, given the framework introduced for the k calibration and the impossibility to 

replicate it on the formula for defaulted exposures, the proposal is to adopt the same k obtained for 

performing exposures of the same calibration segment under evaluation.  

Again, the risk of imposing excessive and undue burdens to banks must be carefully considered in 

the calibration of parameters; the request to apply MOC only on the LGD in-default is an additional 

source of prudence with respect to the Downturn component which originally represented the add-on 

for unexpected loss.  

 

Another operational issue to tackle is the lifecycle of our type C MOC. Clearly the sigma depends 

on the models and their development samples, thus they should be recomputed every time the model 

is updated. The k parameter, on the other hand, is a more structural parameter, depending on the 

methodology chosen for defining the MOC, rather than the features of the model.  

Therefore, a convenient choice can be fixing the values of k once and for all at the moment of the 

definition of the MOC policy of the bank. In this sense, the MOC will be part of the periodic updating 

of the time series, not requiring any validation activity apart from the classification of the change 

itself.  

The k could possibly be redefined only in case of structural re-design of the models, involving an 

update of the whole MOC policy. This would normally happen in the event of changes classified as 

model changes, thus requiring a full validation activity. 

 

Fortunately, the results obtained for k calibration seem to simplify our issues: as we saw in paragraph 

4, k is quite stable across the spectrum of sigma input values we used in the simulations, around 

                                                
28 Final Draft Regulatory Technical Standards on the specification of the assessment methodology for competent 

authorities regarding compliance of an institution with the requirements to use the IRB Approach in accordance with 

Articles 144(2), 173(3) and 180(3)(b) of Regulation (EU) No 575/2013, Article 54; Guidelines on PD estimation, LGD 

estimation and the treatment of defaulted exposures, Article 182 and 193. 



32 

a value of 0.8. Furthermore, this result suggests that k is stable whether type C MOC is the only one 

included or if it is added with other type A and B MOC. 

In our opinion, therefore, a value of k in that range can serve the purpose of defining the type C 

MOC, encompassing the objectives of both conservativeness and methodological soundness. 
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Annex 1 
Calculation of sigma for PD with method 2 

 

In order to compute the adjustment factor, we start by minimizing the function which computes the 

within standard deviations with respect to the variable PDj: 

𝑓(𝑃𝐷𝑗) = ∑(𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔_𝑑𝑓𝑙𝑡𝑖)2

𝑁𝑗

𝑖=1

= 𝑁𝑗 ∗ 𝑃𝐷𝑗
2 +  #𝑑𝑓𝑙𝑡𝑗 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 

where #𝑑𝑓𝑙𝑡𝑗 indicates the number of observed defaults for rating grade j. 

 

Setting to zero the first derivative with respect to PDj we obtain: 

𝑑𝑓(𝑃𝐷𝑗)

𝑑𝑃𝐷𝑗
= 2 ∗ 𝑁𝑗 ∗ 𝑃𝐷𝑗 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 = 0 → 𝑃𝐷𝑗 =  

#𝑑𝑓𝑙𝑡𝑗

𝑁𝑗
= 𝐷𝑅𝑗 

This result confirms the intuition that the “within variance” of a rating grade is lowest when the PD 

is exactly equal to the grade default rate. 

 

Hence we translate the squared sum of deviations for a subtracting factor equal to the minimum 

attained by the PDj function, namely for the j rating grade: 

min (𝑓(𝑃𝐷𝑗)) =  𝑓(𝐷𝑅𝑗) = 𝑁𝑗 ∗ 𝐷𝑅𝑗
2 +  #𝑑𝑓𝑙𝑡𝑗 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗ 𝐷𝑅𝑗 =  𝑁𝑗 ∗

#𝑑𝑓𝑙𝑡𝑗
2

𝑁𝑗
2  +  #𝑑𝑓𝑙𝑡𝑗 −

 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗
#𝑑𝑓𝑙𝑡𝑗

𝑁𝑗
 = #𝑑𝑓𝑙𝑡𝑗 −  

#𝑑𝑓𝑙𝑡𝑗
2

𝑁𝑗
=  #𝑑𝑓𝑙𝑡𝑗(1 −  𝐷𝑅𝑗)  

