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Dedication

Albert Einstein once said: «I never think of the future. It comes soon enough». This goes
to everyone who is not afraid of the future, and eager to welcome it. Soon enough.
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Introduction

This book does not aim to be a comprehensive overview of all possible techniques in
the realm of explainability and optimization. It is, conversely, a set of notes oriented
towards providing the reader with a compact, yet reasonably flexible set of tools to
face a crucial problem: making more effective and better-informed decisions. Together
with a subset of standard techniques, these notes also include a few ideas that stemmed
from my research in the field.

The first section of the book looks at one aspect of this challenge: making the most
of the available data, which are already in tabular form. This means being able to
treat them and understand them (pre-modeling), derive a model on top of those data
understanding its behavior (in-modeling) and ask more specific questions, to a model
that may have higher performance but a less interpretable behavior (post-modeling).

The second section provides some ideas about how the concepts described in the
first section can be adapted and applied even if the input data has a more complex,
unstructured form. More specifically, three examples are considered: images, text and
graphs. As regards the graphs, i.e., structures with entities (nodes) involved in relations
(through connections called edges), they are not only considered as possible input data,
but also as one way to represent correlations among input features (by means of a
feature graph).

The third section is dedicated to a different aspect of the decision-making process:
optimization. In fact, there are circumstances in which the aim could be not only pre-
dicting and understanding an unknown variable/phenomenon, but making the most
out of our decision variables, the variables that we can control. This setting corre-
sponds to an optimization problem. We analyze its taxomony, the main algorithms to
deal with (different kinds of) optimization problems and a few applications. Among
these applications, a wealth management scenario that we use to close the circle: in
fact, firstly we optimize the allocation of a given capital, and then we apply one of
the techniques described in previous sections (Logic Learning Machine) to make this

decision explainable.

xi






1 XAl On Structured Data

In critical contexts such as credit risk, decisions are increasingly supported by artificial
intelligence tools. It is not sufficient to know what to do, it is also essential to under-
stand why. We refer to explainable (Explainable Al, XAI) and interpretable (Inter-
pretable Al) techniques as those methodologies that provide some form of explanation
for the decisions suggested by models. The terms are sometimes used interchangeably,
but they actually refer to different concepts.

Explainable Al (XAl)

In the XAI paradigm, a predictive model (possibly a “black box”) is first built and then
an additional analysis layer is applied to explain its decisions a posteriori. The expla-
nation therefore does not coincide with the model producing the output and is, in
principle, model-agnostic.

Interpretable Al

In the interpretable paradigm, the understanding of the input mapping to output map-
ping is intrinsic to the model itself (e.g., feature weights or sets of If-Then rules). This
makes answering the question “Why was this decision made?” more direct, but re-
stricts the range of usable models.

Generally speaking, the notion of “interpretability” or “explainability” is associated
with considerations that involve indeed the choice of the model to extract (we may
refer to this as the in-modeling phase) or that follow this choice and aim to add an
explainability layer on top (let us refer to this phase as post-modeling). For the sake
of simplicity, we use the acronym XAI whenever we propose considerations that are
valid for both approaches (interpretable and explainable AI).

Also, it must be considered that any choice concerning the model or its explanation
relies on a good level of understanding of the process that we aim to predict and/or
control, as well as of the data representing it. It is indeed important to be able to
“explain”, at least to some extent, what happens before the model is extracted to avoid
confusion and misinterpretations of its results. To this end, it is worth starting our
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journey in XAI proposing some considerations to be taken into account in what we
may call a pre-modeling phase.

1.1 Pre-Modeling

We may represent the pre-modeling phase as composed of:

1. Data understanding: Verification of what each field represents, the possible pres-
ence of a primary key, the operational meaning of the variables, and their relevance
to decisions.

2. Data quality: checks for completeness and consistency

3. Feature selection: removal of non-essential variables to reduce complexity with-
out degrading performance.

4. Feature engineering: creation of new informative variables

Name Surname Sex Birth date Age Phone Email City Height Weight Target
Mario Rossi M 5/12/1997 26 3346535632 Genoa 183 84 No
Giovanni  Verdi M 8/4/2000 24 giovaverdi@mail.it Savona 178 70 Yes
Marco Neri M 12/11/1995 28 nerimarco95@fmail.com Genoa 189 79 No
Simona Azzurri F 4/6/1989 35 3386999789  Sim.azz@industries.com Genoa 167 58 No
Michele Arancioni M 7/1/1999 25 87124 michelearancio@mail.com Savona 172 72 Yes
Beatrice ~ Viola F 30/9/2000 24 3313311786 Savona 175 62 No
Roberta  Gialli F 3/2/2001 23 3286578908  robi001coldmail.it Genoa 158 52 Yes
Simone Blu M 8/12/1997 26 Simo.blu97@coldmail.it Genoa 178 76 No
Giulia Neri F 24/12/1997 36 3421924568  Giula.neri@webmail.it Genoa 168 60 No

Table 1.1: Sample dataset, as of September 2024

Data understanding

Let us consider, as an example, the sample dataset represented in Table 1.1, which de-
scribes some features of hypothetical customers of a gym, plus the target variable that
we would like to predict for future customers, representing whether they subscribed
to a given plan or not. Considering that our target variable can assume a finite num-
ber of values, we are dealing with a classification problem. As this finite set of values
is only composed by two possibilities ("Yes” and "No”) we are dealing with a binary
classification problem.

Firstly, we observe that some of the features are not only useless to our goal but also
dangerous in terms of sensitivity. Knowing the name and surname of the customers
does not ensure any predictive power: any alphanumerical unique ID enabling us to
distinguish rows from each other (that is, any primary key) would serve the same
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purpose as name and surname, with less ambiguity and removing the need of handling
personal data.

The same could be said for features like "Phone” or "Email”: also in this case, there is
no reason to handle these sensitive data, without any perspective of it being predictive
of the target that we aim to characterize.

Even with these very straightforward considerations, we reach a first result: we
realize that our informative set in input is smaller than it seems at first glance, because
at least four columns are not expected to bring any contribution to the solution of the
considered problem.

Having a closer look, we can also observe that the age of the customer could be rel-
evant, but the information that the "Birth date” column adds on top of that is probably
not (a few months less or more in the age are not likely to be the deciding factor in
subscribing the plan of our interest). In other words, we can reasonably assume that
the Birth date column is redundant, for our need, with respect to the Age column.

After this brief schematic analysis, which exemplifies what we mean with data un-
derstanding, and why it is useful to start from that, let us take a step further and
assess data quality.

Data quality

The first thing that we can notice, from this point of view, is that some of the data
are missing, that is the corresponding cells are blank. Yet, we can also observe that
missing data affect the phone and Email columns, that is, two columns that we are
going to ignore, due to the previous considerations. In this specific example then, we
do not need to define a strategy for missing handling.

If we needed to, we could consider the following options:

« Ignoring all rows with at least one of the relevant columns hosting a missing
value. This is a very solid strategy, but it requires having a significant set of
rows with all relevant information to be applied.

» Filling the missing value with the average/median/mode value for the column
or with the average/median/mode value of the column when considering only
the rows with something in common with the current one. For example: fill in
missing heights with the mean male height for men and with the mean female
height for women. This solution allows to cope with partially filled rows dis-
carding less information, but this comes at the risk of introducing some noise,
as the estimate criterion may be over-simplistic.
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+ Applying specific techniques and algorithms that end up estimating, for each
blank cell, a likely value given the values of the other input variables, especially
the most correlated ones. An example of such technique is Multiple Imputation
by Chained Equations (MICE) (Azur et al., 2011). Code packages featuring an
implementation of the MICE algorithm are available on Github *.

Other interesting data quality checks may be applied to comply with the expected
data format (if any). For example, we notice that one of the phone numbers (row
5) is composed by fewer digits than it should, and that one of the e-mail addresses
(row 7) does not contain an @7 character. These data are clearly wrong, considering
what they should represent and their coherence with respect to other values in the same
column.

Extending this logic, it is also important to consider coherence with respect to values
in the same rows, in other columns, as long as these other columns host information
that is clearly correlated. For example, considering birth date and age we can infer
that the data collection is likely to have happened in 2024...and that either the age or
the birthday value of the last row is wrong! In fact, if the birth date happened in 1997
age cannot be 36. In this case, we may even propose an educated guess and assume
that the “true” value for age for the last row is 26, and not 36 (but double-checking
is, of course, more than recommended). Similarly, we could validate the coherence
among the age/birth date, height , and weight columns.

Feature selection

Even if obviously not irrelevant from our predictive perspective as name or surname,
some other fields may also not be essential for the predictive task at hand: if so, remov-
ing them reduces computational complexity and could reduce the risk of overfitting,
that is, pushing the model to learn not only the main patterns in data, but also noise.

A detailed analysis of feature selection techniques would be out of the scope of
this book, but let us mention the three main approaches to which feature selection
techniques belong.

« filter methods are based on a uni-variate correlation metric between each input
variable and the output, defining minimum correlation thresholds for an input
variable to be included in the model. They are usually lightweight and relatively
easy to handle, but are not equipped to consider correlations between groups of
input variables and the output.

Ihttps://github.com/amices/mice
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+ wrapper methods address the limitation of filter methods by introducing an
auxiliary model dedicated to feature selection. In extreme synthesis, the crite-
rion for feature selection corresponds in fact to optimizing the performance of
this auxiliary model. Even when picking a light model, such as a linear/logistic
regression, picking a wrapper method implies a higher computational cost with
respect to a filter method.

+ embedded methods represent the fact that some models incorporate feature
selection as one of the steps / side-products of their modeling process. Among
the (interpretable) models that are addressed in the following sections, this is
the case both for classification and regression trees and for the Logic Learning
Machine.

Feature engineering: BMI example

Another layer of what we may call pre-modeling explainability consists is blending
and engineering the information which is contained in separate columns into a single,
additional, and more informative feature.

