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Abstract 
 

Certificates are structured financial instruments that aim to provide investors with investment solutions tailored to their needs. 

Certificates can be modeled using a bond component and a derivative component, typically an options strategy. The pricing of 

certificates is typically performed using the Monte Carlo numerical methodology. Such method allows for projections of the 

underlying using series of random numbers. The results obtained display an error (standard deviation) that depends on the number of 

simulations used and on the specific characteristics of the structured product. This work has the objective of minimizing the 

experimental error, and, consequently, of accelerating the speed of convergence using statistical techniques known in the literature 

as variance reduction methods. The most popular stochastic dynamics have been analyzed, like the classical Black and Scholes 

model, the Local Volatility model and the Heston model. Three certificates are analyzed in the paper and they are characterized by 

different payoffs. The variance reduction techniques, implemented in different programming languages (Python, Matlab and R), are: 

Latin Hypercube, Stratified Sampling, Antithetic Variables, Importance Sampling, Moment Matching and Control Variates. 

Key Words: 

 

Certificate pricing, Stochastic Differential Equation, Variance Reduction Techniques, Latin Hypercube, Stratified Sampling, 

Antithetic Variables, Importance Sampling, Moment Matching, Control Variates, Randomized Quasi Monte Carlo 

 

JEL code: G12-G17-C53-C63 

 

1) Introduction 
 

This introductory section aims to highlight the innovative nature of the application of variance reduction techniques to instruments 

of a hybrid nature, such as investment certificates, through a literature review. The implementation of this category of statistical 

techniques especially connected with the Monte Carlo method is certainly not new in quantitative finance. Indeed, these approaches 

are considered important as they are able to improve the performance of a numerical scheme that allows the integration of a 

stochastic differential equation aimed at solving problems connected with the determination of the fair value and the estimation of 

the related sensitivity measures (typically the Greeks). 

Most studies concentrate on the quantitative analysis of the most common path-dependent exotic options: Asian, barrier and 

lookback (Avramidis and L’Ecuyer, 2006). In particular, focusing on options whose pay-off depends on the average of the 

underlying values assumed during the life of the derivative, i.e. Asian-type options, several studies apply the variance reduction 

techniques to different types of stochastic processes always aimed at valuating the derivative. 

By way of example, Zhao, Liu and Gu (2013) implement the Importance Sampling technique for an Asian call option based on the 

arithmetic mean by adopting a traditional Geometric Brownian Motion to simulate the forward projections of the spot level. 

As highlighted by Moretto, Pasquali and Trivellato (2017), the importance of extending these methodologies also to contexts where 

stochastic dynamics can improve the modeling of the phenomenon of fat tails is extremely important. 

Indeed, the Importance Sampling technique has been used for pricing Asian options whose pay-off was grounded both on the 

geometric and arithmetic mean of the underlying, together with a more complex stochastic dynamics used for modeling the 

prospective values of the underlying based on a stochastic process dedicated to describing the dynamics assumed by variance 

(Fouque and Han, 2004). Dingeç, Sak and Hörmann (2014) instead proposed a Control Variates approach applied to a conditional 

Monte Carlo and showed its efficiency with a huge number of different stochastic processes implemented for the projection. 

However, not only first generation Asian options have been considered in the previous literature; for example Giribone and Ligato 

(2013) used a combination of variance reduction methods (Importance Sampling, Control Variates and Latin Hypercube) able to 

significantly reduce the simulation error committed on a 2-asset Asian spread put. 

Barrier options have been studied in detail by Hieber and Scherer (2010), who suggested to use Antithetical Variables and Control 

Variates in Monte Carlo simulations for pricing barrier options in a Markov-switching model, while Zhang (2020) and Ameur, 

L'Ecuyer and Lemieux (1999) provide interesting insights on the application of variance reduction techniques to the pricing of 

lookback options. Another widespread application of variance reduction techniques is related to the pricing of American options, i.e. 

derivatives with an early exercise feature. For example, Boire, Reesor and Stentoft (2021a-b) have experimented an extremely 

efficient usage of Antithetical Variables, Control Variates and Importance Sampling to this end. Moreover, Lemieux and La (2005) 

showed how a Randomized Quasi-Monte Carlo can be successfully integrated with the algorithm of Longstaff and Schwartz (2001), 

which is the most widespread regression-based technique for estimating early-exercise in an engine based on numerical integration 

of stochastic differential equations.  
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Finally, Areal, Rodrigues and Armada (2008) have extended previous studies by combining different regression methods and 

different variance reduction techniques, aiming at further improving the numerical results of the previous Randomized Quasi-Monte 

Carlo implementation. 

Within the different types of regressive methods that can be combined with the Longstaff and Schwartz approach, machine learning 

was also taken into consideration by Goudenège, Molent and Zanette (2021) that show how Control Variates can also be applied in 

this statistical context. 

