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Abstract 

This study explores an innovative approach to portfolio optimization, bridging traditional Modern Portfolio Theory (MPT) with 

advanced Machine Learning techniques. We start by recognizing the significance of Markowitz's model in MPT and quickly proceed 

to focus on the Hierarchical Risk Parity (HRP) method. HRP overcomes some of the limitations of Markowitz's model, particularly 

in managing complex asset correlations, by offering a more refined risk management strategy that ensures balanced risk distribution 

across the portfolio. The paper then introduces an innovative Machine Learning approach that employs the Logic Learning Machine 

(LLM) method to enhance the explainability of the Hierarchical Risk Parity strategy. Such integration is considered the core research 

part of the study, given that its application makes the output of the model more accessible and transparent. A case study based on the 

Turkish stock market has been provided as an example. The combination of traditional financial theories with modern Machine 

Learning tools marks a significant advancement in investment management and portfolio optimization, emphasizing the importance 

of clarity and ease of understanding in complex financial portfolio models. 

Key Words: Hierarchical Risk Parity (HRP), Modern Portfolio Theory (MPT), Machine Learning (ML), Logic Learning Machine 

(LLM), Asset Allocation, Portfolio Optimization, Turkish Stock Market 

JEL code: G11, C58, C63, F30 

1) Introduction 

The challenge of optimal asset allocation remains a fundamental pillar in the field of finance, driving investors through the 

uncertainties of continuously evolving financial markets. The quest for methodologies able of efficiently managing risk and 

maximizing returns has led to the progressive overcoming of the limitations encountered in classic theories, such as that proposed by 

(Markowitz, 1952), and later enriched by (Maillard et al., 2010). While these theories have marked significant milestones in portfolio 

management development, they have revealed the need to adopt more dynamic and sophisticated approaches to address an increasingly 

complex and unpredictable market context. 

In the current portfolio management landscape, our study starts from the premise that Hierarchical Risk Parity (HRP) allocation 

represents the state of the art Machine Learning technique for asset allocation. HRP, which surpasses the methodologies previously 

proposed by scholars like Markowitz, stands out for its ability to incorporate a more sophisticated understanding of asset correlation 

structures and for better adapting to the evolving market dynamics. However, despite HRP being widely recognized and used in the 

financial community, limitations related to its explainability, or the ability to understand and interpret the underlying decision-making 

processes, persist. 

Our paper introduces an innovative approach aimed at overcoming these obstacles, proposing a portfolio optimization method that 

enhances explainability through the implementation of the Logic Learning Machine (LLM) developed through a low-code 

development platform. This approach leverages a rule-based Machine Learning method offering an alternative to traditional black-

box models. With the LLM, we significantly move towards a clear-box approach, where portfolio allocation decisions are transparent 

and the underlying logics easily interpretable. 

Hierarchical Risk Parity, introduced by (de Prado, 2016), has marked a turning point in portfolio risk management, offering an 

innovative approach beyond traditional methodologies. Using hierarchical analysis, HRP reduces portfolio volatility through a 

balanced risk distribution among assets, adjusting to market variations through advanced correlation analysis. 

The evolution of HRP has seen significant contributions: (Raffinot, 2017) refined risk allocation by examining inter-asset correlations, 

improving the precision and effectiveness of HRP in risk management. (Lohre, Rother, Schafer, 2020) introduced tail-tail correlations, 

increasing portfolio resilience to market shocks through better management of extreme asset dependencies. (Molyboga, 2020) adapted 

HRP to offer more flexibility and customization, highlighting its applicability to various market contexts. Lastly, (Millea and Edalat, 

2022) integrated Deep Reinforcement Learning into HRP, combining advanced Machine Learning techniques to optimize investment 

strategies. 

Despite these notable advancements (Giudici, Polinesi and Spelta, 2022) and (Ahelegbey and Giudici, 2021), the literature has yet to 

deeply explore the decision-making mechanism underlying HRP, leaving explainability as a blind spot. Our study focuses on this 

aspect, investigating the underlying decisions in HRP risk allocation. 

In the continuation of our study, we will begin by exploring the evolutionary path that led to the development of Hierarchical Risk 

Parity, highlighting how it represents not only the last piece but also the culmination of broader research in asset allocation; we will 

revise the technical mechanisms underlying HRP, outlining in detail how this methodology distinguishes itself for its ability to adapt 

to market dynamics. We will then introduce the algorithm of the Logic Learning Machine that has been developed using a low-code 

development platform. Finally, we will apply the LLM to a portfolio composed of major Turkish companies, using a historical dataset 

of stock prices from the Istanbul Stock Exchange to practically demonstrate the efficacy of our methodology. This application will 

not only highlight the capabilities of the LLM in the context of hierarchical risk allocation but will also offer valuable insights into 

interpreting the results in a real-market context. 
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Excluding this first paragraph, which includes a literary review, and the conclusions, the paper is structured into four sections. The 

first section briefly outlines the mathematical formulation that allows for the identification of optimal weights for each asset in a 

portfolio according to the traditional Markowitz approach, thus highlighting the pros and cons of this conventional method. The second 

section points out, among all the optimal portfolios constituting the efficient frontier, the one whose optimization is based on a risk 

parity allocation, to compare the results obtained with this classic approach to the modern HRP. The two formulations are described 

along with the operating principle of the Machine Learning technique proposed by de Prado in 2016, based on the following three 

steps: Hierarchical Tree Clustering, Matrix Seriation, and Recursive Bisection. Once the results are obtained, i.e., the weights to be 

assigned to each asset in the portfolio, the question was posed about which factors most significantly influenced the choice of these 

weightings. For this purpose, the low-code platform Rulex was used to efficiently implement the LLM algorithm, capable of defining 

in a highly intelligible manner the choice logics that led to the determination of the optimal portfolio weight configuration. The fourth 

section implements HRP on the same sample portfolio used for the previous analyses, but this time using the new block-based software 

architecture. After proving the exact equivalence of the results achieved with HRP (i.e., through the traditional Python coding approach 

and the low-code approach), the section concludes with a description of the Logic Learning Machine method, which allows for 

significant interpretability of the obtained results. The final section shows a real market case: the optimal allocation according to 

Hierarchical Risk Parity was studied using the stocks listed on the Istanbul Stock Exchange as an example. This choice was made 

because the open-source and downloadable dataset from Kaggle was used, allowing for easier scientific replicability of the results 

obtained in this study (for comparison, see: www.kaggle.com/datasets/gokhankesler/borsa-istanbul-turkish-stock-exchange-dataset). 

Not only is the optimal portfolio proposed, but also the rules summarized by the LLM that allow for a great explainability of the 

outputs. 
 

2) Before the Hierarchical Risk Parity algorithm 

When we deal with a portfolio optimization problem, it is impossible not to mention Harry Markowitz, universally recognized as the 

father of the "Modern Portfolio Theory" (MPT) and a fundamental figure in this field. Markowitz's model, presented in his influential 

article "Portfolio Selection" published in 1952 in "The Journal of Finance", revolutionized the approach to investment management. 

This model focuses on optimizing the allocation of financial resources among a variety of instruments, taking into account both 

expected returns and the associated risk of each investment. 

The classic Markowitz model, also known as “the mean-variance portfolio”, is based on two key objectives: maximizing the expected 

return of the portfolio, calculated as the weighted sum of the expected returns of the assets, and minimizing the portfolio risk, expressed 

in terms of variance. This approach introduced the central concept of diversification, clearly demonstrating the benefits of constructing 

a portfolio composed of diversified assets. 

In the context of the Markowitz model, the term "return" denotes the potential gain or loss that an investment can generate, while the 

concept of "risk" represents the degree of uncertainty or volatility associated with that investment. A fundamental pillar of MPT is the 

trade-off between risk and return, suggesting that investors are willing to accept higher risk in exchange for potentially higher returns. 

To address this trade-off, Markowitz introduced the concept of the "Efficient Frontier”, that is the curve generated by solving the 

minimization problem in (1), where the goal is to minimize variance, or risk, as returns vary (Markowitz, 1959).  

 

𝐦𝐢𝐧
𝒘

 𝜎𝑝
2  𝒘𝑻∑𝒘 

(1) 

𝐬. 𝐭.  𝑟𝑇𝑤  𝑟𝑝 , ∑ 𝑤𝑖   𝑁
𝑖=1 , 𝑤𝑖 ≥   ∀𝑖    

 

The Efficient Frontier represents a series of optimal portfolios with minimal risk for a given level of return. The position along this 

curve depends on the individual investor's risk appetite. Risk-averse investors may prefer to position themselves in a low-risk portfolio, 

even if the return is more modest, while those willing to tolerate higher risk may opt for a portfolio with the potential for higher 

returns. 

We now build a test portfolio specifically designed to provide a clear demonstration and explanation of the Hierarchical Risk Parity 

(HRP) algorithm working principles. The test portfolio serves not only as a proof of concept for the HRP methodology but also as a 

crucial step in aligning traditional programming with the capabilities of the advanced Machine Learning platform based on low-code 

paradigm. Furthermore, the usage of the test portfolio facilitates the subsequent step of checking the implementation of the algorithm 

in the logical-block oriented software, which is designed to enhance the HRP's interpretability and explainability of the algorithm. 

This alignment is essential to ensure that the HRP method can be effectively and transparently integrated into the Machine Learning 

environment, thereby leveraging the full potential of its data-driven insights for optimal asset allocation. 

To highlight the differences between the Markowitz model and the Hierarchical Risk Parity (HRP) approach, we have constructed a 

portfolio consisting of 10 stock securities. This allows us to compare how the two methods allocate weights to diversify risk. We have 

selected the 10 companies with the highest market capitalization in the United States to analyze allocation strategies in real market 

contexts. The stocks included are Apple (AAPL), Microsoft (MSFT), Alphabet (GOOG), Amazon (AMZN), NVIDIA (NVDA), 

META (META), Berkshire Hathaway (BRK-B), Tesla (TSLA), Eli Lilly (LLY), and UnitedHealth Group (UNH). The historical data 

for these stocks was retrieved from Yahoo Finance and analyzed in software R, covering the period from January 2015 to December 

2020. Table 1 provides summary statistics of the daily rate of return for each stock during the analyzed period. 

Data reveals that tech stocks such as AAPL, MSFT, NVDA, and META have high volatility, indicating greater risks but also potential 

for substantial returns. Particularly within the tech sector, NVDA is notable for its pronounced volatility, which has recently typified 

the semiconductor industry. TSLA in the automotive sector also exhibits significant volatility. 