For example, even among the small set of data available in Table 1.1, it is possible,
given weight (kg) and height (cm), to define the Body Mass Index (BMI), which allows
us to determine whether the individual is underweight/overweight (while height and
weight alone are less informative) as:

weight (kg)

BMI = (height (cm))Q'

(1.1)

100

In this example, such a transformation enriches anthropometric information beyond
raw measurements, potentially improving separability, and hence predictive power,
with respect to our target variable.
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1.2 In-Modeling

Moving to the in-modeling phase, let us describe in this section three different mod-
eling techniques that ensure a good level of interpretability. Firstly, linear/logistic re-
gression, which models the underlying process by identifying an optimal *weight” to
assign to each of the input variables, thus highlighting their importances.

Secondly, classification and regression trees, which ensure an even stronger inter-
pretability, justifying each prediction through the application of an IF-THEN rule ex-
tracted from the input dataset, could exhibit some quantitative performance problem,
especially when dealing with an imbalanced problem i.e, a problem for which one (or
more) of the output classes is represented by significantly fewer samples with respect
to the other ones.

Finally, also due to the above considerations, we propose the Logic Learning Machine
(LLM), which is still a rule-based model, ensuring a level of interpretability comparable
to classification and regression trees, but aims to be more robust in terms of quantiative
performance through the extraction of (potentially) overlapping rules, handling their
conflicts through an algorithm named Standard Applied Procedure. Linear/logistic re-
gression and classification and regression trees are standard and well-established mod-
els, so we are simply summarizing their main characteristics, referring to scientific
literature for further details.

The Logic Learning Machine is a more innovative and less widespread model, so we
describe its modeling and model application procedure in greater detail.

Linear/Logistic Regression

Given a data set {y;, z;1, ..., Zjp} with ¢ = 1, ..., N of statistical units N, a linear re-
gression model assumes that the relationship between the dependent variable y and
the vector of regressors x is linear. This relationship is modeled through a disturbance
term € - an unobserved random variable that adds noise to the linear relationship be-
tween the dependent variable and regressors (Stock et al., 2011). Thus, the model takes
the following form:

yi = Bo + Lixi1 + ... + Bpip + € = ] B + € (1.2)

where T denotes the transpose operator, so that 2] is the inner product between the
vectors z; and B. The linear relationship can be rewritten in matrix form: y = X +¢€
where:
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T Bo
(7 X4 1z -+ z1p 8 €1
T
Yo X 1 x01 -+ Ty 3 €9
Yy = ? X= : — | : .. : , B= 2|, and e=
T .
Yn Xn 1z - Tnp 8 En
D

(1.3)

In order to estimate 8 we can use the traditional econometric formula for an ordinary
least squares (OLS) problem: 8 = (XTX)™! XTy

In case of a classification problem, the above formulation is adapted towards estimat-
ing not a real number, but a likelihood of a given output to be the correct one. Through
a binarization step, this estimated likelihood is turned into a categorical output value:
this is called a logistic regression model.

After fitting a linear/logistic regression model, we often wonder whether any of
the input variables are statistically significant with respect to the output we aim to
predict. The overall F-test answers this question. The overall F statistic is computed
as the variance explained by the model, divided by the variance not explained by the
model. This ratio is expected to follow a Fisher—Snedecor distribution (Yoo et al., 2017).
The probability that none of the input variables is statistically significant is the p-value
associated with the overall F statistic, which can be obtained from Fisher—Snedecor
distribution tables or via libraries such as scipy in Python. Once we have verified that
at least one input variable is statistically significant in predicting the output, we may
want to determine whether each variable is significant when considered individually.
To achieve this, we perform a partial F test.

Specifically, the difference between the variance explained by the full model (includ-
ing the input variable under consideration) and the variance explained by the reduced
model (excluding that variable) is divided by the variance not explained by the full
model. This ratio is also expected to follow a Fisher—Snedecor distribution. The corre-
sponding probability can again be gathered from well-known tables or code packages?.

Another more advanced (and more computationally intensive) diagnostic technique
based on a multivariate linear model is the DFBeta analysis. Here, alongside the “base”
regression model, we compute N additional regression models (where N is the
number of training samples), each time excluding a single sample from the training
set. For each additional model, we compute the difference between the coefficients
Bo, 81, . .., B and those of the base model. If the absolute value of such a difference,

%See, for example: https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.fdtr.html
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2
for one or more coeflicients, exceeds —N (common rule of thumb, with N being the

number of available samples), this indicates an anomalous impact of the corresponding
sample during training. This information can guide subsequent outlier detection
analyses.

Classification and Regression Trees

Classification and Regression Trees (CART) are popular estimation methods in Ma-
chine Learning, suitable for addressing both classification and regression tasks. These
models approximate data using a stepwise function, built by repeatedly splitting the
observation space based on threshold values of the input variables. At each split, the
algorithm identifies regions of data where the target variable values are relatively ho-
mogeneous. In regression tasks, the prediction is typically the mean value within the
region, while in classification, it corresponds to the most frequent class. This technique
is often referred to as a "tree” due to the visual representation of its decision-making
process.

The partitioning of the data space by the model can be depicted as a binary tree,
where each element, called a node, contains a threshold that guides the division of
observations. The initial node is known as the root, and the final partitions, which
represent specific data subsets, are called leaves.

To build such a model, a training dataset with known target values is required. The
CART algorithm constructs the tree through a sequential process of binary splits. Ini-
tially, for every input variable, potential threshold values are evaluated to find the
one that best separates the data. The goal is to minimize within-group variance while
maximizing the difference between the resulting subsets. These constraints are incor-
porated into the objective function formula:

K N K
D=>"1> (yz - /Bi) => "D, (1.4)
i=1

i=1 | jes;
where y; and j; are, respectively, the values of the target variable and the associated
parameter found in one of the data subspaces K;, ¢ = 1, ..., K S;. Consequently, the
minimization problem can be expressed as min >>X | D; (ﬁAz)
From this point onward, the same procedure is applied to each of the newly formed

subsets: the algorithm scans the data within each subset to identify the variable and
threshold that produce the best possible split. This process is repeated iteratively until
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specific stopping criteria are met. These criteria may include, for instance, the forma-
tion of a region where all data points belong to the same class (in Classification Trees)
or share the same value (in Regression Trees); the point at which further splits fail to
significantly improve the objective function; or when a resulting subset contains only
a single observation.

By the end of this process, the algorithm generates a highly detailed and intricate
tree structure, characterized by numerous branches and leaves. However, such a tree
is often difficult to interpret due to its complexity and the large number of splits. In ad-
dition, it could overfit the training data, an issue that compromises the model’s ability
to generalize well to new, unseen data.

To address this problem, a simplification step known as pruning is employed.
This automated technique systematically reduces the fully grown tree by eliminating
branches that contribute little to the accuracy of the prediction or carry limited infor-
mation value, improving the clarity and robustness of the model. Defining the loss
function as follows:

K
Co(K)=> Di+aK (1.5)
i=1
where K is the size of the tree considered at each step and « is the parameter associated
with the computational cost of the model, at each step, the leaf whose removal results
in the smallest increase in the objective function is removed. The procedure continues
until the value of C,, (K') converges to an optimal value. A pseudocode of the CART
algorithm is provided by (Loh, 2011).

Logic Learning Machine

The Logic Learning Machine is a rule-based method alternative to decision trees
((J. Ross Quinlan, 1986) (J Ross Quinlan, 2014)). In short, the LLM transforms the data
into a Boolean domain where some Boolean functions (one for each output value) are
reconstructed starting from a portion of their truth table with a method described in
the paper (Muselli et al., 2011).

When applied to a regression problem, the algorithm iteratively selects a pattern
from the training set and defines a subgroup by including other instances that are
sufficiently similar, based on a user-defined threshold known as the Maximum Desired
Dispersion Coefficient. This coefficient controls the allowable variability within the sub-
group: a smaller value results in tighter, more homogeneous clusters, while a larger
value permits the inclusion of more diverse patterns. Once a subgroup is defined, the
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task is reformulated as a (set of) binary classification problem(s) distinguishing be-
tween the selected subgroup, and the remaining data and classification rules are ex-
tracted accordingly. The output associated with each rule is computed as the median
of the target values of all covered points, including both the original subgroup and any
additional instances within the tolerated classification error.

Each of the classification problems derived from the original regression is solved by
the algorithm creating a set of intelligible rules through Boolean function synthesis.
Then, the LLM algorithm evaluates their quality, applies them, and, through the rules,
derives a feature ranking ((Ferrari et al., 2023) also show how the same rules can be
used to suggest control actions, to drive the output towards a desired value). This
happens following five steps:

1. Discretization

2. Latticization or Binarization

3. Positive Boolean function

4. Rule generation

5. Rule Quality and Standard Applied Procedure

In a classification problem d-dimensional examples z € X C 9% are to be assigned
to one of ¢ possible classes, labeled by the values of a categorical output y. Starting
from a training set S including N pairs (z;,y;), with ¢ = 1,..., N, deriving from
previous observation, techniques for solving classification problems have the aim of
generating a model g(z), called classifier, that provides the correct answer y = g(x),
for most input patterns z. To analyse the process, a bi-class toy problem is used, whose
training set is demonstrated in Table 1.2.

Discretization

In this step, a mapping converts each continuous variable domain into a discrete
domain. v; X : X; — I, where X; is the domain of the j-th variable and
I = 1,..., M is the set of positive integers up to M. The mapping must preserve
the ordering of the data. If x;; < 1, then v (x;) < ¥;(xx), Vj =1,...,d. One way

10
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X1 X Y
007 | Red | Op
0.11 Red Og
0.22 Black | Og
0.14 Red Og
0.23 | Green | Og
0.08 | Black | O
0.12 | Green | O;
0.21 Red 01
026 | Red | O;
v0.24 | Blue | O

Table 1.2: Toy example for describing the LLM working principle.

to describe v); is that it consists of a vector v; = (Vj1,---,Yjm, - - -, Ym;—1) such that:
1 Tij < Y41
Yj(xi) = qm Yim—1 < Zij < Vim (1.6)
M; Tij > YiM;-1

One of the supported strategies for discretization consists in creating M; intervals
having the same length. Let p; be the vector of all the «; values for input variable j
in ascending order (pj; < pji+1, VI =1,...,c;), then the cutoff vy, is given by:

pjaj - pjlm

72 1.7)

Yim = Pj1 +

This method is referred to as Equal Width discretization.