The literature also includes interesting examples of application of variance reduction techniques for the estimation of the main risk 

measures of financial portfolios, like Value-at-Risk (Glasserman, Heidelberger and Shahabuddin, 2000), Expected Shortfall (Xing, 

Sit and Wong, 2022) and fat tails (Hsieh et al., 2019). 

To the best of our knowledge, scientific studies that apply variance reduction techniques to certificates are practically absent so that 

this work can be considered original from this perspective.  

Moreover, this study can be of great practical value for the Italian financial industry. To better understand its practical importance, 

in Section 2 we analyze the Italian market of certificates on the basis of the statistics compiled on a quarterly basis by ACEPI, the 

Italian Association of Certificates and Investment Products and we review the most widespread investment certificates, the different 

product features and trading venues. 

In the following sections we discuss the application of variance reduction techniques to the quantitative analysis of such financial 

instruments. A "bottom-up" discussion is proposed where we start from discussing the problem that need to be solved (description 

of the product to be analyzed) and then we deal with the pricing model which is usually adopted by financial market participants 

(i.e. the as-is solution for the problem). 

We present the best practice for estimating the fair value of the observed financial instrument and we proceed to implement the 

statistical methods which allow an increase in the convergence performance in terms of dispersion respect to the expected value (i.e. 

improvement of the current solution). This methodological approach is adopted for the analysis of three different structured products 

that display increasing levels of difficulty in their pricing.  

Section 3 provides a comprehensive quantitative analysis for “Banca Ponti Certificate Protection Cap Euro Stoxx 50 25/12/2026” 
(ISIN: IT0005468142).  The pricing of this structured product is relatively simple, since the optional component can be modeled as 

a long position in a bull call spread at maturity, thus the theoretical quotation was tackled with a traditional Black-Scholes pricing 

framework.  

The choice of this dynamic is motivated by the fact that the pay-off can be replicated with a short and a long position of a call option 

written on the underlying index and an expiration date equal to the maturity date of the certificate. Therefore an analyst can trade the 

two vanilla options separately on the financial markets, typically making use of a closed-formula valuation model (for example, a 

standard pricing module such as Bloomberg® OVME). 

The possibility of replicating the Monte Carlo method with a closed formula derived by the analytical resolution of the fundamental 

Black-Scholes-Merton PDE, allows to check the correct theoretical convergence to the fair-value of the implemented techniques. 

This validation improves the confidence of correctly pricing more complex certificates that cannot be priced using an analytical 

closed-form approach. 

Section 4 deals with the “Banca Ponti Certificate Protection Cap on FTSE MIB 08/03/2027” (ISIN: IT0005481442). Unlike the 

previous product, in this case, the option component consists in a strip of conditional amounts with the so-called memory effect, 

while the invested capital is fully protected. One of the reference pricing techniques for this category of certificates is the Local 

Volatility model and the pricing problem cannot be analytically handled in closed form due to the memory effect. We therefore 

proceed to verify which variance reduction techniques are best suited to improve the performance of this Monte Carlo simulator. 

The last section considers another feature which is quite common in certificates, namely the “autocallability”. The analyzed product 

is the “Phoenix reverse convertible linked to the FTSEMIB Index” issued by JP Morgan (ISIN: XS2168930340). 

In this case the reference market model for the valuation is the Heston model. As in the previous cases, the pricing of the instrument 

is presented using a standard Monte Carlo method (known in jargon as “Crude Monte Carlo”); then the analysis shows that the 

performance can be optimized thanks to the code of a Randomized Monte Carlo. 

In order not to burden the discussion, the working principles of the variance reduction techniques implemented in the paper are 

briefly reported in the appendix: Antithetic Variables (A.1), Stratified Sampling (A.2), Latin Hypercube (A.3), Control Variates 

(A.4), Moment Matching (A.5), Importance Sampling (A.6) and Randomized Quasi-Monte Carlo (A.7). 

2) An overview of investment certificates and the Italian market 

 
Investment certificates are financial instruments with different risk/return profiles that allow for the identification of financial 

solutions aligned with the needs of the investor (ACEPI, 2022). 

Certificates are securitized derivatives, essentially a combination of financial contracts incorporated in a security, negotiable in the 

same way as a share. 

They are usually issued by bank issuers in the form of notes (i.e., short-term bonds) and they are subject to issuer risk, a risk 

associated with the default of the obligations of the issuer in relation to the product, consistently with the contents of the 

prospectus.Certificates have a significant derivative component; therefore, their value is connected to the performance of an 

underlying, which can be a share, an index or a basket of them (Oliveri, 2018).  
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The types of certificates differ according to: 
 

- Directionality of the underlying (there may be an exposure to the downside or upside of the asset). 

- Distribution of payment flows during the life of the financial instrument (additional amounts). 

- Possibility of early repayment with payment of a premium to the investor (Autocallable). 

- Capital protection which can be total, partial or conditional. 

- Repayment at maturity. 
 

By accessing this type of investment, the investor renounces the dividends distributed by the underlying in order to benefit from the 

conditions defined in the derivative contract. 