In contrast, the financial and healthcare sectors, with stocks like BRK-B, LLY, and UNH, show lower volatility, signifying more 

stability. This contrast may attract investors looking for more predictable and stable long-term investment options. 

Also, the correlation matrix reflects the relationships between the returns of the selected stocks. Looking at the color scheme of Figure 

1, we can recognize that stocks from the same sector often exhibit higher correlations, as indicated by the redder shades among 

technology stocks like AAPL, MSFT, NVDA, and META. This is consistent with our previous analysis about the high volatility in 

http://www.kaggle.com/datasets/gokhankesler/borsa-istanbul-turkish-stock-exchange-dataset
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the technology sector, implying that these stocks might be affected by similar market factors and therefore exhibit more aligned price 

movements. 

In contrast, sectors such as finance and healthcare, represented by BRK-B, LLY, and UNH, typically display a lower correlation with 

technology stocks. 

The particularly low correlation between Eli Lilly and Tesla stands out, marking them as the least correlated pair in the portfolio and 

signaling a more pronounced risk diversification. The bluer shades denote a weaker correlation, suggesting that these stocks could 

respond differently to identical market events, thereby offering potential stability in a well-diversified portfolio. 

 
 

Summary Statistics of Daily Rate of Return 

Stocks Mean SD Median Min Max 

AAPL 0.13% 1.87% 0.09% −12.86% 11.98% 

AMZN 0.18% 1.95% 0.14% −7.92% 14.13% 

BRK-B 0.04% 1.31% 0.04% −9.59% 11.61% 

GOOG 0.09% 1.70% 0.10% −11.10% 16.05% 

LLY 0.08% 1.68% 0.06% −10.51% 15.68% 

META 0.10% 2.01% 0.11% −18.96% 15.52% 

MSFT 0.13% 1.75% 0.10% −14.74% 14.22% 

NVDA 0.26% 2.87% 0.25% −18.76% 29.81% 

TSLA 0.24% 3.47% 0.12% −21.06% 19.89% 

UNH 0.10% 1.76% 0.09% −17.28% 12.80% 
 

Table 1: Summary statistics of the test portfolio 

 
 

Figure 1: Correlation matrix of the test portfolio 

Thus, after examining the historical trends of assets and their interrelationships, Markowitz posits that for selecting the appropriate 

position on the efficient frontier, grasping the investor's risk tolerance is crucial. Markowitz denotes the degree of risk aversion with 

lambda, λ: a higher λ value implies the investor has a strong risk aversion. 

He is inclined toward more secure investments, even at the cost of missing higher potential returns. 

On the other hand, a lower λ value indicates a propensity to embrace risk for the prospect of greater returns. 

In the extreme case where λ equals zero, the investor is presumed to be exclusively focused on maximizing returns without any concern 

for the risk of substantial losses. 

After reviewing the historical performance and correlations of assets, according to Markowitz, it is critical to ascertain an investor's 

risk tolerance to select the optimal point on the efficient frontier. This choice heavily depends on the investor's risk propensity, denoted 

by the parameter λ.  

Once the investor's risk profile is established, the following optimization problem is addressed: 
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𝐦𝐚𝐱
𝒘

 𝑤𝑇 𝑟 −
𝜆

2
𝑤𝑇∑𝑤   𝑟𝑝 −

𝜆

2
𝜎𝑝 

 (2) 

𝐬. 𝐭. ∑ 𝑤𝑖   𝑁
𝑖=1 , 𝑤𝑖 ≥   ∀𝑖 

 

Therefore, depending on the investor's risk preference, the construction of a portfolio will be oriented towards either higher or lower 

volatility. As illustrated in Figure 2, with a low λ, indicative of a risk-seeking investor, the tendency is to select a limited number of 

securities, typically those with the highest volatility. 

Conversely, when λ is high, signifying a strong risk aversion, the goal is to form a more balanced and stable portfolio. In such a 

scenario, less volatile securities are favored, and the investment is spread across a wider array of assets to avoid excessive exposure 

to any single security and to mitigate the overall risk. 
 

 
 

Figure 2: Portfolio allocation for the test portfolio 

 

Since Harry Markowitz's groundbreaking work on portfolio theory, which laid the foundation for optimizing the balance between 

return and risk in investments, many other methods have been developed to construct portfolios that maximize returns while 

minimizing risk. A significant example in this context is the Maximum Sharpe Ratio Portfolio Allocation approach (Sharpe, 1966 and 

1994).  
 

3) Risk-Based Portfolio Optimization 

Traditional portfolio optimization approaches, such as those proposed by Markowitz, entail certain limitations and drawbacks. Among 

these, the consideration of correlations between the returns of all assets in a portfolio leads to a highly complex scenario, as each asset 

is connected to the others, making the computational process challenging since the entire correlation matrix must be considered for 

the calculation. (Fabozzi et al., 2007) highlight this issue, emphasizing the complexity and computational difficulty of Markowitz's 

theory. 

Another limitation is that not all assets in a portfolio are significantly correlated, making the consideration of all possible correlations 

sometimes superfluous (Vyas, 2020). 

The sensitivity to estimation errors in expected returns and covariances can lead to potentially suboptimal allocation decisions 

(Michaud, 1989). 

This model's rigidity also shows in its inability to adapt to market variations, making the allocation strategies less effective in dynamic 

financial contexts (Ilmanen & Kizer, 2012). 

The assumption of normality of returns often does not reflect the real market dynamics, especially in the presence of abnormal 

behaviours like heavy tails and asymmetries in asset returns (Rocco, 2014). 

The focus on minimizing variance neglects other types of risk, such as systemic or extreme event risks, a limitation pointed out by 

(Mandelbrot, 1963), who underscores the need to consider a distribution of returns that more accurately represents market reality. 

The limitations of Markowitz's portfolio theory have led to the exploration of alternative methodologies for portfolio optimization. 

We examine here the Risk Parity Portfolio and Hierarchical Risk Parity (HRP), which stand out for their ability to distribute risk more 

evenly, reducing reliance on expected return estimates and better managing diversification, even in volatile market conditions. 

Risk Parity focuses on equalizing the risk contribution of each asset in the portfolio, while HRP utilizes hierarchical analysis to identify 

clusters of assets based on their correlation, thereby improving the effectiveness of risk allocation and diversification. 

These methods offer a more resilient and adaptable portfolio composition, overcoming some of the criticisms associated with 

Markowitz's model. 
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3.1) Risk Parity Portfolio Allocation 

The risk parity portfolio allocation method focuses on the higher risk-adjusted returns of safer assets. This means equalizing the risk 

allocation across assets and then overweighting safer assets and underweighting riskier assets (Asness, Frazzini and Pedersen, 2012). 

A safe asset indicates an asset with lower volatility, whereas a risky asset means it has high volatility. There is a difference between 

the Markowitz model and the risk parity approach. 

The objective of Markowitz portfolios is to reach an expected return or to target ex-ante volatility, on the other hand, the risk parity 

approach goal is to assign a risk budget to each asset (Roncalli, 2013). 

Each asset's individual risk contribution must be defined in a way that makes conceptual sense. As mentioned in the previous section, 

the volatility of a portfolio can be defined as follows: 
 

𝜎𝑝   𝜎𝑝 𝑤)   𝑤𝑇∑𝑤 (3) 

 

Since 𝜎𝑝 𝑤) is homogeneous, it is possible to apply Euler’s theorem for homogeneous functions,  
 

𝜎 𝑤)   ∑ 𝜎𝑖
𝑁
𝑖=1  𝑤)  (4) 

 

𝜎𝑖 𝑤)   𝑤𝑖𝜕𝑤𝑖
𝜎 𝑤)   

𝑤𝑖 ∑𝑤 )𝑖

√𝑤′∑𝑤 
  (5) 

 

So, 𝜎𝑖 𝑤) can be assumed as the contribution of asset 𝑖 in the portfolio to the overall risk of the portfolio. 

The goal of the risk parity portfolio is that each asset’s contribution to the overall risk should be equal, therefore 𝜎𝑖 𝑤)  𝜎𝑗 𝑤) ∀ 𝑖, 𝑗 

or in other terms, 𝜎𝑖 𝑤)   
𝜎 𝑤)

𝑁
 ∀ 𝑖 where N is the total number of assets. 

This problem can be solved by looking at the fixed-point problem: 

 

𝑤𝑖   
𝜎 𝑤)2

 ∑𝑤)𝑖𝑁
  (6) 

 

or by solving the minimization problem: 

 

𝐦𝐢𝐧
𝒘

∑ [𝑤𝑖 −
𝜎 𝑤)2

 ∑𝑤)𝑖𝑁
]
2

𝑁
𝑖=1    

                                                                  (7) 

𝐬. 𝐭. ∑ 𝑤𝑖   𝑁
𝑖=1 , 𝑤𝑖 ≥   ∀𝑖 

 

As we can see from the chart in Figure 3, the more volatile and therefore riskier securities are assigned smaller weights, while those 

considered more stable and safer are given larger weights. 

This allocation is deliberate: the aim is to balance the portfolio so that each security contributes equally to the total risk of the portfolio. 

Since more volatile securities are inherently riskier, even a small allocation to these securities can bring the same level of risk as a 

larger allocation to less volatile ones. 

In this way, the strategy seeks to achieve a risk parity portfolio, where each asset contributes equally to the overall volatility of the 

portfolio. 
 

 
Figure 3: Risk parity allocation for the test portfolio. 

 

3.2) Hierarchical Risk Parity Portfolio Allocation 

This method addresses the issue arising from the lack of a hierarchical structure in the correlation matrix. Hierarchical Risk Parity 

(HRP), proposed by de Prado in 2016, takes an alternative approach. 
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HRP is an unsupervised Machine Learning algorithm that aims to improve the negative aspects that are typically associated with the 

traditional approach to portfolio optimization. 

By using the hierarchical structure of clusters instead of the covariance structure, HRP fully capitalizes on the information contained 

within the covariance matrix and restores stability to the weights. (Burggraf, 2021). 

The HRP algorithm has three major steps: Hierarchical Tree Clustering, Matrix Seriation and Recursive Bisection. We proceed  to 

discuss these three steps in detail. 

3.2.1) Hierarchical Tree Clustering 

Hierarchical Tree Clustering divides investments into a hierarchical structure of clusters so that allocations can flow downstream 

through a tree graph. It is called Hierarchical Risk Parity because the first thing we will do is assign the financial assets into clusters 

(de Prado, 2016). The first step of the process is the main difference between this method and the classic ones. The first step aims to 

divide the assets of our portfolio into different hierarchical clusters, using the unsupervised Machine Learning algorithm known as 

Hierarchical Tree Clustering. 