Binarization

In this step, each discretized domain is transformed into a binary domain through a
mapping ¢; : In; — {0, 1}Mi | where I M, is the domain of the j-th variable and
{0,1}Mi is a string having a bit for each possible value in I M;- The mapping must
maintain the ordering of data: u < v if and only if ¢;(u) < ¢;(v), where the standard

11
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z Y
010111 | Og
010111 | Og
10 1101 | Oy
010111 | O
10 1110 | Oy
011101 | O
011110 | O
10 0111 | O4
100111 | Oy
10 1011 | O

Table 1.3: Toy example after binarization. Source: (Muselli et al., 2011).

ordering between z and w € {0, 1}™7 is defined as follows:

d7  suchthat z; < w;
Vi<i z1 < wyp (1.8)
z<w ifandonlyif z <w; Vi=1,...,M;

z <w ifand only if {

If the relation in the equation above holds, then it is said that z covers w. A suitable
choice for p; is the inverse only-one coding, that for each k € I, creates a string
h € {0, 1} having all bits equal to 1 except the k-th bit which is set to 0. For example,
let z;; = 3 with domain I5, then ¢;(z;) = 11011. In this way ¢;(z;) = z;, where
z; is obtained by concatenating y;(z;) for j = 1,...,d. As aresult, the new training
setis S = {(z;,5:)}Y,, with z; € {0,1}7, where B = Z?:l M;. The training set
obtained by applying discretization with the single cutoff 0.15 for the variable X; and
subsequent binarization for the toy problem is shown in Table 1.3.

Synthesis of the Boolean function

The training set S /, obtained after binarization, can be divided into two different sub-
sets according to the output class: T is the set containing (z;,y;) with y; = Oy,
whereas F' is the set containing the example for which y; = Op. T and F' can be
viewed as a portion of the truth table of a Boolean function f that must be recon-
structed. Before proceeding with the method description, it is useful to give some
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definitions and notations.

« Each Boolean function can be written with operators AND, OR, and NOT that
constitute the Boolean algebra; if NOT is not considered then a simpler structure,
called Boolean lattice, is obtained. From now on, only the Boolean lattice is
considered. It can be drawn by positioning z over w if z > w and by linking all
the pairs 2z, w for which an a does not exist such that w < @ < 2. An example
for {0, 1}3 is shown in Figure 1.1.

« The sum (OR) and product (AND) of 1 terms can be denoted as follows:

V;?ZIZj:Zl—l-ZQ—I—...—i-zn

n

(1.9)

2j = 210220 ... 2y = 2122 2y

+ A logical product is called an implicant of a function f if the following relation
holds: /\?zlzj < f, where each element z; is called literal. The product is called
prime implicant if the relation no longer holds when a literal is removed from
the implicant.

« The ordering in a Boolean lattice is defined by the equations above. According
to this ordering, a Boolean function f : {0,1}% — {0, 1} is called positive if
z < w implies f(z) < f(w) for each z,w € {0,1}5.

« A subset A C Ip such that for each element z,w € A, an ordering cannot be
established (neither z < w, nor w < z), is called antichain.

. Given a € {0,1}, then the set L(a) = {z € {0,1}P | 2 < a} is called a
lower shadow of a, whereas the set U(a) = {z € {0,1}7 | 2 > a} is called an
upper shadow of a. The lower and upper shadows for 101 € {0, 1} are shown
in Figure 1.1.

« Given the subset T, F' € {0, 1}B , then T is lower separated from F/, if there is
no element z € T belonging to the lower shadow of some element of F.

 Given the binary string a, if there is a z € T such that a < z, there is not a
w € F such that a < w, and for each b < a, there is w € F such that b < w,
then a is called bottom point for the pair (T, F').

« Every positive Boolean function can be written in its unique, not redundant Pos-
itive Disjunctive Normal Form (PDNF) (Aizenstein et al., 1995) as the sum of its

13



1.2. In-Modeling Chapter 1. XAI On Structured Data

prime implicants: f(z) = Vaea Ajep(a) 2, Where P(a) is the subset /5 contain-
ing each i such that a; = 1; A is an antichain of {0, 1}” and each a is called the
minimum true point. For example, the not redundant PDNF f(z) = 2123 + 24
is obtained from antichain A = {1010, 0001}.

From these definitions, it follows that a method for finding f must retrieve the set
of minimum true points to be used from 7" and F, to represent f in its irredundant
PDNF. It follows that the set of all bottom points for (7, F') is an antichain, which
elements are candidate minimum true points.

The LLM firstly identifies implicants, and then turns them into rules. The algorithm
adopted by the LLM to produce implicants is called Shadow Clustering (Muselli et al.,
2011). It generates implicants for f by analysing the Boolean lattice {0, 1}¥. The algo-
rithm selects a node in the diagram and generates bottom points (7, F') by descending
the diagram: moving down from a node to another node is equivalent to changing
a component from 1 to 0 and a bottom point is added to A when any further move
down leads to a node belonging to the lower shadow of some w € F'. In particular,
the starting node is chosen between the z € 7' C {0, 1} that do not cover any point
a € A such that a < z (in other words the algorithm ends when each element in 7’
covers at least one element in A). Once A has been found, it may contain redundant
elements and consequently, it must be simplified to find A*, from which the PDNF of
the positive Boolean function f can be derived.

Different versions of Shadow Clustering exist depending on the choice of the ele-
ment to be switched from 1 to 0 at each step of the diagram descent. For example,
Maximum-covering Shadow Clustering (MSC) at each step changes the ¢-th element
that maximises the associated potential covering, defined as the number of elements
z € T for which z; = 0. As concerns the selection of A* C A, a possible choice is
to subsequently add to A* the element of A that covers the highest number of points
in T that are not covered by any other element of A*. The application of the Shadow
Clustering algorithm [Algorithm 1] to the dataset after binarization shown in Table
[1.3] produces the implicants:

« 100011 which corresponds to 21 A z5 A 24
« 011100 which corresponds to zo A 23 A 24

Then, the PDNF of the resulting Boolean function is the following: f(z) = (21 A 25 A
26) \Y (ZQ N z3 N\ 2’4)

14
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(b) Boolean lattice for {0, 1}3

(a) Lower Shadow for 101 s, (c) Upper Shadow for 101

Figure 1.1: Boolean Lattice diagram. Source: (Muselli et al., 2011).

Rule generation

In the last step, each implicant of the positive Boolean function f is transformed into
an intelligible rule, where, as said before, a function is generated for each output value.
Then the consequence of the rules only depends on f. The transformation takes into
account the coding applied during binarisation. In particular, z was obtained by con-
catenating the results of the mapping ¢;(x) for each j = 1,...,d and consequently
it can be split into substring h; for each attribute, whose bit z; € h; corresponds to a
nominal value if X; is nominal. In contrast, it corresponds to an interval if X; is or-
dered. For each implicant, a rule in IF-THEN form is generated by adding a condition
for each attribute X; as follows:

+ If z; = O for each z; € hj, then no condition relative to X is added to the rule;

« If X is nominal, then a condition X; € V is added to the rule, where V' is the
set of values associated with each z; € h; such that z; = 0;

« If Xj is ordered, then a condition X; € V' is added to the rule, where V' is the
union of the intervals associated with each z; € h; such that z; = 0.
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Algorithm 1: Shadow Clustering algorithm (bottom-up)

Data: P(z)
I = P(x)
A=1

while 7 # () do

choose 7 € I and remove it from [

if there isy € F such that p(I U A) < y then
L addito A

return p(A)

Each rule r; (representing the i-th rule) can be generally formalised as:

Ji
ri :IF \ X; € Vi THEN O; (1.10)
j=1

where A\ denotes logical AND, X; € V; represents the condition of the feature X;
that corresponds to a value (or range of values) of rule r;, O; denotes the output class
associated with rule r;, and J; represents the number of premises (features) in rule r;.

For the implicant 100011 obtained in the previous step, h; = 10 leads to the
condition X; € (0.17,00) or X; > 0.17 and ha = 0011 leads to the condition
X2 € {Red, Blue}. Then the rule relative to 100011 is:

IF X; > 0.17 AND X5 € {Red, Blue} THENY = O,

For the implicant 011100 obtained in the step described previously, 11 = 01 leads to
the condition X; € (—00,0.17] or X; < 0.17 and hy = 1100 leads to the condition
X € {Black,Green}. Then the rule relative to 011100 is:

IF X7 <0.17 AND X, € {Black,Green} THENY = O,

Please note that if X; is ordered, conventionally the upper bound of the interval, if
finite, is always included in the condition, whereas the lower bound is excluded. To
generate the rule for the other class, it is sufficient to label Oy with 1 and O; with
0. In the case of the multiclass problem, it is enough to decompose the problem into
several bi-class issues: for each sub-problem, the target class is labelled with 1, and all
the remaining classes with 0.
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Rule quality and class prediction

The process described in the previous subsection explains that each element x; of the
training set only satisfies rules associated with the output class of z;, but since data are
affected by noise, usually it is preferable to admit some errors in order to enable the
model to generalize. In order to permit a fraction of error, the descent of the diagram
does not stop when a further move down leads to the lower shadow of some w € F,
but it continues until a further move leads to a node belonging to the lower shadow of
a percentage element w € F' greater than a regularization parameter €,,,4,. Then, it is
usual that an element of the training set covers the rule of different classes. When it
happens, the output class is established according to the relevance of the rules satisfied
by it. In order to present relevance, the following quantities relative to a rule r in the
IF <premise> THEN <consequence> form are introduced:

« T'P(r) is the number of training set examples that satisfy both the premise and
the consequence of the rule r,

« F'P(r) is the number of training set examples that satisfy the premise but do
not satisfy the consequence of the rule 7,

« T'N(r) is the number of training set examples that do not satisfy either the
premise or the consequence of the rule r,

« F'N(r) is the number of training set examples that do not satisfy the premise
and satisfy the consequence of the rule r.