 

The “adjusted within variance” is then: 

𝑠𝑗
2 =

1

𝑁𝑗 − 1
∗ [(∑(𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔𝑑𝑒𝑓𝑖)

2

𝑁𝑗

𝑖=1

) − #𝑑𝑓𝑙𝑡𝑗(1 −  𝐷𝑅𝑗) ] 

 

In other words, the classical “within variance” is adjusted by a factor which can be regarded as a 

“physiological” variance, stemming from the comparison between a continuous and a discrete binary 

variable. 

 

Some further algebra shows that: 

[(∑(𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔𝑑𝑒𝑓𝑖)
2

𝑁𝑗

𝑖=1

) − #𝑑𝑓𝑙𝑡𝑗 ∗ (1 −  𝐷𝑅𝑗) ] = 

=  𝑁𝑗 ∗ 𝑃𝐷𝑗
2 +  #𝑑𝑓𝑙𝑡𝑗 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 −  #𝑑𝑓𝑙𝑡𝑗(1 −  𝐷𝑅𝑗) = 

=  𝑁𝑗 ∗ 𝑃𝐷𝑗
2 +  #𝑑𝑓𝑙𝑡𝑗 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 −  #𝑑𝑓𝑙𝑡𝑗 +  #𝑑𝑓𝑙𝑡𝑗 ∗ 𝐷𝑅𝑗  = 

=  𝑁𝑗 ∗ 𝑃𝐷𝑗
2 − 2 ∗ #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 +  #𝑑𝑓𝑙𝑡𝑗 ∗ 𝐷𝑅𝑗 = 

=  𝑁𝑗 ∗ 𝑃𝐷𝑗
2 − #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 − #𝑑𝑓𝑙𝑡𝑗 ∗ 𝑃𝐷𝑗 +  #𝑑𝑓𝑙𝑡𝑗 ∗ 𝐷𝑅𝑗 = 

= 𝑃𝐷𝑗 ∗ (𝑁𝑗 ∗ 𝑃𝐷𝑗 − #𝑑𝑓𝑙𝑡𝑗) − #𝑑𝑓𝑙𝑡𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗) = 

= 𝑃𝐷𝑗 ∗ (𝑁𝑗 ∗ 𝑃𝐷𝑗 − 𝑁𝑗
#𝑑𝑓𝑙𝑡𝑗

𝑁𝑗
) − #𝑑𝑓𝑙𝑡𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗) = 

= 𝑁𝑗 ∗ 𝑃𝐷𝑗 ∗  (𝑃𝐷𝑗 − 𝐷𝑅𝑗) − #𝑑𝑓𝑙𝑡𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗) = 

= (𝑃𝐷𝑗 − 𝐷𝑅𝑗) ∗ (𝑁𝑗 ∗ 𝑃𝐷𝑗 − #𝑑𝑓𝑙𝑡𝑗)= 

= (𝑃𝐷𝑗 − 𝐷𝑅𝑗) ∗ (𝑁𝑗 ∗ 𝑃𝐷𝑗 − 𝑁𝑗
#𝑑𝑓𝑙𝑡𝑗

𝑁𝑗
)= 

= 𝑁𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗)
2
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Hence: 

𝑠𝑗
2 =

1

𝑁𝑗 − 1
∗ [(∑(𝑃𝐷𝑗 − 𝑓𝑙𝑎𝑔𝑑𝑒𝑓𝑖)

2

𝑁𝑗

𝑖=1

) − #𝑑𝑓𝑙𝑡𝑗(1 −  𝐷𝑅𝑗) ] =
1

𝑁𝑗 − 1
∗ 𝑁𝑗 ∗ (𝑃𝐷𝑗 − 𝐷𝑅𝑗)

2
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Annex 2 
Alternative approach to sigma calculation with bootstrapping and semi-variance in a medium 

size bank 

 

Under this approach, the Margin of Conservatism is defined in function of the size of the variability 

of the risk parameters observed in the time series. The size is measured by the standard deviation of 

the risk parameters calculated on an appropriate set of bootstrap samples. Note that, for sake of 

simplicity, we assume here k=1, so that we can identify MOC and sigma; however, the extension to 

the case where k is different from 1 is straightforward. 