Specifically, there are three macro types of certificates: Investments Certificates (for investment purposes), Leverage Certificates 

(for trading or risk hedging purposes) and finally Credit Linked Notes. 

There are also three sub-categories of Investment Certificates which are: Protected Capital, Conditionally Protected Capital and 

Unprotected Capital (ACEPI, 2022).  

The protected capital certificates can be divided into: 

- Equity protection: they can be long (i.e. the holder makes a profit if the underlying goes up) or short (i.e. the holder makes a profit 

if the underlying goes down) to be able to participate in the increases or decreases in the price of the underlying. However they 

protect the issue price or a percentage of it, at maturity. 

- Digital: they allow for additional earnings if, on the observation dates, the underlying quotation is higher or lower than the initial 

quotation. 
 

Conditionally protected capital certificates can be classified into: 
 

- Bonus: they allow to participate in increases and decreases in the price of the underlying, also providing an additional income 

when certain conditions occur. 

- Express: they can be subject to early maturity /reimbursement at issue price plus a premium, if the price of the underlying is 

greater than or equal to an initially pre-set level on the observation dates (this type is also called Autocallable). 

- Twin win: there is a barrier level beyond which the capital is no longer protected. These instruments offer the possibility of a 

positive return both in the event of a rise and a slight fall in the underlying. 

- Credit linked: they allow to obtain recurring bonuses conditional on the "non-default" status of one or more reference entities. 

- Accelerator: they allow to participate in the increase or decrease of the performance of the underlying in a more than proportional 

way. In case of loss there is usually an "Airbag" factor. The Airbag is a factor (ratio between the final and initial value of the 

underlying) which is multiplied by the price at maturity (in the event that the underlying is below the floor barrier at maturity). 

- Premium Certificate: they pay certain and fixed premiums during the life of the instrument regardless of the performance of the 

underlying and a premium at maturity conditional to the performance of the underlying. However, there is a barrier level beyond 

which the capital is no longer protected. 

- Cash Collect: they have the peculiarity of distributing fixed premiums and conditional additional premiums, according to the 

performance of the underlying. 

Certificates with unprotected capital, on the other hand, do not have sub-categories but have specific characteristics, they replicate 

the performance of the benchmark and can have more or less proportional fluctuations. 

 

Figure 1: Pie chart of certificates placed in the third quarter of 2022 - Source: Acepi (ITForum 16 June 2022) 
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Figure 2: Development of certificates in years 2019-2022. Source: Acepi (ITForum 16 June 2022) 

 

The graphs in Figures 1 and 2 are shown in order to explain that investors have constantly been looking for new investment 

solutions in recent years, which certificates are able to satisfy, as can be seen from the most recent placements (only a slight 

decrease can be seen in correspondence of 2020 due to the COVID-19 pandemic). Certificates can be traded on regulated markets, 

such as SeDex (Securities Derivative Exchange or Electronic Securitized Derivatives Market) or EuroTLX. This allows the 

instrument to be reasonably liquid and consequently to have systematic purchase and sale offers entered by an authorized operator. 

The SeDex market is the market managed by Borsa Italiana on which Covered Warrants and Certificates are traded. As reported on 

the official Borsa Italiana website (borsaitaliana.it) this market is segmented as follows: 

- "plain vanilla covered warrant segment" (covered warrants consisting of a call or a put option). 

- "structured/exotic covered warrant segment" (covered warrants which are combinations of call and/or put options or which 

incorporate exotic options).  

- "leverage certificates segment" (certificates that replicate the performance of the underlying asset, with a leverage effect). 

- "investment certificates segment" (certificates which replicate the performance of the underlying asset without leverage effect, or 

which replicate the performance of the underlying asset and also include one or more ancillary structured or exotic options). 

This market was created in 2004 as a segment dedicated to the negotiation of Certificates and Covered Warrants which are overall 

defined as securitized derivatives. The first covered warrant was listed on the stock market in 1998. The success of these instruments 

soon led to the listing of several thousand instruments and the creation of the Covered Warrant Market (MCW). Since the early 

years, alongside the covered warrants, the first certificates have also started to be traded. Over the years, the number of certificates 

and the related traded volumes have progressively been growing, as the variety of types listed. 

For this reason, in 2004 Borsa Italiana replaced the MCW market with SeDeX. The opening hours of this market go from 9:05 am to 

5:30 pm, Monday to Friday. 

Investment Certificates traded on the SeDeX market segment of Borsa Italiana belong to two classes: 

- Class A: they linearly replicate the performance of the underlying (so-called benchmark certificates). 

- Class B: they replicate the performance of the underlying and include one or more structured options to provide further benefits 

(for example, total or partial capital protection with Protection Certificates). 

For the purposes of admission to the SeDex market, the issuer must provide the following reports as indicated in the official 

regulation provided by Borsa Italiana: 

- a prospectus approved by the competent authority in accordance with the Prospectus legislation. 