Please note that an example z; satisfies the premise of the rule r if it satisfies all its
premise conditions, whereas x; does not satisfy the premise of the rule r if it does not
satisfy at least one among its premise conditions. Combining these quantities, quality
measures for a rule r can be computed:

TP(r)

Covering: C(r) = TP + FN() (1.11)

B FP(r)
~ TN(r)+ FP(r)
It is evident that the greater the covering, the more relevant the rule is; on the other

hand, the smaller the error, the less relevant the rule is. Then, the relevance of a rule r
is obtained by combining C(r) and E(r):

Error:  E(r) (1.12)
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Once the relevance of the rule is defined, it is possible to use it in order to compute a
score S(z;,0) for each class o that measures how likely it is that y; = o:

S(xzi,0) = Z R(r) (1.13)

reR;

with R = {r | r € R, r < x4, O(r) = 0}, where R is the complete ruleset, 7 < z;
denotes that x; satisfies the premise of the rule.

On the other hand, to obtain a measure of relevance R(c) for a condition ¢ included
in the premise part of a rule r, the rule 7' can be considered obtained by removing
that condition from r. Since the premise part of 7 is less stringent, we obtain that
E(r') > E(r) so that the quantity R(c) = (E(r') — E(r))C(r) can be used as a
measure of relevance for the condition ¢ of interest. O(r) = o denotes the consequence
of r predict class o. Then DR, is the set of rules satisfied by z; that predict class 0. From
the scores of each output class, it is possible to define the probability that y; = o:

S(zi,0)
P(o| z;) S S(oi k) (1.14)

Then the selected output is the one that maximizes the output probability:

9; = maxP(o | z;)
o

Feature ranking

For every ordered variable x; € X let us denote with M; — 1 the collection
of all the thresholds «; involved in the conditions of rules rj; through these
thresholds the domain of the component x; is subdivided into M; adjacent inter-
vals [—oo,vj1], (1,752l - -+ (Va1 v4il - - -5 (Vin,_y, +00]. Let us denote with
Jj1, Jja, - - ., Ju; these intervals, so that Jj; = [—00,v51], Jj2 = (751, 7V42), ete.

Now, if arule r, € R, = {r | € R,0(r) = 0} for the output class o (ie.
whose consequence part is ¥y = 0) includes a condition ¢, with relevance R(cy;),
involving the ordered component x;, the points of my; of the M; adjacent intervals
verify that condition. For instance, if the condition cy; is z; < +;3, the points of the
my; = 3intervals J;1, Jj2 and J;3 satisfy cy,. It is then possible to retrieve a measure of
relevance Ry (.J};) for each interval .J;;, with respect to the output class o, by looking
at the quantities R(cg;) of the conditions ¢y, that are included in rules 7, involve
the component z;, and are verified by points of .J;;. In particular, if a condition cj;
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involving x; is satisfied by my; of the M; adjacent intervals, the relevance quantity
that can be attributed to each of these intervals is:

R(ck1)

RY() = =

By collecting all the relevancies derived from all the rules r;, € 9, including a condi-
tion ¢y on the component x;, we can obtain the measure of relevance Rh(JjZ-) of the
interval J;; with respect to the output class o:

R(Jji) =1— ] (1—R{(Jp)) (1.15)

TkeRo

Starting from 1.15 a measure of relevance R°(x ;) for the component z; (with respect
to 0) can be derived by considering the variation of R°(.J;;) over the M; adjacent inter-
vals Jj1, Jjo,. .., Jum;- In fact, if R°(.Jj;) does not change so much in these intervals,
then different thresholds are essentially used to determine parts of the input domain
where the behavior of the model g(z) is similar. This means that the variable z; has
little discriminant power among different classes, but simply characterizes the input
domain with respect to g(x) for the output class o.

A possible way of measuring the variation of a quantity is to consider its standard
deviation o; with this choice we have:

R°(x;) = Mjo; (R°(Jji)) (1.16)

where o stands for the standard deviation over the M intervals Jj1, Jj2, .. ., Jus;-

A sign for R°(x ), which indicates if the variable x; is directly (if the sign is positive)
or inversely (if the sign is negative) correlated with the output class o, can also be
retrieved by looking where higher values of R°(.J};) are located. In particular, if higher
values of R°(J;;) occur at higher (resp. lower) i then the variable x; is directly (resp.
inversely) correlated with the output class o.

Hence, a procedure for deriving the sign of R°(x;) consists in subdividing the prod-
uct of 1.2 in two parts: the first one, denoted with R°~(.J};), contains terms Ry, (J;;)
originated by conditions cj; of the form x; < +;;, whereas R°+(in) includes terms
Ry,(J;i) derived by conditions cy; of the kind z; > ~;;. As for conditions cy; of the
form v, < z; < vji, terms Ry (J;;) for i < (i1 + 42)2 (resp. i > (i1 + i2)2) are
inserted into R~ (Jj;) (resp. R°"(J;;)). With these definitions the sign of R°(z;)
becomes negative if R°~(J;;) < R°"(.J;;) and positive in the opposite case.

If the variable x; is nominal, then equation 1.2 can still be used to determine mea-
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sures of relevance R°~(Jj;) if G; = {vj1,vj2,...} is the collection of the possible
values assumed by x; and J;; = {vj;}, for i = 1,2,...,|G}|. In this case equation
1.15 becomes:

R?(z5) = |Gjloj (R°(Jji)) (1.17)

A sign for R°(z;) cannot be determined and it is therefore always considered as posi-
tive.

If the (absolute) maximum on the ¢ output classes of the quantities R°(z;) is greater
than 1, then all relevances R°(x;) are normalized to this maximum so that their values
lie in the range [0,1]. By averaging the quantities R°(J;;) and R°(x;),foro=1,...,¢,
we can obtain absolute measures of relevance R(J;;) and R(z;) (independent of the
output class o) for J;; and for the variable z;:
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1.3 Post-Modeling

Explainable Artificial Intelligence (XAI) aims to make Machine Learning models—
especially black-box models—more transparent by providing human-understandable
justifications for their output. XAI techniques address this by approximating the
model’s decision boundaries, highlighting influential regions, or assigning attribution
scores to input features.

It is worth considering that, once derived, the quality of different post-hoc expla-
nations can also be quantitatevely compared, by means of metrics such as the ones
introduced in (Calzarossa et al., 2025b) (Calzarossa et al., 2025a). More specifically, the
approach proposed to measure, in a transparent way, the degree of robustness of the
explanations, is applied to ensemble tree models. More specifically, the Gini impurity
is used to derive feature importance plots, to explain the output of tree models and of
ensembles of tree models: a feature importance plot is built using the mean decrease
in impurity, computed as the normalized reduction of the Gini impurity. Optimizing
with respect to this metric follows, in the proposal, the parsimony principle, that is it
assumes that the lower the number of relevant predictors, the better. In other words,
it is suggested to tune the parameters of a model so that the Gini value is as small as
possible, to maximize concentration of the explanations.

Two of the most well-known techniques of this kind are LIME and SHAP, whose
characteristics are described in the following part of this section, in which we also
propose a small application in Python on a loan approval sample dataset.

Perturbation-based Methods - LIME

Perturbation-based methods explain predictions by analyzing the change in model out-
put in response to changes in the input. One of the most influential methods is LIME
(Local Interpretable Model-agnostic Explanations), introduced by Ribeiro et al. (Ribeiro
et al,, 2016a). LIME generates a local interpretable approximation around an input &
by perturbing it and fitting a sparse linear surrogate model:

N

f(x) = argmin L(f, g, m) + Q(g) (1.18)
geG

Here, f is the black-box model, G is the class of interpretable models (e.g. linear
models), 7, is a proximity-based kernel defining the locality around z, and Q(g) pe-
nalizes complexity.

Let us apply this logic to one example: a dataset consisting of 500 loan applica-
tions, each described by features such as Gender, Married, Dependents, Education, Self-
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Employed, ApplicantIncome, CoapplicantIncome, LoanAmount, LoanAmountTerm,
CreditHistory, and PropertyArea. The target variable is LoanStatus, which indicates
whether or not a loan was approved.

A pre-trained classifier (more specifically, a model composed by a set of classifi-
cation trees, named random forest: each tree alone would be interpretable, but the
interaction among them makes the prediction harder to interpret) is loaded to predict
the likelihood of loan approval. The primary goal is to provide interpretability for
the predictions through LIME, as the multiplication of decision trees reduces the inter-
pretability of the base model. This is particularly important in financial applications,
where understanding why a loan was approved or denied for a specific applicant can
inform a more auditable decision-making.

# Basic libraries

import pandas as pd
import numpy as np

# Library to load models

;, import joblib

# Library to visualize results
from IPython.display import HIML

# LIME library
import lime
from lime import lime_tabular

# Load Random Forest model and its dataset
model = joblib.load(r"data/loan_prediction_model.pkl")

7 data = pd.read_csv("data/df1_loan.csv")

LimeTabularExplainer initializes the LIME explainer for tabular data, creating a local
model to approximate the behavior of the classifier. The explainer needs the training
data to understand the feature space and generate perturbed samples and the list of
features to make the explanation humanly readable.

# Initialize the LIME explainer

explainer = lime_tabular.LimeTabularExplainer(
training_data=np.array(X_train_lime),
feature_names=X_train_lime.columns.tolist(),
class_names=['Not Approved', 'Approved'],
categorical_features=categorical_features,

verbose=True,
mode="'classification'

After initializing the explainer, a specific instance from the test set is selected. The
method explain_instance() works as follows:
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Prediction probabilities Not Approved Approved
Loan Amount Term ...
Not Approved [N 0.79 =
[l LoanAmount > 160.00]
Approved [ 0.21 ] ocH
Married=1
0.06
Property_Arca=1
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[Dependents > 1.00
flo.os
CoapplicantIncome <=...,
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Married=1
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Gender-1

Credit History 0.00

Figure 1.2: Sample visualization of LIME output, generated via Python code

1. It creates multiple perturbed samples around the selected instance.

2. It obtains prediction probabilities from the trained Random Forest model for

these samples.