Starting from the observations of the population at the end of each year, the institution generates n 

(with n large enough) bootstrap samples as defined by the following algorithm:  

a) a randomly generated number is given to each observation;  

b) the observations are grouped by the drivers used in the estimation of the risk parameter; 

c) in each group defined in step b) all the observations are sorted in ascending order with respect 

to the random number associated; 

d) the first m (with m large enough) observations are included in the bootstrap sample, the other 

are discarded. 

In order to be able to assign m observations, it can be necessary to allow that each observation may 

be selected multiple times.  

This algorithm is repeated for the desired number of bootstrap samples (in our case n).  

In this way, by construction, all the n samples contain the same number of observations (in our case 

m) for each driver taken into account. 

The variability of the risk parameter is estimated through the following method:  

1) Calculation of the mean value of the risk parameter for the observations of each sample. 

2) Calculation of the mean value of the risk parameter for each cluster defined as the combination 

of the drivers of the model. Then the mean value of these mean values is computed, let it be 

�̅�. In this way each combination has the same weight in terms of cardinality of the set, as in 

the bootstrap samples. 

3) The standard deviation between the mean values defined in 1) and �̅� defined in 2) is computed. 

In particular, in order to consider only the underestimation occurrences, only the contribution 

of the right tail of the distribution is taken into account, i.e. only the cases where the mean 

value of the risk parameter observed in the bootstrap sample is greater than �̅�. 

Let 𝜎𝑟𝑖𝑔ℎ𝑡 be the contribution of the standard deviation computed in 3). Then the MOC can be 

defined by the following formula:  

𝑀𝑂𝐶 ∶= max (𝑥 ∗ (
�̅� + 𝜎𝑟𝑖𝑔ℎ𝑡

�̅�
− 1) ; 0,01%) 

Where: 

 𝑥 is the estimated value of the risk parameters taken into account; 

 0,01% is set as prudential lower bound. 

Note that the MOC defined in this way is additive, i.e. if 𝑥𝑀𝑂𝐶  is the value of the risk parameter taken 

into account which includes also MOC, then 𝑥𝑀𝑂𝐶 = 𝑥 + 𝑀𝑂𝐶.  

Furthermore, in the frequent cases in which the contribution of 𝜎𝑟𝑖𝑔ℎ𝑡 is significant (𝑀𝑂𝐶 > 0,01%) 

we can define MOC as a multiplicative factor, in fact  

𝑥𝑀𝑂𝐶 = 𝑥 + 𝑀𝑂𝐶 = 𝑥 ∗ 𝑀𝑂𝐶𝑚𝑢𝑙𝑡 

where 𝑀𝑂𝐶𝑚𝑢𝑙𝑡 =  
�̅�+𝜎𝑟𝑖𝑔ℎ𝑡

�̅�
. 

 

In what follows, we present the results of the application of the described methodology in a medium-

size bank.  

The risk parameters taken into account are:  
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 PD: Probability of default, split by credit risk segment (Corporate, Retail and Private 

Individuals); 

 LGD-Lit: Loss Given Default litigation, split by whether a personal guarantee is present or 

not; 

 DR: Danger Rate; 

 EAD: Exposure at Default, both Performing and Non-Performing, split by product (Loans, 

Endorsement, Leasing, Revocable products with margin and Revocable products without 

margin). 

The following tables report, for each risk parameters:  

 the contribution of the right tail in terms of standard deviation; 

 the multiplicative factor used to recalculate the above mentioned risk parameters with the 

MOC. 