Subsequently, every cluster will be subdivided into smaller clusters, until we get down to the individual assets. This process will 

therefore define a hierarchy, i.e. a tree that represents the recursive process in which we divide the universe of assets into clusters that 

will then be divided too (Vyas, 2020).  

To be more specific, we calculate the tree clusters based on the 𝑇 × 𝑁 matrix of stock returns where 𝑇 represents the time series of 

the data and 𝑁 represents the number of stocks in our portfolio. 

We can analyse the process step-by-step to understand how the clusters are formed. 

 

1) Given that 𝑇 × 𝑁 matrix of stock returns, we calculate the correlation of each stock’s returns with the other stocks which gives us 

an 𝑁 × 𝑁 matrix of these correlations which is 𝜌. 

 

2) The 𝜌 matrix is converted into a distance matrix between correlations 𝐷, where each element is defined. The original formulation 

of 𝐷 is: 

𝐷   √ . ⋅   − 𝜌𝑖,𝑗)  (8) 

 

3) Subsequently, we calculate another distance matrix 𝐷̅. In accordance with the original paper, its formulation is: 

 

𝐷̅ 𝑖, 𝑗)   √∑ (𝐷 𝑘, 𝑖) − 𝐷 𝑘, 𝑗))
2𝑁

𝑘=1  (9) 

 

The calculation of the matrix 𝐷̅ is basically formed by taking the Euclidean distance between all the columns in a pair-wise manner. 

The matrix 𝐷 𝑖, 𝑗) represents the distance between two assets, while 𝐷̅ 𝑖, 𝑗) indicates the closeness in similarity of these assets with 

the rest of the portfolio. 

 

4) After calculating the distance between the assets, we begin to compose asset clusters using distances recursively and denote the set 

of clusters by 𝑈. The first cluster 𝑖∗, 𝑗∗ is calculated as (see Table 2): 

 

𝑈[ ]  𝑎𝑟𝑔𝑚𝑖𝑛 𝑖,𝑗)𝐷̅ 𝑖, 𝑗) (10) 

 

 a b c d e 

a 0 17 21 31 23 

b 17 0 30 34 21 

c 21 30 0 28 39 

d 31 34 28 0 43 

e 23 21 39 43 0 

Table 2: Hierarchical Tree Clustering – Example of the working principle 1. Source: Vyas (2020) 

 

5) At this point, we update the matrix 𝐷 by calculating the distances of the other elements concerning the new cluster formed. This 

step is called linkage clustering and there are multiple ways of executing this process. 

Hierarchical Risk Parity uses single linkage clustering which means that it evaluates the distance between two clusters that is defined 

by a pair of single elements of greatest proximity. 

The columns and rows that correspond to the new cluster are removed: therefore, in our example, the rows and columns corresponding 

to assets 𝑎 and 𝑏 are omitted. 

To calculate the distance of asset 𝑖 outside this cluster, the "nearest point" method is used. 

 

𝐷 ̅ 𝑖, 𝑈[ ])  𝑚𝑖𝑛 𝐷̅ 𝑖, 𝑎), 𝐷̅ 𝑖, 𝑏)) (11) 

 

Using the above formula (see Table 3), we calculate distances for 𝑐, 𝑑, and 𝑒 from the cluster  𝑎, 𝑏). 
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𝐷 ̅ 𝑐, 𝑈[ ])  𝑚𝑖𝑛(𝐷̅ 𝑐, 𝑎), 𝐷̅ 𝑐, 𝑏))  min 2 ,  )  2  
 

𝐷 ̅ 𝑑, 𝑈[ ])  𝑚𝑖𝑛(𝐷̅ 𝑑, 𝑎), 𝐷̅ 𝑑, 𝑏))  min   ,  )     
 

𝐷 ̅  𝑒, 𝑈[ ])  𝑚𝑖𝑛(𝐷̅ 𝑒, 𝑎), 𝐷̅ 𝑒, 𝑏))  min 2 ,2 )  2  

 
 (a,b) c d e 

(a,b) 0 21 31 21 

c 21 0 28 39 

d 31 28 0 43 

e 21 39 43 0 
 

Table 3: Hierarchical Tree Clustering – Example of the working principle 2. Source: Vyas (2020) 

 

6) We proceed in this recursive way by combining assets in a cluster and updating the distance matrix until we are left with a single 

cluster of actions, as shown in Table 4, in which we combine 𝑑. 

 

𝐷 ̅ 𝑑, 𝑈[2])  𝑚𝑖𝑛 (𝐷̅(𝑑,  𝑎, 𝑏)), 𝐷̅ 𝑑, 𝑐), 𝐷̅ 𝑑, 𝑒))  min[  ,28,  ]  28 

 

 ((a,b),c,e) d 

((a,b,)c,e) 0 28 

d 28 0 

Table 4: Hierarchical Tree Clustering – Example of the working principle 3. Source: Vyas (2020) 

 

In hierarchical clustering, the clusters are always visualized in the form of a nice cluster diagram called a dendrogram. Below, Figure 

4 shows the hierarchical clusters for our test portfolio. 

 

 

Figure 4: Dendrogram of the test portfolio 

 

3.2.2) Matrix Seriation 

This step is identified as Quasi-Diagonalization of a matrix, but in practice, it is a serialization algorithm.  

The seriation of a matrix is a statistical technique, which is used to reorganize the data in order to show the inherent clusters clearly. 

Using the order of the hierarchical clusters calculated in the previous step, we rearrange the rows and columns of the asset covariance 

matrix so that similar investments are positioned close together and dissimilar investments are positioned apart. 

With this step, the original covariance matrix of the assets is reorganized so that the largest covariances are positioned along the 

diagonal. 

The graph shows the correlation matrix of our selected portfolio after the quasi-diagonalization. 

Figure 5 displays the seriated correlation matrix for our selected portfolio. 

We observe that, prior to seriation, the asset clusters are broken down into small sub-sections. It is only after quasi-diagonalization 

that the clustering structure becomes more evident. 
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Figure 5: Quasi-Diagonalization of correlations 

 

3.2.3) Recursive Bisection 

This is the final and, in a sense, the most important step because weights are assigned to the assets in our portfolio. 

 

1) First, we allocate the same weights for all the assets, 𝑊𝑖   , ∀𝑖   ,… , 𝑁 

 

At the end of the tree clustering step, concerning clustering, there remained one maxi-cluster with subsequent clusters nested within 

each other. In this step with a top-down logic, we divided each cluster into two sub-clusters, starting from the highest grouping. The 

inverse-variance allocation is optimal for a diagonal covariance matrix. We can take advantage of this fact by allocating funds top-

down through the tree structure, in which riskier clusters are given less funding (de Prado, 2016). 

 

2) Hierarchical Tree clustering forms a binary tree in which each cluster has a left and a right child cluster 𝐿1 and 𝐿2. For each of these 

sub-clusters, we calculate its variance, 
 

𝑤   
𝑑𝑖𝑎𝑔[𝑉]−1

𝑡𝑟𝑎𝑐𝑒 𝑑𝑖𝑎𝑔[𝑉]−1)
  (12) 

 

Where 𝑉 is the covariance matrix of the cluster members. 

 

3)The variance is calculated for both clusters: 

 

𝑉̃1   𝑤1
𝑇𝑉1𝑤1 , 𝑉̃2   𝑤2

𝑇𝑉2𝑤2 (13) 

 

4)The two factors 𝛼1 and 𝛼2 are used to rescale the cluster weights already allocated. 

 

𝛼1   − 
𝑉1

𝑉1 + 𝑉2
 , 𝛼2   − 𝛼1  (14) 

 

To understand how we reach the above formula for the weighting factor, we need to start from classic portfolio optimization theory, 

in which we have the following optimization objective: 

 

min
1

2
𝑤𝑇𝜎𝑤  

subject to:    (15) 

s.t 𝑒𝑇𝑤   ;  𝑒   𝑇 

 

Here, 𝑤 represents the portfolio weights and 𝜎 signifies the covariance matrix of the portfolio. Through this lens, we derive the 

minimum variance weights: 

𝑤  
𝜎−1𝑒

𝑒𝑇𝜎−1𝑒
  (16) 

 

 hen dealing with a diagonal σ, our weights simplify to: 
 

𝑤  
σ𝑛,𝑛
−1

∑ 𝑁𝑁
𝑖=1 σ𝑖,𝑖

−1  (17) 

Given that we are focusing on a scenario with N=2 (two subclusters), this equation refines our weights further: 
 

𝑤  

1

σ1
1

σ1
+

1

σ2

  −
σ1

σ1+σ2
  (18) 
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5)The sum of the final weights which are 𝑤1   𝑤1𝛼1 and 𝑤1   𝑤1𝛼2 should be equal to 1.  

 

We applied HRP to our selected portfolio. Figure 6 and Table 5 show the weight allocations of the HRP portfolio. 

 

 

Figure 6: HRP allocation for the test portfolio 

 

Weights of the HRP and RP Portfolios 

Stocks HRP RP Difference 

AAPL 0.1066 0.0978 0.0088 

AMZN 0.1116 0.0895 0.0222 

BRK-B 0.2246 0.1987 0.0259 

GOOG 0.0891 0.1185 -0.0294 

LLY 0.0928 0.1204 -0.0276 

META 0.0636 0.0846 -0.0210 

MSFT 0.1209 0.1109 0.0100 

NVDA 0.0629 0.0413 0.0216 

TSLA 0.0430 0.0282 0.0148 

UNH 0.0848 0.1100 -0.0252 

 

Table 5: Differences between the HRP and RP portfolio weights allocation. 

 

4) Implementation of the HRP algorithm in a self-coding platform 

Self-coding is a method that combines the benefits of no-code platforms and custom code development, while overcoming the 

drawbacks of both approaches. Self-code platforms offer a user-friendly graphical interface, enabling users to construct multiple 

applications without writing code. This simplicity brings flexibility in dealing with specific business scenarios. The self-coding 

platforms autonomously generate the optimized underlying code in the background while users manipulate data through drag-and-

drop build blocks and configure their tasks.  