3. It fits a simple, interpretable model.

4. Tt extracts the most influential features contributing to the prediction.

The Python method requires both an input instance (as an array) and a prediction
function that outputs the predicted probabilities, in this case model.predict_proba, as

shown in the following code:

exp = explainer.explain_ instance(

np.array(X_test_lime.iloc[3]), # Selceted instance

lambda x: model.predict_proba(pd.DataFrame(x, columns=X_train_lime.columns)

)

num_features=15

)
HIML (exp.as_html())

The output explanation shows:

+ Prediction Probabilities: On the left, the predicted class for the selected in-

stance with its probabilities

« Feature Contribution Plot: In the center, a ranked list with weights of features
that contribute positively or negatively to the prediction

+ Explanation Contribution: On the right, the contribution of each feature in

the interpretable model
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The example in Figure 1.2 shows that the selected instance (X _test_lime.iloc[1])
is predicted to be approved by the model, with a confidence of 95%. The ex-
planation plot shows that the feature that contributes most to the prediction is
Loan_Amount_Term. Meanwhile the features that pushed the prediction to "Not
Approved” are: Gender, Dependents, M arried, Property_Area.

Shapley-Based Attribution Methods

SHAP (SHapley Additive exPlanations) (S. M. Lundberg et al., 2017) is grounded in
cooperative game theory and attributes the output of a model to its input features by
calculating their average marginal contribution across all possible feature subsets. The
exact Shapley value ¢; for the input feature 7 is given by:

s PR s 0 - 1) (1.19)

6 =

SCN\{i}

Here, N is the set of all features and f(.S) is the prediction of the model when only
the features in the subset S are present. Since computing all 2" subsets is infeasible
for high-dimensional data, SHAP relies on kernel-based sampling (e.g., KernelSHAP)
or tree-specific optimizations (TreeSHAP).

Let us now apply SHAP to the same financial dataset and to the same pre-trained
Random Forest classifier as the LIME, to predict the likelihood of loan approval. The
primary goal is to provide explainability for the predictions through SHAP.

# Basic libraries

2 import pandas as pd

import numpy as np

# Library to load models
import joblib

# SHAP library

import shap

import matplotlib.pyplot as plt

# Preprocessing

3 from sklearn.model_selection import train_test_split

from sklearn.preprocessing import LabelEncoder

s # Load Random Forest model and its dataset
7 model = joblib.load(r"data/loan_prediction_model.pkl")

data = pd.read_csv("data/df1_loan.csv")

# Initialize the SHAP explainer
explainer = shap.Explainer(model)
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Figure 1.3: Waterfall SHAP plot

3 shap_values = explainer(X_test)

SHAP creates a model-agnostic SHAP explainer, and it automatically selects the
most appropriate algorithm. The method explainer(X _test) computes SHAP values
for every instance in the test set. The output contains the contribution of each feature
to the model’s prediction.

The method water fall_plot() generates a waterfall plot for a selected instance and
for a certain class. In the example the instance being the first test instance 0 and the
the class 1, Approved. The Waterfall plot shows:

« The base value, meaning the average approval probability E[f(x)]

» How each feature contributes to the prediction: higher, for positive SHAP values,
or lower, in case of negative ones. For example for the feature Credit_History
the SHAP value is 0.08

« The final predicted probability for the selected instance f(x)

In the Waterfall Plot, in Figure 1.3, where x is the selected instance, f(z) is the
predicted value of the model and E|[f(x)] is the expected value of the target variable.
For each feature, the length of the bar represents its SHAP value.

The method summary_plot shows SHAP values for all test instances for a certain
class, in the case shown in Figure 1.4 for class 1, that is the one associated to the
approval of the loan request. The Summary plot shows:

25



1.3. Post-Modeling Chapter 1. XAI On Structured Data

High
Credit_History LRI "
Property Area_Semiurban temtle e
Coapplicantincome =S e
Applicantincome . adfupe
LoanAmount = Semiade o N
Education_Not Graduate Lz %
Married_Yes ) é
Dependents o olfe &
Gender_Male ..*..
Loan_Amount_Term * -
Property_Area_Urban +
Self_ Employed_Yes +
T T T T Low
-0.6 -0.4 -0.2 0.0

SHAP value (impact on model output)

Figure 1.4: Summary SHAP plot

« A ranking of features by overall importance, in which C'redit_History is shown
to be the most important one

+ The distribution of SHAP values for each feature, represented by the color spec-
trum from red to blue

« The relationship between feature values and their impact on predictions, repre-
sented by dots

1 shap.summary_plot(shap_values[..., 1], X test)

1 shap.waterfall _plot(shap_values[0, :, 1])

Although SHAP ensures fairness and consistency, its quality of explanation depends
heavily on how feature subsets are defined. In certain applications, data are not a static
snapshot, but a sequence of observations over time, known as a time series. Applying
standard SHAP to long time series can be problematic due to High computational cost
for large numbers of time steps and the presence of missing or non-informative seg-
ments (background data).
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tSHAP is an extension of SHAP specifically designed for time series data. It was
introduced in 2025 to provide fast and exact SHAP values for time series classification
and regression.

The method is based on two key ideas:

« A sliding window mechanism that groups time steps to reduce computational
complexity while preserving exact SHAP values.

« Explicit handling of background (non-informative) data to reduce its negative
impact on explanations.

An open-source Python implementation of tSHAP is available on Github?.

Still speaking about a post-modeling focus on explainability, it is important to men-
tion that recently, a new paradigm, referred to as SAFE-AI (Babaei, Giudici, and Raf-
finetti, 2025) , has been introduced to quantitatively measure an innovative set of met-
rics aimed at comparing models, both in terms of their robustness and in terms of their
explainability.

SAFE-AI

Let Y and Y’ be two random variables with cumulative distribution functions Iy, Fy- :
R — [0, 1]. The p-order Cramér-von Mises divergence between their distributions is
defined as:

CoMy(Fy, Fy) = [ [Frlu) = Fy(u)PdFy (w) (1.20)

In practice, Fy and Fy- may represent the empirical cumulative distributions of the
true outcomes and the corresponding model predictions on a test sample. More gen-
erally, the divergence can also compare two predictive distributions obtained from
distinct datasets or model architectures.

Building on the first-order CvM divergence, we introduce the Rank Graduation (RG)
index as:

C UM 1 (F Y, F, {/)
GY)
where G(Y') denotes the Gini coefficient computed from the empirical distribution

of the true outcome (Auricchio et al., 2026).
An equivalent formulation of the CvM divergence can be expressed as:

RG1(Y,Y)=1- (1.21)

Shttps://github.com/mlgig/tshap
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1
CMy (0 ) = [ 1Fu(®) = e (OF dBu) = [ 1Lvizlt) = Ly (O dp(t),
(1.22)
where Ly (t) denotes the Lorenz curve associated with Y, and Ly, z(t) denotes the
concordance curve between Y and Z.

In the binary setting, when Y represents the true labels and Y’ = Y the predicted
scores, the RG measure coincides with the classical Area Under the ROC Curve (AUC).
Unlike AUC, RG naturally extends to ordinal and multiclass outcomes, providing a
consistent ranking-based performance measure.

For multiclass problems, RG is computed using a one-vs-rest strategy: a score is
evaluated for each class by comparing the class indicator with the predicted class prob-
ability. The overall multiclass RG is obtained as a convex combination of the per-class
scores weighted by the empirical class frequencies.

The metric can also quantify different SAFE-AI dimensions depending on the vari-
ables (Y,Y”) under comparison. When Y is the ground truth and Y’ = Y the model
prediction, it measures accuracy resilience (RGA) (Giudici and Raffinetti, 2025). When
predictions on original data Y = Y are compared with predictions on perturbed in-
puts Y/ = Y (#), it evaluates robustness (RGR). Finally, when predictions are compared
before Y = Y and after Y’ = Y () controlled feature modifications, it measures the
explainability (RGE).

A key strength of the SAFE-AI framework is that RGA, RGR, and RGE are not sepa-
rate metrics but specific realizations of the same RG family. This common foundation
ensures conceptual consistency and enables their aggregation into a unified evaluation
framework. Furthermore, it naturally extends to the AUC-based approach, where the
integral of each RG curve provides a global summary measure (Giudici and Kolesnikov,
2026):

+ AURGA (Area Under the RGA Curve) evaluates ranking stability when pro-
gressively removing the most confident predictions. For each removal fraction
x € [0,1], samples are sorted by prediction confidence, the top z fraction is
removed, and RGA is recomputed. The resulting curve RGA(x) is integrated as:

1
AURGA = / RCA(z) do
0

« AURGR (Area Under the Robustness Curve) measures prediction stability
under increasing perturbation levels o obtained through Gaussian noise injec-
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tion. The predictions are recomputed at each perturbation level and compared
with the original output using RGR, producing a curve RGR(o), which is inte-
grated as:

1
AURGR = / RGR(c) do
0

« AURGE (Area Under the Explainability Curve) evaluates structural depen-
dence on input components. Features are progressively removed according to a
predefined strategy (greedy importance-based feature removal for tabular data,
spatial or token masking for images and text), predictions are recomputed, and
the resulting RGE(z) curve is integrated as:

1
AURGE = / RGE(z) do
0

1.4 Financial Use Case

Classical models, as the Logic Learning Machine natively interpretable model have
been tested on a financial dataset, measuring not only classical performance indicators
(such as accuracy), but also the innovative metrics proposed by the SAFE-AI paradigm
(Kolesnikov et al., 2026).