- a base prospectus approved by the competent authority in accordance with the Prospectus legislation, supplemented by the final 

terms. 

- a registration document accompanied by the securities note on the financial instruments approved by the competent authority in 

compliance with the Prospectus legislation or, alternatively, accompanied by the KID required by Regulation 2014/1286. 

- an admission document containing the information referred to attachments 6 or 7 and 14 or 15 of the EU Delegated Regulation 

2019/980. In any case, this information must be sufficient to allow investors to make an informed investment decision on the 

financial instruments and it must contain any other information that Borsa Italiana may request to facilitate the orderly conduct of 

trading. 

The focus on this type of financial instrument is due to the fact that, in a context of very low interest rates and low returns, investors 

are looking for a solution that can provide a suitable return and a protection from strong market fluctuations. 
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In particular, we will analyze certificates that provide investors with total protection or partial, but still high, protection. 

The first certificate, for example, has a protection of 90% (section 3) of the amount initially invested while the second has total 

protection i.e., 100% (section 4). 

In addition to the level of protection, investors can obtain additional amounts, conditional or not, depending on the specific 

characteristics of the product (section 5). We believe one of the main contributions of this study is the application of variance 

reduction techniques to the pricing of investment certificates as these techniques are typically only applied to individual options. 

3) Analysis of the certificate - Banca Ponti Certificate Protection Cap Euro Stoxx 50 28/12/2026 

 
The 90% protected certificate with a 115% cap is a partially protected capital “Investment Certificate” (ISIN: IT0005468142). This 
type of certificate allows the investor to protect his capital up to 90% therefore in the worst case he will obtain 90% of the invested 

capital at maturity. 

Conversely, if the underlying outperforms, the customer will receive up to a maximum of 115% of the initial investment (this is due 

to the presence of the cap). 

In addition to the capital at maturity, conditional to the performance of the underlying, the certificate distributes an unconditional 

additional payment of 1.5% of the nominal value on pre-established dates. 

The valuation of the certificate is done on 31/03/2022, the issue date was 20/12/2021 while the expiry date is 28/12/2026. Table 1 

shows the characteristics of the financial instrument obtained from the KID (Key Information Document). This financial product (as 

well as the subsequent case studies), can only be offered to a retail customer which has the following characteristics: 
 

- Experience and knowledge of financial markets. 

- Ability to bear capital losses. 

- A high risk tolerance (equal to or higher than the risk indicator). 

- Time horizon of the investment, at least medium term. 
 

The payment dates of the unconditional amount are fixed in advance and indicated in Table 1. The minimum amount for buying this 

certificate is 1,000 euros and such minimum amount represents one unit. 

The underlying index on which the performance of the certificate is conditioned is the EURO STOXX 50 (which represents the 

stock index including the 50 major Eurozone companies in the main industrial sectors). The strike price of the index, i.e., the 100% 

threshold, is set on 17/12/2021. 

The costs incurred, useful for pricing the instrument, are: 2.50% for placement commissions and 1.5% for structuring costs. The 

following section highlights the pricing method (Monte Carlo technique) and subsequently the payoff, the Greeks and the variance 

reduction techniques will be analyzed. 

 

 

Table 1: Financial characteristics of the certificate retrieved from the KID - Source: Banca Cesare Ponti – Gruppo BPER 

 

3.1) The Monte Carlo methodology and the Black-Scholes-Merton pricing framework 

The value of a derivative, being closely linked to the performance of the underlying financial asset  𝑆(𝑡), depends on the possible 

trajectories that it will take in the future (Hunt & Kennedy, 2001). One of the most widespread stochastic processes for this purpose 

is the Geometric Brownian Motion, which, consistently with the Black-Scholes-Merton pricing framework, is represented by the 

following Stochastic Differential Equation (SDE): 𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝑑𝑊𝑡  (1) 

Certificates Characteristics

Underlying EURO STOXX 50 index

Initial Valuation Date 17/12/2021

Initial Reference Value of the underlying Closing Price of the underlying at the Initial Valuation Date

Issuing Date 20/12/2021

Maturity Date 28/12/2026

Nominal Value 1,000 EUR

Protection 90% of Nominal Value

Cap Level 115% of Nominal Value

Unconditional Amount 1.5% of Nominal Value

Payment Dates of the Unconditional Amount 21/12/2022,  21/12/2023,  23/12/2024,  22/12/2025,  28/12/2026

Final Valuation Date 21/12/2026

Final Reference Value of the underlying Closing Price of the underlying at the Final Valuation Date
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Where: 𝜇 = annualized expected return earned by an investor over the time period 𝑑𝑡. In the pricing of options on equity or stock indexes it 

is usually set as:  𝑟 − 𝑞, where 𝑟 is the risk-free rate and 𝑞 is the continuous dividend yield of the underlying. 𝜎 = the annualized volatility of the asset. When vanilla option prices are available, the implicit volatility is usually used, otherwise a 

historical estimate is made. 𝑑𝑊𝑡 = Wiener stochastic process.  