We have used the Rulex Platform for this model implementation. This software has two main parts: the Factory and the Studio, which 

provide a drag-and-drop interface from the initial building of logical flows. The Factory is the central component of the platform, 

where solutions are systematically developed in logical flows while offering the opportunity to check the underlying data at each 

phase. On the other hand, the Studio is the creative center of the Platform, where dashboards, reports, and executive summaries can 

be created. The Factory allows to examine the underlying data at each stage, eliminating the need for planning beforehand or waiting 

until the entire solution is completed. In fact, the visual structure of the self-coding platform allows to easily query the data in every 

step of the pipeline and analyze it, which ensures a better understanding and control of every step leading from the raw data to the 

desired outcome, even for end users who lack knowledge of programming languages. It also provides a wide range of Machine 

Learning algorithms, including explainable AI and advanced optimization tools. Among them, differently from any other tool, it also 

features the Logic Learning Machine (LLM) (Ferrari et al. 2023) classification and regression algorithm. This algorithm allows to 

extract a rule-based model and, unlike competing techniques such as Decision Trees, the extracted rules can be overlapping, ensuring 

a richer representation of the problem at hand: the scoring engine is equipped to solve conflicts among them and select a predicted 
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outcome taking into account the contribution of each of them. In order to implement the HRP algorithm we need to follow the steps 

shown in the scheme (Figure 7). 

 

 

Figure 7: HRP algorithm block scheme for its implementation in the self-coding platform  

The first step in implementing Hierarchical Risk Parity requires importing relevant financial data into the software. This data should 

include the trading date, ticker of the stock, and historical asset prices retrieved from Yahoo Finance for our selected portfolio 

consisting of the selected 10 stocks. Data quality is crucial in portfolio optimization. The data processing involves handling missing 

values, outliers, and any other inconsistencies in the dataset. The Factory's data preprocessing is possible with the Data Manager task 

(Figure 8). The task has the capability to facilitate the identification of the potential problem of the dataset. The Data Manager task 

enables various operations, including management of attributes calculation formulas, data querying, statistical calculations, and data 

visualization. For our HRP portfolio allocation, we need to calculate returns for each stock. Our dataset consists in the daily price of 

the stocks therefore calculation of the returns should be made daily.  e can create a new attribute in which we can use the ‘shift’ 

function that gives us the opportunity to shift the prices one day by the group of the ticker. Then we can implement the classic 

percentage change variation.To calculate the statistical measure, which is covariance, we need to duplicate the existing Data Manager 

and subsequently link it with the original one using the Join task. Establishing an identical Data Manager is a straightforward process. 

To elucidate, connecting the current Data Manager with an empty one results in the replication. Following this, the Join task can be 

employed to merge these two identical Data Managers into a single one. After that, to have the covariances the Data Manager ‘pearson’ 

function allows us to compute the Pearson correlation coefficient which gives the same results for the 𝜌 matrix as those estimated 

using traditional coding. After these operations, we can compute distance matrices to be used in the cluster loop. 

 

 

Figure 8: Data preparation flow  

 

Clustering is a fundamental step in HRP that involves grouping assets with similar risk-return profiles. Software is able to employ 

advanced clustering algorithms to categorize assets based on their historical performance and correlation (Figure 9). In order to apply 

hierarchical tree clustering explained in part 3.2.1, another flow can be created, and this flow implements a loop for clustering. The 

factory allows us to embed new flows into our main flow. By identifying clusters of assets, the portfolio optimization process moves 

to the next step which is matrix seriation. 

 

 

Figure 9: Clustering flow  

Once the clusters are formed, there is the serialization algorithm step. In other words, the assets within each cluster are sorted based 

on their risk contributions. It is the same process that is demonstrated in section 3.2.2. The software provides blocks and tools for 

efficient sorting, allowing for the arrangement of assets within clusters in a way that aligns with the HRP methodology (Figure 10). 

We can build this sorting algorithm in another flow and then again embed it into our main flow. 

 

 

Figure 10: Matrix seriation flow  

HRP portfolio employs a recursive bisection approach to build the hierarchical structure of the portfolio. The platform supports this 

recursive process by iteratively creating clusters and subclusters, refining the portfolio structure to achieve optimal hierarchical risk 
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parity allocation (Figure 11). The final step of the HRP algorithm is applied, as described in section 3.2.3. This step ensures that the 

final portfolio is well-diversified and exhibits balanced risk contributions across assets. 

 

 

Figure 11: Recursive bisection flow  

After the recursive bisection, the final output of the HRP portfolio implementation, i.e. the risk-efficient portfolio weights, can be 

viewed on the Data Manager. Figure 12 shows the flow of the implementation of the HRP algorithm using the blocks. 

 

 

 
 

Figure 12: Hierarchical Risk Parity portfolio implementation flow 

 

The results from the platform match those estimated using the traditional approach in Python (Figure 13). 

 

 

Figure 13: HRP portfolio allocation using the low-code platform 
 

Having achieved the successful calibration of the portfolio, we can now consider its extension and, most importantly, take advantage 

of the Logic Learning Machine (LLM) method. This step adds significant value: whereas the explainability of the model remained 

constrained with the traditional approach, the integration of LLM allows us to overcome this barrier, ensuring greater transparency 

and understandability of the asset allocation decisions within the portfolio. 
 

5) Case study: Logic Learning Machine application for the Turkish stock exchange market 

In this paragraph, the Logic Learning Machine (LLM) will be implemented to HRP portfolio allocation results from a new dataset. 

The new dataset was imported from Kaggle (Kesler, 2022). The dataset contains historical daily prices of the Borsa Istanbul Stock 

Exchange Market (BIST). BIST stands as a pivotal financial institution in Turkey, playing a crucial role in the country's economic 

development and providing a platform for businesses to raise capital through the issuance of stocks. The dataset includes the stock 

prices from 2015 until 2021. The dataset also contains detailed price information (open, close, high, and low), volume, market segment 

and other information about the stocks. The raw dataset had 507 stocks at the beginning. But to analyze it, each stock needed to have 

the same time period. In addition, some stocks were not operating on the market anymore. So, those stocks needed to be excluded 

from the dataset. 

5.1) Descriptive Statistics of the Dataset 

The total dataset consists of 507 stocks and after the data processing, 336 stocks remain in the dataset to be analyzed for the same time 

period. This reduction is attributed to the exclusion of stocks that were no longer operating in the market during the specified time 

period, ensuring the analysis is focused on actively traded stocks. Understanding the trading volume of stocks on BIST provides 

insights into market activity and investor sentiment. Highly liquid stocks often attract more attention from traders due to their ability 
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to be easily bought or sold without significantly impacting the stock price. Figure 14.a shows the summary statistics of daily prices of 

20 stocks which are sorted by average volume. The mean price of a stock within the top 20 highest average volume stocks represents 

the average closing price over the specified time period. It offers insights into the typical valuation of these high-volume securities. 

The standard deviation of prices for each stock in the top 20 indicates the degree of variability in their closing prices. Higher standard 

deviations suggest greater price volatility for these actively traded stocks. The summary statistics of daily prices indicated that all of 

the highly traded stocks experienced positive daily returns. But it is worth mentioning that Turkish Airlines (THYAO) has a 13.888 

average return, and it is an extreme return compared to the rest of the stocks. Figure 14.b shows the summary statistics of the daily 

rate of return of 20 stocks which are sorted by average volume. The mean daily rate of return indicates the average percentage change 

in the stock price on a daily basis. It provides insights into the typical daily performance of these high-volume securities. The standard 

deviation of the daily rate of return measures the degree of variability in their daily price changes. Higher standard deviations indicate 

increased daily price volatility for these actively traded stocks. The median daily rate of return is the middle value in the distribution 

of daily percentage changes. It provides a robust measure that is less influenced by extreme values, offering insights into the central 

tendency of the stock daily performance. The maximum daily rate of return is the highest daily percentage change observed during 

the analyzed time period. It highlights peak daily performance and potential outliers in the rate of return for these high-volume stocks. 

The minimum daily rate of return is the lowest daily percentage change observed during the specified time period. It provides insights 

into the lowest daily performance of these stocks, aiding in risk assessment. The summary statistics of the daily rate of return showed 

that highly traded stocks performed mostly positive daily returns. Another fact about the daily return of these 20 stocks is that they 

ranged from 2 to 4 percent.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14: Summary statistics of daily prices (a) and returns (b) of 20 stocks from 2018 to 2021 
 

5.2) Characteristic Features of the Stocks 

Understanding the characteristics of BIST stocks is the core of the case study. By employing advanced methodologies to the HRP 

portfolio allocation results, specifically LLM, we aim to uncover concealed patterns within these characteristics. Thus, LLM will pave 

the way for the understanding of HRP portfolio allocation results in the dynamic environment of Borsa Istanbul. Some characteristics 

of stocks have been selected in order to apply LLM to the HRP portfolio allocation results. These characteristics are listed below: 

 

- The market segment of the stock on Borsa Istanbul provides a detailed classification within the exchange, indicating whether the 

stock falls into categories. The segments are BIST Stars, BIST Main, BIST Sub-market, Watchlist (WL), Structured Products and 

Funds Market (SPFM), Commodity Market, Venture Capital Market, or the Pre-Market Trading Platform (PMTP). This segmentation 

is crucial for understanding the stock's positioning and dynamics within the broader market structure. In our analysis, we choose the 

stocks that are listed in BIST Stars, BIST Main, and BIST Sub-market, to be more specific. The conditions are listed in the Market 

Segments shown in Figure 15. 

 

 

Figure 15: BIST market segment conditions. Source: BIST 
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- The main sector of the stock, as categorized on the Public Disclosure Platform in Turkey (KAP), represents the primary industry or 

business sector in which the company operates. This classification provides essential information about the core activities of the 

company, such as finance, technology, or manufacturing. The main sector classification allows investors to assess industry-specific 

challenges and opportunities in stocks. 

 

- Indexes could be another explanatory attribute for stocks. Indexes are determined by their market value by regulatory authorities. 

Being part of these indices enhances the stock's visibility among investors. It means that the stock is among the top-performing 

companies in terms of market capitalization and liquidity, making it more attractive to a broader range of investors. BIST30 comprises 

the top 30 performing stocks, BIST50 includes the top 50, and BIST100 covers the top 100 stocks listed on the market. The BIST100 

index serves as the primary benchmark for the Borsa Istanbul Equity Market. It comprises 100 stocks chosen from companies traded 

on the Stars Market. 

 

- Underlying Assets in the Derivatives Market. Examining whether a stock is actively traded in the futures and options market can be 

another characteristic to consider for the portfolio. The availability of futures and options contracts enhances the overall liquidity of 

the stock. This increased liquidity can attract a broader spectrum of investors and contribute to smoother price formation. Another fact 

is that the availability of futures and options contracts allows market participants to protect their portfolios against adverse price 

movements. The futures and options of the stocks are not widely available in Turkey. There are 45 stocks in our dataset that are traded 

in the futures and options market. 