The considered dataset is derived from the 2017 Home Mortgage Disclosure Act
(HMDA) records for the state of New York (Consumer Financial Protection Bureau,
2017). The data contain detailed information on mortgage loan applications and is used
in studies of credit risk and fairness (Babaei, Giudici, and Wu, 2026). The target variable
is action_taken, representing loan denial or approval. During preprocessing, irrelevant
variables are removed while categorical attributes (e.g. applicant sex, race, ethnicity,
loan type, lien status) are preserved as nominal features, which can be directly handled
by the Logic Learning Machine model.

Across all datasets, we benchmark some interpretable models, such as Logic Learning
Machine and Logistic Regression, against a set of widely used classifiers representing
black-box approaches (the details of these techniques are outside the scope of this
book): Random Forest (RF), Support Vector Machine (SVM), Extreme Gradient Boosting
(XGB), and a Multilayer Perceptron (MLP). In addition, two ensemble strategies (that is,
techniques in which multiple models contribute to the final prediction) are considered:
a soft Voting Ensemble Model (VEM) combining RF and XGB, and a Stacking Ensemble
Model (SEM) using RF and XGB as base learners with a Logistic Regression controlling
their interaction, as a meta-learner.
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Hyperparameter optimization for LR, RF, SVM, and XGB is performed using Optuna
(Akiba et al., 2019), maximizing the mean macro-F1 score under an internal stratified
cross-validation. The resulting optimal parameters are reused in the outer folds to
prevent data leakage.

Model evaluation follows a stratified 5-fold cross-validation protocol. Models are
trained on a subset of data (the so-called training split) and evaluated 5 times on the
rest of the data. The performance corresponds to the average result on this portion
of data, not used for training. Standard predictive performance is reported using Ac-
curacy, macro-F1 and Mean Squared Error (MSE) computed from the predicted class
probabilities.

Model Accuracy Fl-score MSE RGA AURGA AURGR AURGE
LR 0.637 0.568 0.225 0.683 0.249 0.650 0.661
RF 0.756 0.630 0.169 0.722 0.281 0.521 0.681
SVM 0.816 0.460 0.146 0.614 0.196 0.475 0.455
XGB 0.794 0.583 0.156 0.675 0.238 0.430 0.590
VEM 0.795 0.607 0.147 0.712 0.273 0.491 0.653
SEM 0.776 0.595 0.197 0.665 0.233 0.417 0.576
MLP 0.820 0.514 0.136 0.713 0.274 0.551 0.673
LLM (Specific) 0.800 0.583 0.152  0.668 0.235 0.658 0.609
LLM (General) 0.806 0.527 0.235 0.756 0.157 0.739 0.715

Table 1.4: Performance comparison across the HMDA dataset using standard and SAFE-AI
metrics across 5 folds.

The results in Table 1.4 reveal the differences between predictive performance and
SAFE-AI metrics in the HMDA dataset. Two configurations of the Logic Learning Ma-
chine are reported, corresponding to different rule generalization levels. More specific
rules improve predictive fitting, while more general rules reduce predictive perfor-
mance but increase robustness and explainability. This trade-off is particularly evident
for this dataset and appears less pronounced in the image and text datasets considered
below.

Considering the standard predictive metrics, MLP achieves the highest accuracy
(0.820) and the lowest MSE (0.136), while RF obtains the best F1-macro (0.630), indi-
cating a stronger balance under class imbalance. Other models such as SVM, VEM and
XGBoost also reach high accuracy, although SVM shows the lowest F1-macro (0.460).

SAFE-AI metrics provide complementary insights into model behavior. RF achieves
the highest RGA and AURGA values, while MLP and VEM obtain comparable results
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in terms of these metrics, indicating stability of predictive rankings under feature re-
moval. In terms of robustness to input perturbations, Logistic Regression shows strong
AURGR despite lower predictive performance, highlighting that simpler models can re-
main stable under noise. Similarly, explainability robustness measured by AURGE is
highest for Random Forest and MLP, while SVM appears more sensitive to the removal
of informative features.

Focusing on the Logic Learning Machine, the configuration with more specific rules
achieves a competitive predictive performance, while the more general configuration
improves robustness and explainability, reaching the highest AURGR and AURGE val-
ues. Overall, these results highlight how SAFE-AI metrics reveal strong robustness
and explainability properties depending on the rule generalization level.

— Linear —— SVM —— VEM MLP
RF —— XGB —— SEM — Rulex LM

RGA curves RGR curves RGE curves

0.0 02 04 06 08 10
Removed feature fraction

Figure 1.5: Example of SAFE-AI curves on the HMDA dataset. The figure shows the mean
RGA, RGR, and RGE curves computed across the 5-fold evaluation for all models

Figure 1.5 illustrates an example of the SAFE-AI curves, which highlights differences
in model stability under the SAFE-AI evaluation framework. Due to space limitations,
SAFE-AI curves are reported only for the HMDA dataset as a representative example.

Consistent with the aggregated metrics reported in Table 1.4, the Logic Learning
Machine configuration with more general rules exhibits stronger robustness patterns,
reflected in the slower decrease of the RGR and RGE curves.
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2 XAl On Unstructured Data

In the previous chapter, we have analyzed how it is possible to provide some moti-
vations for decisions proposed by an algorithm or, more generally, how to make its
behavior more auditable, assuming that our input information is stored in a table. Yet,
it could be that our source of information has a more complex structure: for example,
a (set of) photo(s) and/or a (set of) document(s).

In that case, a pure replica of what we have learned so far would be ineffective to
deal with this new challenge because, for example, techniques like LIME or SHAP, in
their native form (the one that we have investigated up to now) are not well-equipped
to scale to images or text. In this chapter, we aim to give an overview about how XAI
can be applied to this kind of non-tabular data, to which we refer to as unstructured
data.

2.1 Images

A fundamental challenge in Machine Learning (ML) for Computer Vision is explaining
how a black-box model classifies images, providing insights into the representations
the model has learned from data. A key approach to this problem involves attributing
importance scores to individual pixels, identifying their contribution to the decision-
making process of the model. This task, commonly referred to as explaining model
predictions, plays a crucial role in enhancing interpretability and trust in Al-driven
image classification.

One of the most widely used methods for this purpose is an adapted version of
SHAP (SHapley Additive exPlanations), which applies game-theoretic principles to the
explainability of ML. SHAP combines feature removal (masking) (S. M. Lundberg et al.,
2017) with hierarchical image partitioning (S. Lundberg, 2020), computing feature
attributions on a refinable axis-aligned (AA) grid of pixels to approximate the regions
most relevant to an image classifier.

Another influential method is an adaptation of LIME (Local Interpretable Model-
agnostic Explanations) (Ribeiro et al., 2016a), which, despite lacking theoretical guar-
anties, remains popular for its ability to pre-identify relevant image regions through
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Figure 2.1: LIME Image workflow.

segmentation. However, LIME and similar approaches rely on predefined segmenta-
tion that matches the relevant image regions, and cannot adaptively refine these re-
gions if the initial segmentation is suboptimal, limiting their effectiveness for complex
image data.

LIME for Images

Let us briefly review how the LIME approach, described in the previous chapter for
structured data, can be adapted to images.

Fig. 2.1 depicts the LIME Image workflow steps, and is used throughout this section
to provide examples. Let us consider the domain of RGB images of size h X w, denoted
as T € [0 — 255]hxwx3,

Let f : Z — R be a black-box model function that provides a prediction score given
an input image !, and let £ € Z be the sample image being explained.

The main purpose of LIME is to generate a linear model g that locally approximates
the explained black-box model f in the vicinity of an input sample &.

LIME explanations are not built directly on the image Z, but on a smaller domain
denoted as the interpretable representation. This domain is obtained by dividing the
input image into k superpixels (also called segments, regions , or patches) using a tool
such as the quick shift (Vedaldi et al., 2008) algorithm. A superpixel is a contiguous
region of pixels of ¢ that share some kind of similarity, and such that the k superpixels
form a partition of the pixels of £. Fig. 2.1A shows an example of an image taken from
the Imagenet Object Localization Challenge. Fig. 2.1B shows its segmentation obtained

!We consider only the case of a binary class prediction, as the multi-class prediction is usually treated as several
one-vs-rest binary class prediction problems.
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from the quick shift algorithm?, resulting in k = 84 superpixels. The model used for
the classification is ResNet50 (He et al., 2016), pretrained for ImageNet task. The
image in Fig. 2.1A is correctly classified as indigo_bunting with probability 99.49%.

The approach of LIME Image is based on the concept of superpixel masking. Let x €
{0, 1}* be a binary vector (mask) representing the presence (value 1) or the absence
(value 0) of each of the k superpixels. Using a mask z, a perturbed input image &, is
obtained by preserving the pixels of each superpixel ¢ having z[i] = 1, and replacing
every other pixel whose superpixel i has z[i] = 0. Replacement can be done in several
ways. By default, pixels of a masked superpixel i are replaced by the mean color of
that superpixel (mean-filled). Alternatively, they can be replaced with a fixed color
value, like black (zero-filled). We use notation ' = x[i < v] to denote a new mask z’
obtained from a mask x by replacing the value for superpixel ¢ with v. Moreover, let
|z| be the number of preserved superpixels, i.e. those having z[i] = 1.

In LIME Image, the individual values of a mask vector x are sampled using an unbi-
ased Monte Carlo strategy, i.e.

[i] ~ B(0.5), 1<i<k 2.1)

where B(p) is a Bernoulli-distributed random variable that has probability p=0.5. A
set of masks X with n samples is made by randomly sampling n instances of (2.1)
for the same input image £ having k superpixels. A synthetic neighborhood N (§) =
{& | * € X} with n samples is created by perturbing the input image £ using n
randomly sampled masks. A depiction of the set of masks n is shown in Fig.2.1C:
randomly sampled masks x; are used to generate perturbed input images ,,, using
two replacement strategies.