The SDE can be numerically integrated through the Euler-Maruyama scheme and therefore implemented using a numerical 

processing software (in this study three languages are mostly used: Python, Matlab and R): 
 𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝑑𝑊𝑡 → ∆𝑆 ≃ 𝜇𝑆∆𝑡 + 𝜎𝑆∆𝑊 (2) 𝑆𝑡 ≃ 𝑆𝑡−1 + 𝜇𝑆𝑡−1∆𝑡 + 𝜎𝑆𝑡−1𝜖√∆𝑡 (3) 
 

where 𝜖 represents an extraction from a standard normal distribution and ∆𝑡 the discretization interval (Kloeden & Platen, 1992). A 

Wiener process is a particular type of stochastic Markov process, used to model the Brownian motion of various random 

phenomena. Formally, 𝑊(𝑡) follows a Wiener process if it satisfies the following properties: 

- 𝑊(0) = 0 , 

- 𝑊(𝑡) is (almost surely) continuous, 

- random variable 𝑊(𝑡2) − 𝑊(𝑡1), with 0 ≤ 𝑡1 ≤ 𝑡2 is normally distributed with zero mean and standard deviation 𝑡2 − 𝑡1 and 

- random variables 𝑊(𝑡2) − 𝑊(𝑡1) and 𝑊(𝑡4) − 𝑊(𝑡3) with 𝑡1 < 𝑡2 < 𝑡3 < 𝑡4 are independent random variables. 

In our paper, the Monte Carlo engine is used with simulation brackets that correspond to a letter: A indicates a thousand simulations, 

B represents ten thousand simulations, C stands for a hundred thousand simulations and finally D stands for a million. 

For each number of simulations indicated, 200 replications are made in order to extrapolate the great mean, which corresponds to 

the fair value of the structured product, the standard deviation (used as a measure of precision and for comparison purposes related 

to the improvement hopefully introduced by the variance reduction techniques) and the computing time (useful for understanding 

the "cost" in computational terms of increasing the number of simulations or the methodology). 

For pricing purposes, the certificate can be broken down into two parts: the former concerns the flows of unconditional additional 

amounts and the latter regards the options strategy at maturity (bull call spread). 

The calculation of the unconditional amounts was implemented discounting the future additional amounts, while the call-spread 

value at maturity was estimated simulating the value of the underlying using the Monte Carlo engine (Boyle, 1977). 

Assuming that the notional is equal to 1,000 (minimum amount that can be purchased), the three different cases at maturity are 

analyzed: 

- If the simulated underlying is less than 90% of the strike price at maturity, then the certificate will pay 900. The exercise price is 

the initial reference value of the index, on 17/12/2021, equal to EUR 4,161.35. 

- If the simulated underlying is between 90% and 115% of the strike, then it will pay the corresponding value between EUR 900 and 

EUR 1,150. 

- Finally, if the underlying is greater than 115% of the strike price, then the final redemption will be EUR 1,150. 

Once the two components have been obtained, they are added together. The prices obtained on the valuation date 31/03/2022 using 

Bloomberg® market data are shown in Table 2: 
 

        

Table 2: Pricing of certificate IT0005468142 with Crude Monte Carlo technique 
 

The values obtained are in line with the market quotation observed on the Sedex on 31/03/2022 (923.75 – Source: Borsaitaliana.it) 

and also with the fair value of the hedge estimated using the traditional Black-Scholes-Merton closed formula for the long position 

in the call with the lower strike price and for the short position in the call with the higher strike price (Black & Scholes, 1973). 

In order to complete the analysis, the price sensitivity measures were calculated with respect to the main inputs of the valuation 

model (Tables 3, 4 and 5):  

Delta: ∆ =  𝜕𝑝𝑟𝑖𝑐𝑒𝜕𝑆 , Vega: 𝜈 =  𝜕𝑝𝑟𝑖𝑐𝑒𝜕𝜎 , Rho: 𝜌 =  𝜕𝑝𝑟𝑖𝑐𝑒𝜕𝑟 , Theta: 𝜃 =  𝜕𝑝𝑟𝑖𝑐𝑒𝜕𝑇 , Gamma: 𝛾 =  𝜕2𝑝𝑟𝑖𝑐𝑒𝜕𝑆2 = 𝜕∆𝜕𝑆 

Mean SD Time

A4 923.901 2.89307618 0.11

B4 923.6242 0.96398002 0.41

C4 923.6088 0.28511702 4.22

D4 923.6304 0.08170546 52.11



 

 

 

RISK MANAGEMENT MAGAZINE – Volume 18, Issue 1 – Page - 25 - 

 

 
 

Table 3: Numerical estimation of Delta (left) and Vega (right) with the 2-sided Finite Difference Method for certificate 

IT0005468142 with Crude Monte Carlo technique 
 

 

 
 

 