 

- Average Return and Standard Deviation. The average return of the stock provides a quantitative measure of its historical 

performance. Stocks with positive average returns are generally viewed favourably, indicating that investors have experienced gains 

over the period but the risk of the stocks should be considered. Moreover, considering the risk of a stock, the standard deviation of 

daily returns assesses the stock's volatility. Higher standard deviation values indicate greater volatility, reflecting larger price 

fluctuations and increased risk. The average return and standard deviations of return of the stock are calculated on a daily basis from 

the beginning of 2018 to the end of 2021. 

 

- The average standard deviation ratio is derived from the proportion of the average return to the standard deviation of the average 

return. The average standard deviation ratio quantifies the stock's risk relative to its average returns. A higher ratio may suggest a 

more favourable trade-off between potential return and risk, indicating that the investment may be more attractive in terms of its risk-

adjusted performance. This metric is essential for investors employing risk-sensitive strategies, allowing them to assess the trade-off 

between potential returns and associated risks. 

 

- The Average volume serves as a key indicator of market liquidity, representing the average number of shares traded daily. Investors 

often use average volume in their strategies for evaluating stock volatility. An increase in volume during periods of price volatility 

may indicate heightened market interest and the potential for more pronounced price movements. Another fact is that higher average 

volumes mean increased liquidity, making the stock more accessible to trade. The average volume is calculated on a daily basis for 

the time period from 2018 to 2021 for our portfolio. 

 

- Float Ratio of the Stock. Floating stock means the number of shares available for trading of a particular stock. The float ratio of the 

stock measures the proportion of shares available for trading in the open market. A higher float ratio generally indicates greater 

liquidity, making the stock more attractive to investors. For our analysis, the float ratio of the stocks is the ratio on 31 December 2021 

which is the last day of trading in our dataset. The float ratio information is retrieved from the IS Investment.  

 

- The foreign ratio of the stock represents the percentage of shares owned by foreign investors. A higher foreign ratio may indicate 

increased exposure to international market dynamics. Stocks with a substantial foreign ratio may exhibit sensitivity to currency 

fluctuations and exchange rate movements. In our dataset foreign ratio of the stocks is the ratio on 31 December 2021 which is the 

last day of trading in our dataset. The foreign ratio information is retrieved from the IS Investment. 

 

In short, looking into the characteristics of the stocks, we examined crucial attributes such as main sector classifications, index 

inclusions, derivatives trading involvement, historical returns, volatility metrics, liquidity indicators, and foreign ownership. These 

features will be the foundation for the next step of the case study which is the application of the Logic Learning Machine. 

5.3) Logic Learning Machine 

The Logic Learning Machine (LLM) is a rule-based method alternative to decision trees. In plain words, the LLM transforms the data 

into a Boolean domain where some Boolean functions (namely one for each output value) are reconstructed starting from a portion of 

their truth table with a method that is described in the paper of Muselli and Ferrari (2009). 

The method creates a set of intelligible rules through Boolean function synthesis following 4 steps. These steps are: 

 

1. Discretization 
 

2. Latticization or Binarization 
 

3. Positive Boolean function 
 

4. Rule generation 

 

In order to analyze the process, each step is applied to a bi-class toy problem, whose training set is demonstrated in Table 6. 
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 𝑋1 0.07 0.11 0.22 0.14 0.23 0.08 0.12 0.21 0.26 0.24 

 𝑋2 a a c a d c d a a b 

 𝑌  𝐶0  𝐶0  𝐶0  𝐶0  𝐶0  𝐶1  𝐶1  𝐶1  𝐶1  𝐶1 

Table 6: Toy example for describing the LLM working principle 

5.3.1) Discretization 

In this step, each continuous variable domain is converted into a discrete domain by a mapping. 𝜓𝑗 ∶ 𝑋𝑗  →  𝐼𝑀 where 𝑋𝑗 is the domain 

of the 𝑗-th variable and 𝐼𝑀   ,… ,𝑀 is the set of positive integers up to 𝑀. 

The mapping must preserve the ordering of the data. If  𝑥𝑖𝑗 ≤ 𝑥𝑘𝑗  then 𝜓𝑗 𝒙𝑖) ≤ 𝜓𝑗 𝒙𝑘), ∀𝑖   ,… , 𝑑. One way to describe 𝜓𝑗 is that 

it consists of a vector 𝜸𝑗   𝛾1, … , 𝛾𝑚−1) so that: 

 

𝜓𝑗 𝒙𝑖)  

{
 
 

 
 

 ,                           𝑥𝑖𝑗 < 𝛾𝑖1 

 
𝑚,           𝛾𝑗𝑚−1 < 𝑥𝑖𝑗 < 𝛾𝑗𝑚 

 
𝑀𝑗 ,                          𝑥𝑖𝑗 > 𝛾𝑖𝑀−1 

   (19) 

 

There are several strategies for discretization and the simplest one is creating 𝑀𝑗 interval having the same length. Let 𝝆𝑗 be the vector 

of all the 𝛼𝑗 values for input variable 𝑗 in ascending order (𝑝𝑗𝑙 ≤ 𝑝𝑗𝑙+1 ∀ 𝑙   ,… , 𝛼𝑗), then the cutoff  𝛾𝑗𝑚 is given by: 

  

𝛾𝑗𝑚   𝑝𝑗1 +
𝑝𝑗𝛼𝑗

−𝑝𝑗1 

𝑀𝑗
𝑚 (20) 

 

This method is referred to as Equal Width discretization. An alternative straightforward approach, known as Equal Frequency 

discretization, involves selecting cutoff points to ensure an equal distribution of examples from the training set 𝑆 in each interval. 

However, these two discretization approaches are unsuitable for a classification problem, since they disregard the output value, 

whereas it is desired that: if 𝑦𝑖 ≠ 𝑦𝑘  then ∃ 𝑗  𝐬. 𝐭.  𝜓𝑗 𝒙𝑖)  ≠   𝜓𝑗 𝒙𝑘); otherwise, discretization brings on ambiguity in the training 

set. 

The problem of determining cutoffs can be approached as an optimization problem, aiming to minimize the total number of cutoffs 

while considering the constraint introduced in the preceding equation. The cutoffs can be chosen among the values. In order to 

formalize the problem, 𝜏𝑗𝑙 and 𝑋𝑗𝑖𝑘 for 𝑗 ∈ { , … , 𝑑} and 𝑖, 𝑘 ∈ { , … , 𝑁} and 𝑙 ∈ { , … , 𝛼𝑗} must be introduced. 𝑋𝑗𝑖𝑘 is the set of 

indexes 𝑙 such that 𝑥𝑖𝑗 < 𝜌𝑗𝑙 < 𝑥𝑘𝑗  and 𝜏𝑗𝑙 are Boolean values that assert if 𝜌𝑗𝑙 is a cutoff  𝑗-th variable: 

 

𝜏𝑗𝑙  {
 
 
     

if  𝜌𝑗𝑙 ∈ 𝛾𝑗

otherwise 
 (21) 

then the optimization problem is given by: 

 

𝐦𝐢𝐧
𝝉

∑∑𝜏𝑗𝑙

𝛼𝑗

𝑙=1

𝑑

𝑗=1

 

with:    (22) 

∑ ∑ 𝜏𝑗𝑙 ≥  

 𝑙∈𝑋𝑗𝑖𝑘 

𝑑

𝑗=1

 ∀ 𝑖, 𝑘    𝐬. 𝐭.  𝑖 ≠ 𝑘 

 

If there are ambiguities in the training set, discretization must be able to minimize ambiguity and the number of cutoffs. The solution 

is to relax constraints by introducing a set of auxiliary variables, that control the violation of the starting constraints.  

 

On the other hand, constraints may be enforced by imposing that examples belonging to the different classes are separated by at least 

𝑞 >   different variables. In any case, the problem stated above presents several variables and it could require excessive computational 

cost. 

 

In order to find a near-optimal solution, the possible practical approach is to use a greedy approach method, such as the Attribute 

Driven Incremental Discretization (ADID) (Ferrari and Muselli, 2010; Cangelosi et al., 2013). ADID uses the concept of effective 

distance 𝑑𝑒𝑓𝑓  that is the number of inputs that separate two examples: 
 

𝑑𝑒𝑓𝑓 𝐱𝑖, 𝐱𝑘)   ∑ 𝜃𝑑
𝑗=1  | 𝜓 𝐱𝑖) −  𝜓 𝐱𝑘) |)  

      (23) 

where  𝜃 𝑢)   {
            if 𝑢 >  
       otherwise

  

 

given the effective distance, then two examples 𝐱𝑖 , 𝐱𝑘 are considered separated in a determinant way if 𝑑𝑒𝑓𝑓 𝐱𝑖 , 𝐱𝑘)  ≥ 𝑞. For each 

candidate cutoff, it is possible to define: 
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- The sets 𝑆𝑗𝑙
 𝑙), 𝑆𝑗𝑙

 𝑟)
 including examples separated by the cutoff 𝜌𝑗𝑙 

𝑆𝑗𝑙
 𝑙)

  {𝐱𝑖 |  𝐱𝑖, 𝑦𝑖) ∈ 𝑆, 𝑥𝑖𝑗 ≤ 𝜌𝑗𝑙}  (24) 

𝑆𝑗𝑙
 𝑟)

  {𝐱𝑖 |  𝐱𝑖, 𝑦𝑖) ∈ 𝑆, 𝑥𝑖𝑗 > 𝜌𝑗𝑙}  (25) 

- The counter 𝑣𝑖𝑗  that counts the number of examples separated in a determinant way by 𝜌𝑖𝑗  

𝑣𝑗𝑙  ∑ ∑ |𝑦𝑖 − 𝑦𝑘|𝐱𝑘∈ 𝑆
𝑗𝑙
 𝑟)

𝐱𝑖∈ 𝑆𝑗𝑙
 𝑙)  𝜃 𝑞 − 𝑑𝑒𝑓𝑓 𝐱𝑖, 𝐱𝑘))   (26) 

- The value 𝑤𝑖𝑗 that measures the total effective distance between examples belonging to different classes that are separated in a 

determinant way by 𝜌𝑖𝑗  

𝑤𝑖𝑗  ∑ ∑ |𝑦𝑖 − 𝑦𝑘|𝐱𝑘∈ 𝑆
𝑗𝑙
 𝑟)

𝐱𝑖∈ 𝑆
𝑗𝑙
 𝑙)  𝜃 𝑞 − 𝑑𝑒𝑓𝑓 𝐱𝑖 , 𝐱𝑘))  𝑑𝑒𝑓𝑓 𝐱𝑖, 𝐱𝑘)  (27) 

By using these definitions, ADID starts from an empty set, and at each step, it adds the cutoff that maximizes 𝑣𝑗𝑙and in suborder that 

minimizes 𝑤𝑗𝑙 , 𝑣𝑗𝑙  and 𝑤𝑗𝑙  are recalculated according to the added cutoff and the process continues until 𝑣𝑗𝑙    ∀ 𝜌𝑗𝑙 . 