All perturbed samples N (£) can be classified by the black-box model f, resulting in
dependent variables:

Y = {f(gx) | & € N(f)} (2.2)

A distance function is adopted, in order to weight the perturbed samples differently.
The intuition followed by LIME is that samples closer to & should weigh more.
Given a mask z, the weight w,, is:

Wy = exp (W) (2.3)

where D is the cosine similarity score between x and 1 (the vector of ones, i.e., the

2Using: kernel_size = 4, max_dist = 7, ratio = 0.2.
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mask where everything is preserved), while o = 0.25 (by default) is the width of the
kernel. See (Garreau et al., 2020) for an analysis on the role of (2.3) and o.

Let us use the default value, as the focus is on the sampling methodology; let W =
{w, | + € X}. Having the mask set matrices X € {0,1}"**, the weights W ¢
R™*! and the dependent variables Y € R™*! for all the observed samples in the
synthetic neighborhood N (&), then Y can be written as the response variable of the
linear regression model. LIME adopts a simple linear homoschedastic model (DuMouchel
et al., 1983) for its regression coefficients, which is:

Y=X -F+e¢ (2.4)

where the vector [ is the weighted least squares estimator of the regression coefficients
of Y on X weighted by W.

To simplify our analysis, we consider no regularization factors (default for LIME Im-
age is ridge regression with L? regularization), similarly to (Garreau et al., 2020). This
simplification does not significantly alter our main considerations, which are focused
on the sampling strategy.

The coefficients (3 are results from:

B=X"WX)'X"WY (2.5)

which solves Eq. (2.4). A linear function g(x) with coefficients /3 is a linear regressor
that locally approximates the initial black-box model f.

The k coefficients of 3 can be interpreted as the importance of the characteristics (or
the attribution of the characteristics) of each of the k superpixels of the input image &.
In that sense, the k superpixels form the set of interpretable features of the input image,
over which the explanation is built.

There are two levels of interpretation of 3. By default, LIME Image suggests to se-
lect only the superpixels with the highest value (Fig. 2.1D), resulting in a sub-region
in the image (the get_image_and_mask method). The number of selected superpixels
is decided by the user: LIME does not provide a heuristic for this task. Alternatively,
the coefficients can be visualized as a heatmap, identifying the contribution of each su-
perpixel to the classification (Fig. 2.1E). The intensity of the color represents the value,
with white representing the zero. Coefficients with higher absolute values mean that
the corresponding superpixel is more important in the classification result f(&).

The scale of the coefficients can vary (in Fig. 2.1E the same scale is used for both
heatmaps) and it is known as not particularly relevant, as shown in (Garreau et al.,
2020) (only the ratios among the coeflicients are).
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Figure 2.2: How LIME is supposed to work (A), and how it actually works (B) using Monte
Carlo sampling for a large enough k. Source: (Rashid et al., 2024)

Finally, it is important to examine the distribution of the Y values in the neighbor-
hood (i.e. the values of f(&,;)) with respect to the count |x| of masked superpixels
(Fig. 2.1F). This plot shows if the Y values are sampled throughout the distribution
(top to bottom), or if there are clear unbalances. In Fig. 2.1F, the distribution for the
zero-filled case has a good balance, since there are values obtained from the black box
model f covering the entire spectrum of values, while in the plot for the mean-filled
case the balance is problematic, having most Y values concentrated in the top.

Shapley for images and Hierarchical Coalition Structures (HCS)

Let us consider the setup of a n-coalition game (N, v), which can be considered anal-
ogous to an importance scores attribution task in XAI (Rozemberczki et al., 2022a).
The finite set A" = {1,...,n} is the set of players (features). Each nonempty subset
S C N is a coalition, and N is itself the grand coalition.

A characteristic function v : 2" — R assigns to each coalition S a (real) value of
value v(S), and it is assumed that v(&) = 0 (it is always possible to ensure v(&) = 0
by translation of the equation system).

A marginal contribution of a player 4 to a coalition S (assuming ¢ ¢ S) is given by:

Ai(S) = v(SU{i}) —v(S) (2.6)

Semivalues (Dubey et al.,, 1981), weighted sums of marginal contributions (2.6), were
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proposed to address the issue of fair distribution of the total value v(/N) of the grand
coalition A/ among its members. The Shapley value, a well-known semivalue intro-
duced in (Shapley, 1953), demonstrates favorable axiomatic properties and has been
used effectively to explain ML models (Rozemberczki et al., 2022a).

A fixed a-priori coalition structure (Lopez et al., 2009; Guillermo Owen, 2013; Guil-
liermo Owen, 1977) for the N\ players is a finite set {7} ... T}, } of m partitions of N’
(le. U Ty, = N,andT; NT; # & < i = j). Elements 7T} are usually called
partitions, coalitions, teams or unions.

Let us consider a recursive definition of a hierarchical coalition structure, where
each partition 7" can be either an indivisible partition or a sub-coalition structure itself
T=T1U...UT,,. Let T| be the (downward) recursive partitioning of T, defined as:

T) = {{Tl ...Ty,} if T admits a sub-coalition structure 27)

1 if T is indivisible

We denote with 7 the HCS root, and assume w.l.o.g. that 7 contains all the elements
of N.

A special case of HCS happens when each sub-coalition structure is made by two
partitions, i.e. the hierarchy forms a binary tree. We refer to these structures as binary
hierarchical coalition structures (BHCS). In that case the recursive downward partition-
ing of T' can be simplified as:

) = {{Tl, Ty} if T admits a binary sub-coalition structure (2.8)

1 if T is indivisible

Computing Shapley values has exponential time complexity, which is unfeasible for
image data with hundreds or thousands of features (pixels). An approximate approach,
introduced by (Guilliermo Owen, 1977), can be used to drastically reduce complexity
by grouping features into hierarchical coalitions.

This concept has been pioneered for image data by the SHAP Partition Explainer (S.
Lundberg, 2020; Shrikumar et al., 2017; S. M. Lundberg et al., 2017).

A coalition value Q;(T) represents the worth of the player i in a game with coali-
tion structure 7, and is known as the Owen coalition value (Guilliermo Owen, 1977).
Computing coalition values on a binary HCS T as defined in (2.8) can be done with a
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recursive formula:

1 1
SRQUD, Th) + S¥QTh) i TL={Th, Tn}

Q1) =12 o
ol A7 (Q) if T is indivisible

(2.9)

st. Q(T) = Q¥(@,T). The former case of Eq.(2.9) deals with coalitions 7" that
admit a sub-coalition structure 7| # L. We assume, for notational simplicity and
without loss of generality, that ¢ € 7. The latter case of Eq. (2.9) deals with indivisible
coalitions. In that case, the formula assigns a single coalition value to all players in 7',
divided uniformly among all members in 7T'.

Stratified LIME

Let us now consider a variation of LIME which has been recently introduced to improve
its effectiveness in the image domain: Stratified LIME (Rashid et al., 2024).

Our initial consideration is that, although there have been a number of successful
applications of LIME (Bodria et al., 2023), the effectiveness of the explanation process
largely depends on several factors.

One of such factors is the sampling process, which is stochastic and inherently un-
certain. The use of a Monte Carlo strategy in Eq. (2.1) to sample the interpretable
feature space when it is made up of more than a few dozen superpixels has important
consequences.

Under-Representation of the Neighborhood. The intuition behind LIME is de-
picted in Fig. 2.2A, which is inspired by the one found in Ribeiro et al., 2016b, Fig.3.
The explained sample ¢ (represented as a cross) is surrounded by its synthetic neigh-
borhood N (§) (represented as dots), whose classifications are obtained by the black
box model f and weighted by their proximity to £ (size of dots). A linear regressor
(the green dashed line) is fit on these points weighted by their distance to £, and in
principle it should be locally faithful to f(£). LIME Image however works like that
only when the number of superpixels is very small. Since masks are obtained from
Eq.(2.1) having a fixed Bernoulli coefficient of 0.5, the probability of selecting a mask
x having a given number of preserved superpixels |z| follows the binomial distribution
B(k, |z|) with probability mass function (|I;|)p‘””| (1 —p)k-lel,

Fig. 2.3A shows the probability mass function for a few £ values, k being the num-
ber of superpixels. This PMF is of course not uniform, and the probability of randomly
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(A) Binomial PMF B(k, |m|) (B) Shapley weight
for a Bernoulli process B(0.5) function I'(k, [m|)
==
0.05 A \ e k=50
0.00 - X : f
bt
1077 1
\:)/ 10_10 i 10—11 i
=]
TU T T T T T T
= 0 25 50 0 25 50
Preserved superpixels |m)| Preserved superpixels |m)|

Figure 2.3: Binomial (A) and Shapley weight (B) distributions for £ = 10, 20 and 50. Source:
(Rashid et al., 2024)

sample points at the extremes drops rapidly. There is no indication of how many su-
perpixels a LIME Image can manage, but both the default parameters and practical
experience (Vermeire et al., 2022) shows that an image needs to be split into tens or
even a few hundreds of superpixels, in order to have enough patches to correctly iden-
tify object borders. In that case, samples will distribute around ¢ forming a sort of
hypersphere, as illustrated in Fig. 2.2B, where almost no sample is really close to &,
since the probability of the binomial distribution concentrates around samples having
~50% of the superpixels masked. In that way, the local behaviour (i.e. samples with
|z| close to k) is under-represented in the neighborhood.