Table 4: Numerical estimation of Rho (left) and Theta (right) using the Finite Difference Method, respectively 2-sided and 1-sided, 

for certificate IT0005468142 with Crude Monte Carlo technique    
 

 
 

Table 5: Numerical estimation of Gamma with the Finite Difference Method for certificate IT0005468142 with Crude Monte Carlo 

technique  

The estimated experimental error for a Monte Carlo simulation is given by the standard deviation of the results: a small value 

implies a more accurate convergence to the expected value. The stochastic process of the variables underlying a derivative is 

replicated implementing a huge number of simulations in order to estimate the value of the financial instrument with a certain level 

of accuracy. The greater the number of simulations, the greater the accuracy accompanied by a significant increase in computing 

time. In this context, the variance reduction techniques can be used to improve the accuracy of the Monte Carlo engine results and to 

also save on computing time (Giribone & Ligato, 2013). The most popular techniques in the literature are: Antithetic Variables, 

Stratified Sampling, Latin Hypercube, Control Variates, Moment Matching and Importance Sampling (Botev & Ridder, 2017). A 

short summary of their working principles can be found in the Appendix.  

3.2) Implementation of variance reduction techniques in the first certificate 

This section shows the results of the variance reduction techniques applied to the first certificate (ISIN:IT0005468142). In addition 

to the tables displaying the results, the graphs are also shown in order to illustrate that the Monte Carlo engine reaches convergence 

at the theoretical price of the Black and Scholes closed formula in a different way between the Crude Monte Carlo and the one 

improved by the various reduction techniques implemented. 
 

Tables: First Certificate, Variance Reduction Techniques 
          

                                   
 

                                     Table 6: Latin Hypercube                    Table 7: Antithetic Variables 
 

                                

     Table 8: Stratified Sampling                      Table 9: Moment Matching 

Mean SD Time

A4 6.364351 0.62309148 0.1

B4 6.356778 0.1973578 0.88

C4 6.350574 0.06623772 9.06

D4 6.345232 0.01756761 115.8

Mean SD Time

A4 0.09256348 0.007277801 0.11

B4 0.09184981 0.002338103 0.96

C4 0.09187552 0.000724441 9.39

D4 0.09193785 0.00023892 98.17

Mean SD Time

A4 2.24E-07 1.92E-06 0.17

B4 4.29E-07 6.25E-07 1.35

C4 4.19E-07 2.01E-07 13.11

D4 4.38E-07 6.07E-08 156.95

Mean SD Time

LHS_A4 923.6255 4.68E-03 0.15

LHS_B4 923.6246 1.37E-04 1.28

LHS_C4 923.6246 4.50E-06 13.26

LHS_D4 923.6246 1.42E-07 89.4

Mean SD Time

AV_A4 923.5843 2.03215726 0.05

AV_B4 923.679 0.61434496 0.44

AV_C4 923.6512 0.21246318 4.17

AV_D4 923.6261 0.06487431 46.37

Mean SD Time

SS_A4 923.6742 0.41395448 0.08

SS_B4 923.6265 0.13254349 0.52

SS_C4 923.627 0.0447108 4.94

SS_D4 923.6259 0.01270018 48.74

Mean SD Time

MM_A4 923.752 1.35238255 0.27

MM_B4 923.6802 0.51091336 0.51

MM_C4 923.6519 0.151696 5.05

MM_D4 923.6224 0.04911662 59.57

Mean SD Time

A4 0.004707454 3.14E-04 0.11

B4 0.004685893 8.70E-05 0.58

C4 0.004683118 3.01E-05 5.72

D4 0.00468321 9.00E-06 110.45

Mean SD Time

A4 443.3628 37.99339 0.09

B4 442.0137 11.707837 0.9

C4 441.593 3.987575 9.28

D4 441.3124 1.052667 104.52
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All tables showing reduction techniques results display a reduction in standard deviation. In particular, for the first certificate, the 

technique that largely outperforms is the Latin Hypercube Sampling. 

It is also clear from the tables that there is an inverse relation between the computational time and the reduction: the designer has to 

find the optimal trade-off between these two quantities. 

In our study, the increase in the implementation times using the variance reduction techniques is more than compensated by the 

significant reduction of the standard deviation. 

The graphs for the variance reduction techniques are shown below (Figure 3) and refer to the long position of the hedging call: the 

prices of the Crude Monte Carlo are shown in green, while those of the reduction techniques are shown in blue. 

The horizontal red line indicates the theoretical price of the Call obtained with the Black and Scholes closed formula and equal to 

529.70. 

The y-axis indicates the prices of the Long Call while the x-axis indicates the number of simulations performed: 

from 0 to 200, prices are based on 103 simulations (Case A), 
 

from 200 to 400, on 104 simulations (Case B), 
 

from 400 to 600, on 105 simulations (Case C), 
 

from 600 to 800, on 106 simulations (Case D). 