Once the cutoffs have been selected from 𝝆𝑗, their positions can be refined by applying the midpoint between the two boundary 

examples as shown in the following equation. 

𝛾𝑗𝑙   𝜌𝑗𝑙  ⟶  𝛾𝑗𝑙   
𝜌𝑗𝑙 + 𝜌𝑗𝑙+1

2
 (28) 

 

Prior to applying binarization, it is necessary to convert nominal attributes. In this instance, the transformation is simpler compared to 

continuous attributes, since it is sufficient to assign an integer to each possible nominal value. 

For the example in Table 7 the mappings 𝜓1 and 𝜓2 found at this phase are the following: 

 

𝜓1 𝐱𝑖)   {
    if 𝑥𝑖1 ≤  . 7
    if 𝑥𝑖1 >  . 7

;  𝜓2 𝐱𝑖)  {

     if 𝑥𝑖2  𝑎 
2    if 𝑥𝑖2  𝑏
     if 𝑥𝑖2  𝑐
     if 𝑥𝑖2  𝑑

 (29) 

 

At the end of this step, the output must also be codified with 0 and 1. The resulting discretized dataset for the toy problem is shown 

in Table 7. 

 

𝑋1 𝑋2 𝑌    𝑋1 𝑋2 𝑌 

1 1 0   1 3 1 

1 1 0   1 4 1 

2 3 0   2 1 1 

1 1 0   2 1 1 

2 4 0   2 2 1 

Table 7: Toy Example discretized. Source: Muselli (2006) 

 

5.3.2) Binarization 

In this step each discretized domain is transformed into a binary domain through a mapping 𝜑 ∶  𝐼𝑀𝑗
→ { , }𝑀𝑗 , where 𝐼𝑀𝑗

 is the 

domain of the 𝑗-th variable and { , }𝑀𝑗  is a string having a bit for each possible value in 𝐼𝑀𝑗
. 

The mapping must maintain the ordering of data: 𝑢 < 𝑣 if and only if 𝜑 𝑢) <  𝜑 𝑣) where the standard ordering between z and   𝒘 ∈
{ , }𝑀𝑗  is defined as follows: 

 

𝐳 < 𝐰 if and only if  {
∃ 𝑗      such that 𝑧𝑗 < 𝑤𝑗

∀𝑙 ≠ 𝑗                𝑧𝑗 ≤ 𝑤𝑗
  

      (30) 

𝐳 ≤ 𝐰 if and only if 𝑧𝑗 ≤ 𝑤𝑗  ∀ 𝑗   ,… ,𝑀 

 

if the relation in the equation above holds, then it is said that 𝐳 covers 𝐰. 

 

A suitable choice for 𝜑𝑗 is the inverse only coding, that for each 𝑘 ∈ 𝐼𝑀 creates a string 𝐡 ∈ { , }𝑀𝑗  having all bits equal to 1 except 

the 𝑘-th bit which is set to 0. 

For example, let 𝑥𝑖𝑗    with domain 𝐼5, then 𝜑𝑗 𝐱𝑖)       . In this way 𝜑 𝐱𝑖)  𝐳𝑖 where 𝐳𝑖 is obtained by concatenating 𝜑𝑗 𝐱) 

for 𝑗   ,… , 𝑑. 

As a result, the new training set is 𝑆′  { 𝐳𝑖 , 𝑦𝑖)}𝑖=1
𝑁 , with 𝐳𝑖  ∈ { , }𝐵 where 𝐵   ∑ 𝑀𝑗

𝑑
𝑗=1 . The training set obtained after binarization 

for the toy problem is shown in Table 8. 
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𝑍 𝑌   𝑍  𝑌 
01 0111 0   01 1101 1 

01 0111 0   01 1110 1 

10 1101 0   10 0111 1 

01 0111 0   10 0111 1 

10 1110 0   10 1011 1 

Table 8: Toy Example after binarization. Source: Muselli (2006) 

5.3.3) Synthesis of the Boolean function 

The training set 𝑆′, obtained after binarization, can be divided into different subsets according to the output class: 𝑇 is the set containing 

 𝐳𝑖 , 𝑦𝑖) with 𝑦𝑖    whereas 𝐹 is the set containing the example for which 𝑦𝑖   . 

 𝑇 and 𝐹 can be viewed as a portion of the truth table of a Boolean function 𝑓 that must be reconstructed. Before proceeding with the 

method description, it is useful to give some definitions and notations. 

 

- Each Boolean function can be written with operators AND, OR, and NOT  that constitute the Boolean algebra; if NOT is not considered 

then a simpler structure, called Boolean lattice, is obtained. From now on, only the Boolean lattice is considered. It can be drawn by 

positioning 𝐳 over 𝐰 if 𝐳 > 𝐰 and by linking all the couples 𝐳, 𝐰 for which an 𝐚 exists such that 𝐰 < 𝐚 < 𝐳. An example for { , }3 

is shown in Figure 16.b. 

 

- The sum  OR) and product  AND) of 𝑚 terms can be denoted as follows: 

⋁ 𝑧𝑗   𝑧1 + 𝑧2 + ⋯+ 𝑧𝑚  𝑚
𝑗=1  𝑧1 OR  𝑧2 OR…OR 𝑧𝑚  

⋀ 𝑧𝑗   𝑧1
𝑚
𝑗=1 ∙ 𝑧2 ∙ … ∙  𝑧𝑚  𝑧1𝑧2 …𝑧𝑚   𝑧1 AND 𝑧2 AND…  AND 𝑧𝑚  

 

- A logical product is called an implicant of a function 𝑓 if the following relation holds: ⋀ 𝑧𝑗 ≤𝑚
𝑗=1  𝑓, where each element 𝑧𝑗 is called 

literal. The product is called prime implicant if the relation no longer holds when a literal is removed from the implicant. 

- The ordering in a Boolean lattice is defined by the equations above, according to this ordering, a Boolean function 𝑓: { , }𝐵 → { , } 

is called positive if 𝐳 ≤ 𝐰 implies 𝑓 𝒛) ≤ 𝑓 𝒘) for each 𝐳,𝐰 ∈ { , }𝐵. 

- A subset 𝐴 ⊂ 𝐼𝐵 such that for each element 𝐳,𝐰 ∈ 𝐴, an ordering cannot be established (neither 𝐳 < 𝐰, nor 𝐰 < 𝐳), then 𝐴 is called 

antichain. 

- Given 𝐚 ∈ { , }𝐵, then the set 𝐿 𝐚)  {𝐳 ∈  { , }𝐵 | 𝐳 ≤ 𝐚} is called lower shadow of 𝒂, whereas the set 𝑈 𝐚)  

{𝐳 ∈  { , }𝐵  | 𝐳 ≥ 𝐚} is called an upper shadow of 𝒂. The lower and upper shadows for      ∈ { , }3 are shown in Figures 16.a and 

16.c. 

- Given the subset 𝑇, 𝐹 ∈  { , }𝐵, then 𝑇 is lower separated from 𝐹, if there are no element 𝐳 ∈ 𝑇 belonging to the lower shadow of 

some element of 𝐹. 

- Given the binary string 𝐚, if there is a  𝐳 ∈ 𝑇 such that 𝐚 ≤ 𝐳 there is not a 𝐰 ∈ 𝐹 such that 𝐚 ≤ 𝐰 and for each 𝐛 < 𝐚, there is 

𝐰 ∈ 𝐹 such that 𝐛 ≤ 𝐰, then 𝐚 is called bottom point for the pair  𝑇, 𝐹). 

- Every positive Boolean function can be written in its unique, not redundant Positive Disjunctive Normal Form (PDNF) as the sum 

of its prime implicants: 𝑓 𝐳)   ⋁ ⋀ 𝑧𝑗𝑗∈𝑃 𝐚)𝑎∈𝐴 , where 𝑃 𝐚) is the subset 𝐼𝐵 containing each 𝑖 such that 𝑎𝑖   ; 𝐴 is an antichain of 

{ , }𝐵 and each 𝐚 is called the minimum true point. 

For example, the not redundant PDNF 𝑓 𝐳)   𝑧1𝑧2 + 𝑧4 is obtained from antichain 𝐴  {    ,     }. 

From these definitions, it follows that a method for finding 𝑓 must retrieve the set of minimum true points to be used from 𝑇 and 𝐹, 

in order to represent 𝑓 in its irredundant PDNF and it follows that the set of all bottom points for  𝑇, 𝐹) is an antichain, which elements 

are candidate minimum true points. 
 

The algorithm employed by LLM to produce implicants is called Shadow Clustering (Muselli and Quarati, 2005). It generates 

implicants for 𝑓 by the analysis of the Boolean lattice { , }𝐵. 

The algorithm selects a node in the diagram and generates bottom points  𝑇, 𝐹) by descending the diagram: the move down from a 

node to another node is equivalent to changing a component from 1 to 0 and a bottom point is added to A when any further move 

down leads to a node belonging to the lower shadow of some 𝐰 ∈ 𝐹. 
 

In particular, the starting node is chosen between the 𝐳 ∈ 𝑇 ⊂  { , }𝐵 that do not cover any point 𝐚 ∈ 𝐴 such that 𝐚 ≤ 𝐳 (in other 

words the algorithm ends when each element in 𝑇 covers at least one element in 𝐴). 

Once 𝐴 has been found, it is possible that it contains redundant elements and consequently, it must be simplified in order to find 𝐴∗ 

to which derives PDNF of the positive Boolean function. 
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Figure 16: Boolean Lattice diagram. Source: Muselli and Ferrari (2009) 

 

Different versions of Shadow Clustering exist depending on the choice of the element to be switched from 1 to 0 at each step of the 

diagram descent, for example, Exhaustive Shadow Clustering (ESC) retrieves all the bottom points deriving from the starting node. 

Since ESC has a high computational cost, it is usually better to use greedy approaches that at each step change the 𝑖-th element of the 

examined node in order to minimize the complexity of the final function, which is measured in terms of the number of implicants and 

number of literals in each implicant. 

For example, Maximum-covering Shadow Clustering (MSC) at each step changes the element that maximizes the potential covering 

associated with the element index, where the potential covering associated with switching on index 𝑖 from   to  , is defined as the 

number of elements 𝐳 ∈ 𝑇 for which 𝑧𝑖   . 