 

Table 1 MOC effects on PD 

Risk Parameters 𝝈𝒓𝒊𝒈𝒉𝒕 𝑴𝒐𝑪𝒎𝒖𝒍𝒕 

PD – Corporate 0.05-0.10% 100.5-101.5% 

PD – Retail 0.10-0.15% 101.5-102.5% 

PD - Private Individuals 0.05-0.10% 101.75-102.75% 

  

Table 2 MOC effects on LGD and Danger Rate 

Risk Parameters 𝝈𝒓𝒊𝒈𝒉𝒕 𝑴𝒐𝑪𝒎𝒖𝒍𝒕 

LGD-Lit – Secured 0.80-1.30% 101.75-102.75% 

LGD-Lit – Unsecured 0.20-0.70% 100-101% 

Danger Rate 0.25-0.75% 101-102% 

 

Table 3 MOC effects on EAD Performing 

Risk Parameters 𝝈𝒓𝒊𝒈𝒉𝒕 𝑴𝒐𝑪𝒎𝒖𝒍𝒕 

EAD – Loans 0.10-0.60% 100-101% 

EAD – Endorsement 0.50-1.00% 101.5-102.5% 

EAD – Leasing 0.25-0.75% 100.5-101.5% 

EAD - Revocable products 

with margin 

0.25-0.75% 100.5-101.5% 

EAD - Revocable products 

without margin  

0.30-0.80% 100-101% 

 

 

Table 4 MOC effects on EAD Non-Performing 

Risk Parameters 𝝈𝒓𝒊𝒈𝒉𝒕 𝑴𝒐𝑪𝒎𝒖𝒍𝒕 

EAD – Loans 0.15-0.65% 100-101% 

EAD – Leasing 0.05-0.55% 100-101% 

EAD - Revocable products 

with margin 

0.15-0.65% 101-102% 

EAD - Revocable products 

without margin 

0.25-0.75% 100-101% 
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Annex 3 
“Naïf” MOC aggregation for a multi-component model 

 

We take here as a reference the simple example discussed in the text of two stage LGD: 

𝐿𝐺𝐷 = 𝑑 ∗ 𝐿𝐺𝐿 
The arguments developed below can easily be generalized. 

 

Let us assume that k=1 and then the separate application of MOC to d and LGS leads to: 

𝑑𝑀𝑂𝐶 = 𝑑 + 𝜎𝑑 

𝐿𝐺𝐿𝑀𝑂𝐶 = LGL + 𝜎𝐿𝐺𝐿 
 

A naïf way to aggregate the MOC is to calculate the LGD post MOC as the product of these post 

MOC components, leading to:  

𝐿𝐺𝐷𝑀𝑂𝐶 = (𝑑 + 𝜎𝑑) ∗ (𝐿𝐺𝐿 + 𝜎𝐿𝐺𝐿) = 𝑑 ∗ 𝐿𝐺𝐿 + 𝑑 ∗ 𝜎𝐿𝐺𝐿 + 𝜎𝑑 ∗ 𝐿𝐺𝐿 + 𝜎𝑑 ∗ 𝜎𝐿𝐺𝐿  
 

Now, since d*LGL=LGD and we took k=1, the implicit sigma of LGD is:  

𝜎𝐿𝐺𝐷
′ = 𝑑 ∗ 𝜎𝐿𝐺𝐿 + 𝜎𝑑 ∗ 𝐿𝐺𝐿 + 𝜎𝑑 ∗ 𝜎𝐿𝐺𝐿 

 

This is surely greater than the one proposed in the text by assuming error independence: 

𝜎𝐿𝐺𝐷 = √𝜎𝑑
2 ∗ 𝜎𝐿𝐺𝐿

2 + 𝑑2 ∗ 𝜎𝐿𝐺𝐿
2 + 𝐿𝐺𝐿2 ∗ 𝜎𝑑

2 

because taking the square of both we obtain same squared terms but in the naïf sigma we have also 

the 3 double products. 

 

Actually, the naïf method implies that, whenever we make an (under)estimation error in the danger 

rate, we make an (under)estimation error in LGL as well. 
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