 

 

 

Figure 3: Latin hypercube (LHS), Antithetic Variables (AV), Moment Matching (MM), Stratified Sampling (SS), Importance 

Sampling (IS) and Control Variates (CV) 

 

The graphs relating to the pricing of the entire certificate are shown below (Figure 4). In this case, the red line indicates the 

theoretical price of the financial instrument, equal to 923.62. 
 

The Latin Hypercube, Moment Matching, Antithetic Variables and Stratified Sampling are the applicable reduction techniques.  



 

 

 

RISK MANAGEMENT MAGAZINE – Volume 18, Issue 1 – Page - 27 - 

 

 

The implemented techniques have all performed well but the Latin Hypercube has decisively and significantly reduced the standard 

deviation. 

In Figure 4 representing the pricing of the certificate, the trend is not clearly visible due to the very low standard deviation (the price 

converges already from the very first simulations).  

In conclusion, the reduction technique that showed the best performance was the Latin Hypercube Sampling that drastically reduced 

the standard deviation. 

Figure 5 shows how the prices are distributed in the Monte Carlo Crude, where the blue line is the distribution of the crude and the 

red line represents the distribution of the Latin Hypercube. In the enlargement in Figure 6, the variance reduction technique 

performs excellently, and is characterized by an infinitesimal standard deviation. 

 

Figure 4: Convergences of Latin hypercube (LHS), Antithetic Variables (AV), Moment Matching (MM) and Stratified Sampling (SS) 

to the fair value of the certificate 

 

 

                Figure 5: Crude price distribution and Latin Hypercube              Figure 6: Latin Hypercube distribution enlarged  
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4) Analysis of the certificate - Banca Ponti Certificate Protection Cap on FTSE MIB 08/03/2027 

The 100% protection certificate is an "Investment Certificate" with fully protected capital; therefore, the investor will receive the 

entire invested amount at maturity. The certificate provides for the payment of a conditional additional amount, on pre-established 

dates. If on the valuation date for the t-th conditional additional amount, the underlying is at a level equal to or higher than the initial 

reference value, then the investor receives an amount equal to 3% of the invested capital. 

The initial reference of the underlying is defined as the closing price of the underlying on the initial reference date. The peculiarity 

of this additional amount is that it benefits from the memory effect. 

With respect to structured products with a barrier mechanism, the so-called Memory coupon is an interest payment that is carried 

over to the next observation dates if the note, at a given observation date, fails to meet the coupon payment requirements as defined 

in the structure. However, if payment requirements are met at a certain observation date, all coupons that have not previously been 

paid will fall due for payment at such date. 

We can express the rule for the payment of the t-th conditional additional amount in accordance with the following formula: 

 𝑁𝑜𝑚𝑖𝑛𝑎𝑙 𝑉𝑎𝑙𝑢𝑒 ×  [𝑡 − 𝑡ℎ 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝐴𝑚𝑜𝑢𝑛𝑡[%] + 𝑀𝑒𝑚𝑜𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝐴𝑚𝑜𝑢𝑛𝑡[%]  × (𝑡 − 𝑘 − 1)] (4) 

 

Where k can assume values between 0 and 4 and indicates the value of t corresponding to the last Conditional Additional Amount 

Event that occurred. In particular, if t = 1 then k = 0, while if a Conditional Additional Amount Event has never occurred, k = 0. 

The underlying of this certificate is the FTSE MIB index which measures the performance of 40 Italian stocks and aims at 

duplicating the broader sector of the Italian equity market. 

Pricing is in any case carried out as of 31/03/2022 using market data from the Bloomberg® info-provider as in the first certificate. 

Table 10 shows the main characteristics of the certificate retrieved from the KID. 

 

 
 

Table 10: Protected Capital Certificate on FTSEMIB (from the KID) – Source: Banca Cesare Ponti (Gruppo BPER) 

 

The valuation model used is the local volatility model, proposed in 1994 by Dupire for the continuous case (Dupire, 1994). Initially, 

it is necessary to define the concept of implied volatility, which corresponds to the expectation of the market for the volatility of the 

underlying stock in the future. Implied volatility is one of six inputs used in the Black and Scholes option pricing model, but it 

cannot be directly observed in the market (Haug, 2007). The standard method to determine it, knowing the option price and the other 

five parameters (Spot, Strike, Dividend Yield, Time to Maturity and interest rate), is to solve the equation of the Black and Scholes 

model for the unknown parameter (i.e., the implied volatility). The important observation is that the “volatility smile” should never 

occur based on the Black and Scholes theory, as it theoretically assumes a completely flat volatility curve. The first case that drew 

attention to the volatility smile was the stock market crash that occurred in 1987. The reason for the need to move to a more 

sophisticated model lies precisely in that historical event, in fact Derman describe this model change as follows: “After the crash, 

https://fincyclopedia.net/finance/n/note
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and ever since, equity index option markets have displayed a volatility smile, an anomaly in blatant disagreement with the Black-

Scholes-Merton model. Since then, quants around the world have labored to extend the model to accommodate this anomaly” (Itkin, 

2020). 