As concerns the selection of 𝐴∗  ⊂ 𝐴, a possible choice is to subsequently add to 𝐴∗ the element of 𝐴 that covers the highest number 

of points in 𝑇 that are not covered by any other element of 𝐴∗. The application of the Shadow Clustering algorithm to the dataset after 

binarization produces the implicants: 

100011 which corresponds to 𝑧1 ∧ 𝑧5 ∧ 𝑧6  

011100 which corresponds to 𝑧2 ∧ 𝑧3 ∧ 𝑧4 

Then, the PDNF of the resulting Boolean function is the following: 𝑓 𝐳)   𝑧1 ∧ 𝑧5 ∧ 𝑧6) ∨   𝑧2 ∧ 𝑧3 ∧ 𝑧4) 

 

    Algorithm 1: Shadow Clustering algorithm 

 

5.3.4) Rule generation 

In the last step, each implicant of the positive Boolean function 𝑓 is transformed into an intelligible rule, where, as said before, a 

function is generated for each output value, and then the consequent of the rules only depends on 𝑓. 

The transformation takes into account the coding applied during binarization. In particular, 𝐳 was obtained by concatenating the results 

of the mapping 𝜑𝑗 𝐱) for each 𝑗   ,… , 𝑑 and consequently it can be split into substring 𝐡𝑗 for each attribute, whose element 𝑧𝑖 ∈ 𝐡𝑗 

corresponds to a nominal value if 𝑋𝑗 is nominal, whereas it corresponds to an interval if 𝑋𝑗 is ordered. 

For each implicant, a rule in IF − THEN form is generated by adding a condition for each attribute 𝑋𝑗 as follows: 

- if 𝑧𝑖    for each 𝑧𝑖 ∈ 𝐡𝑗, then no condition relative to 𝑋𝑗 is added to the rule; 

- if 𝑋𝑗 is nominal, then a condition 𝑋𝑗 ∈ 𝑉 is added to the rule, where 𝑉 is the set of values associated with each 𝑧𝑖   ∈  𝐡𝑗; 

- if 𝑋𝑗 is ordered, then a condition 𝑋𝑗 ∈ 𝑉 is added to the rule, where 𝑉 is the union of the intervals associated with each 𝑧𝑖   ∈  𝐡𝑗. 
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For the implicant 100011 obtained in the previous step, 𝐡1     leads to the condition 𝑋1 ∈   . 7, inf)  or  𝑋1 >  . 7 and 𝐡2       

leads to the condition 𝑋2 ∈ {𝑎, 𝑏}. Then the rule relative to 100011 is: IF 𝑋1 >  . 7 AND 𝑋2 ∈ {𝑎, 𝑏} THEN 𝑌  𝐶  

 

For the implicant 011100 obtained in the step described previously, 𝐡1     leads to the condition 𝑋1 ∈  −inf,  . 7]  or  𝑋1 ≤  . 7 

and 𝐡2       leads to the condition 𝑋2 ∈ {𝑐, 𝑑}. Then the rule relative to 011100 is: IF 𝑋1 ≤  . 7 AND 𝑋2 ∈ {𝑐, 𝑑} THEN 𝑌  𝐶  

 

Notice that conventionally the upper bound, if finite, is always included in the condition, whereas the lower bound is excluded. 

In order to generate the rule for the other class it is sufficient to label 𝐶  with   and 𝐶  with  . In the case of the multiclass problem, 

it is sufficient to decompose the problem into several bi-class problems according to the OVR strategies described so far, for each of 

the sub-problems the target class is labelled with  , and all the remaining with  . 

5.3.5) Rule quality and class prediction 

The process described in part 5.3.3 ensures that each element 𝐱𝑖 of the training set only satisfies rules associated with the output class 

of  𝐱𝑖, but since data are affected by noise, usually it is preferable to admit some errors in order to make the model able to generalize. 

In order to permit a fraction of error, the descent of the diagram does not stop when a further move down leads to the lower shadow 

of some 𝐰 ∈ 𝐹, but allows it to go on until a further move leads to a node belonging to the lower shadow of a percentage element 

𝐰 ∈ 𝐹 greater than a regularization parameter maxerror. Then, it is usual that an element of the training set covers the rule of different 

classes. When it happens, the output class is established according to the relevance of the rules satisfied by it. 

In order to present relevance, the following quantities relative to a rule 𝐫 in the IF < 𝑝𝑟𝑒𝑚𝑖𝑠𝑒 > THEN < 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 > form are 

introduced: 
 

- 𝑇𝑃 𝐫) is the number of training set examples that satisfy both the premise and the consequence of the rule 𝐫, 

- 𝐹𝑃 𝐫) is the number of training set examples that satisfy the premise but do not satisfy the consequence of the rule 𝐫, 

- 𝑇𝑁 𝐫) is the number of training set examples that do not satisfy either the premise or the consequence of the rule 𝐫, 

- 𝐹𝑁 𝐫) is the number of training set examples that do not satisfy the premise and satisfy the consequence of the rule 𝐫, 

Notice that an example 𝐱𝑖 satisfies the premise of the rule 𝐫 if it satisfies all its premise conditions, whereas 𝐱𝑖 does not satisfy the 

premise of the rule 𝐫 if it does not satisfy at least one among its premise conditions. Combining these quantities, it is possible to 

compute 2 quality measures for a rule 𝐫: 
 

- Covering: 𝐶 𝐫)   
𝑇𝑃

𝑇𝑃+𝐹𝑁
 (31) and Error: 𝐸 𝐫)   

𝐹𝑃

𝑇𝑁+𝐹𝑃
 (32) 

It is evident that the greater the covering, and more relevant the rule is; on the other hand the smaller the error, the less relevant the 

rule is. Then relevance of a rule 𝐫 is obtained by combining  𝐶 𝐫) and 𝐸 𝐫): 𝑅 𝐫)  𝐶 𝐫)  − 𝐸 𝐫)). 
 

Once the relevance of the rule is defined, it is possible to use it in order to compute a score 𝑆 𝐱𝑖 , 𝑐) for each class 𝑐 that measures how 

likely it is that 𝑦𝑖  𝑐: 

 

𝑆 𝐱𝑖 , 𝑐)   ∑ 𝑅 𝐫)𝐫∈ℛ𝑐
𝑖  (33) 

 

with ℛ𝑐
𝑖  {𝐫 | 𝐫 ∈ ℛ, 𝐫 ≤ 𝐱𝑖, 𝑂 𝐫)  𝑐}, where ℛ is the complete ruleset,  𝐫 ≤ 𝐱𝑖 denotes that 𝐱𝑖 satisfies the premise of the 𝐫 and 

𝑂 𝐫)  𝑐 denotes the consequence of 𝐫 predict class 𝑐. Then ℛ𝑐
𝑖  is the set of rules satisfied by 𝐱𝑖 that predict class 𝑐. 

From the scores of each output class, it is possible to define the probability that 𝑦𝑖  𝑐: 

 

𝑃 𝑐 | 𝐱𝑖)  
𝑆 𝐱𝑖,𝑐)

∑ 𝑆 𝐱𝑖,𝑘)𝑘∈𝐶
 (34) 

 

Then the selected output is the one that maximizes the output probability: 𝑦̃𝑖  max
𝑐

𝑃 𝑐 |  𝐱𝑖). Since it is not guaranteed that   ≤

𝑆 𝑟) ≤   and in some cases it is preferable to have a single very relevant rule than a large set of little relevant rules, then it is possible 

to compute 𝑆 𝐱𝑖, 𝑐) in an iterative way as shown in the algorithm below. 

 

Algorithm 2: Scores computation 
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By applying this algorithm, the score is incremented at each step by adding the relevance of the best rule normalized over the maximum 

value that can be added to the score without exceeding 1. In addition to the rule relevance, it is also possible to define the relevance 

of a condition 𝑟, which denotes the increase of error obtained by deleting condition 𝑟 from rule 𝐫: 𝑅 𝑟)  𝐸 𝒓′) − 𝐸 𝒓) where 𝒓′ is 

the rule obtained by removing condition 𝑟 from 𝐫. 

5.4) Application of Hierarchical Risk Parity and Logic Learning Machine 

This part delves into a comprehensive exploration of key attributes that define a stock's behavior, focusing on its characteristics which 

are explained in part 5.2. Before applying the LLM, results from HRP portfolio allocation for our dataset are shown in Figure 17. 

 

 
 

Figure 17: HRP allocation results for Turkish stocks (tickers versus weights) 

 

After implementing the HRP allocation algorithm it can be merged with the characteristics explained in part 5.2. The first step in the 

LLM algorithm involves feature extraction from the dataset, encompassing both static characteristics features and dynamic historical 

performance metrics of the 336 stocks. The static features, such as market capitalization and industry sectors, offer a snapshot of the 

fundamental attributes of each stock. Simultaneously, the dynamic features, including historical returns and volatility, capture the 

temporal dynamics of the market. To facilitate supervised learning within the LLM framework, a set of labels is defined based on the 

performance of each stock. The first 24 stocks selected from the results which have a higher percentage than 0.7 are labelled as 

selected. The LLM is a symbolic Machine Learning model that combines decision trees and logic-based rule learning. It employs a 

hierarchical structure to create rules that capture the relationships between input features and output labels. The model's architecture 

allows it to generate human-understandable rules while maintaining the flexibility of traditional Machine Learning techniques. Figure 

18 shows the Rule Generation workflow. The dataset is divided into training and test sets in order to train the model on the training 

set and perform the classification rules on the test set. 

 
Figure 18: Rule generation workflow 

The important thing about the dataset is that our selection criteria make it unbalanced. Unbalanced datasets tend to bias the 

performance towards the most represented class (Blagus and Lusa, 2010). In the context of unbalanced datasets, a Weighted 

Classification System is a technique used to address the issue of unequal class distribution. Unbalanced datasets occur when one class 

(the minority class) has significantly fewer instances than another class (the majority class). 

In our dataset, the selected stocks were more frequent (7% Selected, 93% of Not Selected).  Therefore, the Weighted Classification 

System (WCS) was applied to our dataset before the process started. We can imagine this system as if each sample of the selected 

class were repeated more times, to enhance the importance of that pattern in the learning phase. The more important and representative 

samples are the one with the highest allocation in the "selected class" and the one with the lowest allocation in the "Not Selected" one, 

that is the samples for which the decision (positive or negative) is clearer. 

Classification weights, then, depend on the HRP portfolio allocation results: selected stocks with a higher allocation of capital have a 

higher classification weight compared to selected stocks with a lower allocation of capital. On the contrary, for the not selected class, 

lower weighted stocks have a higher classification weight than the higher weighted stocks. 
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As concerns the parametrization of the Logic Learning Machine algorithm, we set the maximum number of conditions to 3 and the 

maximum error allowed for each rule to 5%. LLM generated 9 rules, but 3 of them had a very low covering (< 20%). Table 10 shows 

the set of the 6 main rules (> 20 %) numbered from 1 to 6 (n). 

Two rules predict selected stocks and 4 rules for not selected ones. Two parameters shown in Table 9 estimate the quality of the rules; 

1) covering, measuring the generality, and 2) error measuring the ambiguity. The covering has two different ratios for the selected 

stocks which are 83.19% and 21.01%. On the contrary, covering ranged from 29.84% to 78.23% for the not selected stocks. 

As mentioned previously, the maximum error rate should be 5%, therefore it ranges from 0 to 5% for all the rules.  

As expected, all the rules are associated with standard deviation. The first rule for selected stocks says that SD should be lower or 

equal to 3.06. 

This suggests that lower variability of the returns of a stock makes it a more stable and predictable investment. A standard deviation 

of 3.06 or lower indicates a tighter range of potential returns, signifying less risk and volatility in the stock's performance. 

Investors often consider lower standard deviations desirable, reflecting a more consistent historical pattern of returns, providing 

confidence in the stock's future performance. 

This rule can be read as a risk management tool, guiding investors towards stocks with lower price fluctuation and, consequently, a 

higher likelihood of meeting their investment objectives. The second rule for chosen stocks specifies that the average return must 

exceed 0.17. Additionally, the standard deviation of the stock's returns should be equal to or less than 4.12, and the Floating Stock 

Rate should surpass 22%. 

This implies a preference for stocks that, on average, generate positive returns. Furthermore, a lower standard deviation suggests 

reduced volatility or variability in the stock's returns. Lastly, a significant Floating Stock rate is preferred as it enhances liquidity, 

ensuring a higher availability of shares in the market. 

On the side of not selected stocks, rule 3 suggests that a stock will not be selected for inclusion in the portfolio if its SD exceeds 3.02, 

indicating a preference for stocks with lower volatility. Additionally, the condition for the AVG SD Ratio being less than or equal to 

8.11 emphasizes the importance of consistency in the average return pattern. 

Moreover, the requirement of an FRR greater than 0.19 suggests that foreign ownership of a stock can affect the investment decision 

in stocks with lower standard deviations. Rule 4 dictates that a stock will not be included in the portfolio if its SD exceeds 4.02, 

signalling a preference for avoiding stocks with very high volatility. 

Notably, the error rate is zero, signifying that stocks meeting this condition are accurately identified and classified as “No”. This aligns 

with the objective of excluding stocks with excessively high standard deviation from the portfolio. 

 

n Outcome 1st condition 2nd condition 3rd condition Covering 

(%) 

Error 

(%) 

1 Yes SD ≤  .06   83.19 4.03 

2 Yes Mean > 0.17 SD ≤ 4.12 FLR > 22 21.01 5.00 

3 No SD > 3.02 AVG SD Ratio ≤ 

8.11 

FRR > 0.19 78.23 4.35 

4 No SD > 4.02   72.90 0 

5 No MSG in Stars or 

SubMarket 

SD > 2.82 AVG SD Ratio ≤ 

6.56 

41.13 4.49 

6 No MSC in FI, WRT SD > 3.62  29.84 0 

SD = Standard Deviation, MSG = Market Segment, MSC = Main Sector, FI= Financial Institutions, WRT = Wholesale 

and Retail Trade, Tech = Technology, IC = Information and Communication, MFG = Manufacturing, FLR = Float Ratio, 

 FRR = Foreign Ratio 

 

 

Table 9: Classification rules for 336 stocks 

A comparison with a competing, rule-based, technique (Decision Trees) has been inserted, highlighting that Logic Learning Machine 

achieves a better performance on the out-of-sample set. 

The confusion matrix in Table 10 reflects the performance of the   M model in predicting two outcomes which are “Yes” and “No”. 

The high True Positive rate of 95.83% indicates that the model accurately identified the majority of  the selected stocks. On the not 

selected class, a True Negative rate of 90.38% suggests effective identification of the not selected stocks. 

If we enter into more detail, the training set of the model demonstrated notable performance with a True Positive rate of 90.22% and 

a True Negative rate of 92.59% effective identification of the two outcomes. On the test set, the model accurately predicted all stocks 

with a rate of 100% for the selected stocks. 

The True Negative rate of approximately 90.80% reveals the model's proficiency in correctly identifying not selected stocks from the 

actual 'No' cases. Figure 19 presents a plot of the overall performance of LLM. 

 

 

Selected Forecast No Yes 

Actual 336 312 24 

No 283 282 (90.38%) 30 (9.62%) 

Yes 53 1 (4.17%) 23 (95.83%) 

 

Table 10: Confusion matrix of LLM results 
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Figure 19: Confusion plot of LLM results 

Overall, the model exhibited strength in accurately predicting both selected and not selected stocks. The confusion matrices for both 

the training and the test sets show the model's effectiveness in classifying selected and not selected stocks, with high True Positive 

and True Negative rates.  Notably, the model achieved a perfect True Positive rate of 100% in the test set for selected stocks. If we 

set the continuous weight as an output and run a regression problem on the same split, we can verify that Logic Learning Machine 

also exhibits a quantitative advantage compared to a competing rule-based approach, the Decision Tree. More specifically, the out-

of-sample median absolute error on the prediction of the (percentage) weight assigned by HRP to each stock is 0.3 for Logic Learning 

Machine and 0.7 for Decision Tree. After having considered each stock (selected or unselected) individually, let us also consider sub-

groups of stocks and the degree to which each of these sub-groups is selected. To this end, clustering stands out as a primary approach 

to gaining a deeper understanding of the inherent patterns of data. The primary goal of clustering is to group a dataset into clusters 

where elements within each cluster share similarities and differ from those in other clusters. Among the commonly utilized clustering 

algorithms, K-means stands out due to its simplicity in result interpretation and ease of implementation (Pérez-Ortega et al., 2020). 

For this reason, we use the K-means clustering method for our dataset. The attributes considered for clustering were Average Return, 

Standard Deviation of Average Return, Floating Stock Ratio, and Foreign Ownership Ratio. Figure 20 shows the elbow method which 

is employed to determine the optimal number of clusters. The results indicated that the dataset could be effectively distributed into 5 

clusters.  

 

 
 

Figure 20: Elbow method for clustering 336 stocks 

Table 11 shows the results of the clustering analysis, showing how stocks are distributed based on our selection criteria. The percentage 

column within the clustering results indicates the concentration of selected stocks within each cluster. 

It is important to note that Cluster 0 consists of 8 selected stocks out of a total of 25 elements, representing 32.00% of the cluster. 

 

Cluster # Selected Stocks # Elements Percentage (%) 

0 8 25 32.00 

1 3 27 11.11 

2 5 106 4.71 

3 4 93 4.30 

4 4 85 4.70 
 

Table 11: Clustering results 

Moreover, to understand the distinct characteristics of each cluster, boxplots were generated for each attribute within every cluster. 
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Figure 21 shows the average return and standard deviation of each cluster. Firstly, if we consider average returns, the wide range of 

average returns within Cluster 0, coupled with the absence of negative returns, signifies a diverse mix of modest and positive returns. 

Another fact, Cluster 0 distinguishes itself with a notably lower and tighter range in standard deviation compared to the other clusters. 

Figure 22 shows the boxplot for the attributes of foreign ownership and floating stock of each cluster. The observation that Cluster 0 

has the highest range of Foreign Ratio indicates a pronounced level of international investor interest. 

This not only points to the cluster's potential global appeal but also suggests that stocks within Cluster 0 may benefit from diverse 

market dynamics influenced by international trends and sentiments. 

On the other hand, the lowest range of Floating Stock Ratio within Cluster 0 signifies lower liquidity levels. 

This might pose challenges in terms of ease of trading positions, but from another point of view, it also implies a potential scarcity 

factor, which could be attractive to certain investors seeking unique investment opportunities. 

In short, the distinctive features of Cluster 0, including its diverse range of positive average returns, lower standard deviation, high 

foreign ownership, and lower float ratio, collectively make it different than the other clusters. 

It offers the potential for substantial gains with a stable risk profile, global market integration, and a unique investment landscape. 

 

 
 

Figure 21: Boxplot of clusters for average return and standard deviation 

 

 

 

Figure 22: Boxplot of clusters for foreign and float ratio 

6) Conclusions 

Throughout this research, the application of the Logic Learning Machine (LLM) within the Hierarchical Risk Parity (HRP) framework 

has shown significant results in portfolio allocation analysis and understanding. Through the analysis of an extensive dataset related 
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to the Istanbul Stock Exchange, covering daily historical data of 336 stocks from 2015 to 2021, we have observed that the 

implementation of LLM has brought greater transparency and clarity to investment decisions. 

In fact, HRP's unsupervised Machine Learning method allows the user to know the optimal allocation of weights among the assets of 

the analyzed portfolio by basing its aggregation criterion between clusters on the statistical value of correlation alone. In this way it 

is able to recognize the optimal configuration among assets but no indication is given as to which market factors may most significantly 

affect this choice. The addition of market features related to the Turkish stock market interpreted by the LLM allows not only an 

optimal level of integration between different Machine Learning methodologies, but also an optimal level of interpretability of the 

result thus provided. 

The LLM's ability to identify and interpret significant patterns in asset characteristics, such as sector affiliation, index presence, 

activity in the derivatives market, and other financial features, has enabled a more informed and interpretable selection and weighting 

of assets in the portfolio. Looking ahead, there are several research directions that could further expand the field of portfolio allocation 

and enhance current methodologies: 

- Alternative Methods for Estimating Correlations: Exploring the use of alternative techniques to calculate or estimate correlations 

between assets, such as applying neural networks or graph-based models, could offer new insights into portfolio construction and risk 

management. 

- Dynamic Portfolio Optimization: Considering portfolio allocation in a dynamic context, where the portfolio composition can be 

adjusted periodically based on evolving market conditions, could provide a more realistic and applicable perspective in the long term. 

- Robustness Testing in Market Stress Scenarios: Evaluating the resilience of proposed allocation strategies through the use of LLM 

in market stress scenarios, such as financial crises or economic shocks, could provide further evidence of their effectiveness and 

stability. 

Exploring these themes could contribute to further enhancing portfolio allocation methodologies, making them more adaptive, robust, 

and capable of addressing the challenges of a continuously evolving market environment. 
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