Essentially, the authors showed that new models have been developed from that anomaly, and that quants aim to move from the 

Black–Scholes-Merton model to more complex models that better describe the trend and reality of the market. 

The Local Volatility model implements a different Geometric Brownian Motion, since in this case volatility will depend on time and 

on the performance of the underlying in a time-varying way. 

In order to take into consideration the Local volatility model, starting from the standard Geometric Brownian Motion, see Eq (1), we 

have to set the volatility in function of the 𝑆𝑡 and 𝑡. Consequently the new dynamics can be represented by the following Stochastic 

Differential Equation:  
 𝑑𝑆𝑡 = (𝑟 − 𝑞)𝑆𝑡𝑑𝑡 + 𝜎(𝑆𝑡 , 𝑡)𝑆𝑡𝑑𝑊𝑡  (5) 
 

Basically, the Black and Scholes model uses the same level of volatility for the entire life of the option, while the Local Volatility 

model estimates its own level of volatility for each individual option in order to reflect a more accurate theoretical value of the 

option (Dupire, 1998). 

The calculation of the volatility through the Local Volatility is implemented starting from the implied volatilities deriving from the 

traded prices.A series of Call and/or Put price vectors for different strikes and different maturities by means of interpolations allows 

to attain a Local Volatility surface. The connection relates the different volatility structure for different strikes and for different 

maturities. The formula for calculating the local volatility area is given below (Di Franco, Polimeni & Proietti, 2002): 
 

𝜎(𝐾, 𝑇) =  √ 𝜎𝐼𝑀𝑃2 +2𝑇𝜎𝐼𝑀𝑃𝜕𝜎𝐼𝑀𝑃𝜕𝑇 +2𝑟𝐾𝑇𝜎𝐼𝑀𝑃𝜕𝜎𝐼𝑀𝑃𝜕𝐾[1+𝐾𝑑1√𝑇 𝜕𝜎𝐼𝑀𝑃𝜕𝐾  ]2+𝐾2𝑇𝜎𝐼𝑀𝑃(𝜕𝜎𝐼𝑀𝑃2𝜕𝐾2 −𝑑1(𝜕𝜎𝐼𝑀𝑃𝜕𝐾 )2√𝑇)    (6) 

 

With: 

𝑑1 = ln(𝑆𝐾)+(𝑟+𝜎𝑖𝑚𝑝22 )𝑇𝜎𝐼𝑀𝑃√𝑇    (7) 

 

Where 𝜎𝐼𝑀𝑃 is the function of the implied volatility estimated from the numerical inversion of the Black-Scholes-Merton pricing 

formula starting from the market quoted prices.  

 

 

 

Figure 7: Local Volatility of FTSEMIB as of 31/03/2022  
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The implied volatility surface used to calculate the Local Volatility of this certificate is that of the FTSEMIB index (Source: 

Bloomberg®).  
 

Contrary to the previous case, due to the path dependency given by the memory effect of the coupon strip, closed formulas cannot 

be used for the pricing of digital options (Giribone & Revetria, 2021). 
 

Given that no closed-formulas exist for pricing this optionality, the numerical methodology of the Monte Carlo engine with local 

volatility can be implemented for the pricing, also applying the variance reduction techniques. 
 

Specifically, the techniques used are: Antithetic Variables (AV), Latin Hypercube Sampling (LHS), Moment Matching (MM) and 

finally Stratified Sampling (SS). The table below displays values on the customer side: 

 

 
 

Table 11: Crude, Antithetic Variables (AV), Stratified Sampling (SS), Latin Hypercube (LHS) and Moment Matching (MM) 

 

In this case, the approach that did not impact so much is the Moment Matching, which failed to meet the expectations of a 

significative improvement measured in terms of standard deviation reduction (see Table 11, last columns). 
 

The graphs of the pricing convergence of the financial instrument are also shown, using the same graphic conventions used in the 

previous certificate. 

 

 

Figure 8: Antithetic Variables (AV), Moment Matching (MM), Stratified Sampling (SS), Latin Hypercube (LHS) 

 

In the second certificate, where the model used is the Local Volatility, the variance reduction technique that performs best is the 

Antithetic Variables. 

MEAN SD MEAN SD MEAN SD MEAN SD MEAN SD

A4 95.2255 0.204304 95.2014 0.11439 95.2383 0.103877 95.2163 0.103877 95.2075 0.193223

B4 95.2088 0.0666348 95.2109 0.0334144 95.2283 0.032937 95.2089 0.032937 95.2125 0.0559303

C4 95.2106 0.0202179 95.2124 0.0112894 95.2283 0.0155754 95.2123 0.0112894 95.2106 0.0180509

D4 95.2128 0.006367 95.2121 0.00479706 95.2287 0.006602981 95.2128 0.00489924 95.2117 0.0080949

LHS MMCRUDE AV SS


