Dependent Variables Distribution. As seen in Fig. 2.3A, by increasing the super-
pixels k the probability of obtaining samples from the tails of the distribution is prac-
tically reduced to 0. This effect depends on both the model and the input image: if
selecting randomly about 50% of the superpixels still allows the model to produce a
“reasonable” distribution of the dependent variable Y, a linear regressor can be fit and
an explanation can be produced. If however the Y distribution is flattened, no reason-
able explanation can be produced, as the linear regressor will be fit on almost uniform
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values.
(A) Input image ¢ k |max_dist
Class: hyena 50 8.691
Probability: 99.46% 100 | 4.956
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Figure 2.4: Dependent variable undersampling (low RC(Y")) results in confused explanations

(low CV(B)). Source: (Rashid et al., 2024)

Fig. 2.4 shows an example of this behaviour. The input image (A) is correctly clas-
sified by the model as hyena with high probability. Feature importance vectors 3 and
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the distribution of the dependent variables Y (versus the number of masked super-
pixels |z|) are shown in (B) and (C), respectively, for four different segmentations
(k = 50,100,150 and 200 superpixels, respectively). All values (heatmaps, C'V (f3),
RC(Y)) are averages of 10 computations, to reduce randomness in the reported re-
sults. With & = 50 segments (left), the Y distribution has enough variability to obtain
a vector (3 that highlights which segments are more important. Increasing the number
of superpixels reduces such variability in the Y distribution, resulting in explanations
that are more and more “confused”. On these distributions it is of course harder to
fit a linear regressor that is truthful to the explanation. Intuitively, it is like Fig. 2.2B
where the hypersphere is almost entirely far away from . In that case, the explanation
produced by the LIME Image will be progressively more meaningless.

In these problematic cases the values of the § vector also drops to very small num-
bers (scale is reported below each heatmap in (B)), and variability across the feature
importances decreases. To quantitatively measure such form of “confusion”, we em-
ploy the standard coefficient of variation, defined as:

CV(8) = ;‘TZ (2.10)

where 03 and pi3 are the standard deviation and the mean of 3, respectively. Ideally, a
good C'V () should not be close to zero (which would mean that all superpixels have
almost the same value, and no clear sub-region in the image is identified). The C'V (5)
values for the example in Fig. 2.4 are reported in the (B) row.

We also want to quantify the (approximate) range coverage of the Y values in the
synthetic neighborhood. Theoretically this range is [0, f(£)], but of course it can have
under- or over-shoots due to the nature of the classification model. To do so, we mea-
sure the proportion of that range that is contained in the 1% — 99% interquantile range
(IQR) of the Y distribution, using:

RO(Y) = IQR;(;)Q(Y)

Low values of RC(Y') indicate that the sampled Y distribution is squashed into a
small range of values, not covering the full [0, f(£)] spectrum (like in Fig. 2.4C/right).
Ideally RC(Y") should be far from zero to have a good coverage of the probability

range [0, f(£)] by Y.

(2.11)
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Sample Relevance. Inrecent years, the Shapley theory (S. M. Lundberg et al., 2017)
has received a lot of attention in the context of model-agnostic explainability, due to
its flexibility and its axiomatic formulation (Rozemberczki et al., 2022b). While LIME
does not have a corresponding axiomatic definition, we can still learn some insights
from how Shapley values are defined over a weight sample space.

The Shapley value for a superpixel ¢, that can be interpreted as an importance score,
is defined by:
oi= > T(k—1le)(f(Epicn) — F(&)) (2.12)

zexli
with X[l being the set of all masks x having z[i] = 0, and with the Shapley importance
function as discussed in (Monderer et al., 2002)
-
(k+1)(z)

||

L(k, |x|) = (2.13)

Fig. 2.3B shows the Shapley importance function for a few k values. Higher values
of I'(k, |z|) for a mask = mean that samples having that mask will weight more in
the final value of ¢;. Comparing Figures 2.3A and B clearly shows that LIME Image
samples the majority of the masks among those having the least importance (in the
Shapley sense). In fact when p = 0.5 the following holds:

(ja)pll(1 — p)k=ie _0.5%
(k+1)(|§\) S k+1

Bk, |x]) - T'(k, |z|) =

i.e. the Shapley importance is the reciprocal (times a constant) of the binomial distribu-
tion B(0.5) used by LIME. This is an informative detail of the Shapley theory, which
motivates the proposed sampling theory.

Interestingly, Shapley value computation is not typically performed as a Monte
Carlo sampling, but adopts other strategies to generate the samples (Okhrati et al.,
2021; Mitchell et al., 2022). For instance, in (Guillermo Owen, 1972) Eq. (2.12) is rewrit-
ten as:

! 1
b :/ ( > — 7 (f (&aficry) — f(fz))) dg (2.14)
0 mEXgi]] ‘Xq ’
with Xgi]] being a random subset of masks z, having z[i{] = 0 and, for all j # 1,

z[j] ~ B(q) with B(q) a Bernoulli-distributed random variable having probability ¢.
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Such strategy allows to get samples across the entire spectrum of |z| values. In this
paragraph we discuss a strategy for LIME Image where z values are not sampled from
B(0.5) as in Eq. (2.1) but from a modified version of Eq. (2.14).

Let us now describe a methodology based on stratified sampling of the X values,
where each stratum has a uniform probability of being selected and represented in the
samples of X. This oversamples the “rare” samples at the tail of the Y distribution,
improving the samples over which the linear regressor is fit. However, this sampling
could result in a form of bias. To avoid that, an adjustment factor is introduced to
counterbalance the oversampled data points.

Let X denote the complete population of mask samples, having 2* elements, and let
Y be the dependent variable of X. Let us consider a stratified partitioning. Let X%
be the set of all possible masks having |z| = i, i.e. for which exactly i super-pixel are
preserved. Clearly, X(©) ... X(*) forms a partitioning of all possible masks, and:

k
1=0

since any possible mask z appears in one (and only one) set X%, Moreover
X(©={0} and X*)={1} (masks for the explained input sample with everything/noth-
ing perturbed, respectively). Each stratum X(?) does not have a uniform number of
samples, but its size is known a-priori since they follow the binomial distribution, i.e.

x| = <k> 0<i<k (2.15)

1

In an unbiased Monte Carlo sampling model, as in Eq. (2.1), the probability of select-
ing a sample z in a stratum X' (), with i = ||, is therefore proportional to that stratum
probability in the overall population &', i.e.:

. x @) ()
P x® xy— L)
rob{x € |z e X} ENETTRT

Let X be an oversampled population, where the probability of taking samples from
any of the k + 1 strata is uniform and does not depend on the stratum size, i.e.:

, > 1
Prob{z e XV |z e X} = 1
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Let Y be the corresponding dependent variables for X. We can derive an adjustment
factor for the X samples to correct the bias introduced by the oversampling, which
results for an arbitrary sample z in stratum X' () as:

o0\ T (@) T k
ity - P e X0 e e X} (1))

= — = 2.16
Prob{z € X() |z € X} 2k (2.16)

The weighted regression with the oversampled set X can be obtained by inserting the
adjustment factor as a multiplicative term in the existing weight equation of LIME. Let

W~ be the weight of sample 2 € X obtained from Eq. (2.3) multiplied by adj(|Z|), and
let W = {ws |z e X} be the set of weights for the set X. Then let:
B=X"WX)'X"TWY (2.17)

be the weighted least square estimator of the regression coefficients of Y on X that
takes into account the strata density of the oversampled set X.

The Mixture Model. The linear homoscedastic regression model of Eq.(2.4)
adopted by LIME may not be particularly accurate when strata at the tails are severely
undersampled, and these strata are significantly different from the mean. In that case,
B is not globally unique across the sampled population, but varies by stratum:

o~

vO = X@ . 30 4 @) (2.18)

Intuitively, the B () vectors represents the feature importance for stratum 4, which is
at uniform “distance” from the input sample £. The closer i is to k, the closer &, is to &.

Impact of Stratified Sampling in LIME Image. The impact of using a weighted
regression from a stratified sampling schema may not be negligible. We simplify the
analysis by considering two cases.

Case (A): The mean and variance of B are independent of the strata (i.e. the popu-
lation structure is homoscedastic). Then it is easy to see that E[3] ~ E[3()], for any
i. In that case, a weighted regression model of Eq. (2.17) is not needed, and the model
computed by LIME using Monte Carlo sampling will not have issues due to the under-
sampling of the tails. In that case, the stratified sampling will converge to the same
values, regardless of the strata ratios in the synthetic neighborhood.
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Algorithm 2: Neighborhood sampling strategies

function MonteCarloSampling(n, k)
X < n X k matrix ;

for ¢ between 1 and n do

L for j between 1 and k do

O

| X[i,j] < B(0.5)
unction StratifiedSampling(n, k)
X < n X k matrix ;
for ¢ between 1 and n do
q < Uniform(0,1) ;
for j between 1 and k do
Xli,j] < B(q)
adjli] « (k+1) - 3¢ - (1)

oA W N
=y

=)}

Case (B): The mean and variance of B vary by stratum. In that case, the bias in-
troduced by the Monte Carlo sampling scheme will not allow to consider systematic
differences in the stratum, and a weighted regression or a mixed model built on a
stratified sampling strategy is highly recommended (DuMouchel et al., 1983).

In a certain sense, Case (B) is even worse, because the undersampling of the neigh-
borhood of € breaks the logic of building models that are locally faithful to the black box
model f in the neighborhood of the explained sample, since the local neighborhood
(close to ) that is really representing the local behavior is missing/undersampled.

Algorithm 2 outlines two sampling methods: the original Monte Carlo sampling
used by LIME Image, and the introduced stratified sampling technique.

The MonteCarloSampling function computes the data matrix X (from Eq. 2.1) with
replacement.

StratifiedSampling is one possible way to generate a stratified population, similarly
to Eq. (2.14). For every sample i, a single coeflicient ¢ is randomly drawn from a uni-
form distribution that varies between 0 and 1.

The individual values of the i-th mask vector are then sampled from a Bernoulli
random variable B(q) with probability ¢. This will obtain a sample X[i] in stratum
X (XD, where strata now have the same probability of being selected. The adjustment
factor adj[i] for the sample i is also calculated.
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Other strategies could also be used (Rao, 1977). An interesting approach suggested
in (Konijn, 1962) for computing the coefficients would be to fit one linear regressor for
every strata and then form a mixed model with the averages of the coefficients.

However, this approach requires more changes in the LIME code; thus we have
favored the approach of Algorithm 2 which is more straightforward. Experimental
results showing the effectiveness of the proposed technique are described in (Rashid et
al., 2024). A Python implementation of the technique is publicly available on Github®.

Shttps://github.com/rashidrao-pk/lime_stratified
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2.2 Text

Thinking about technologies and algorithms allowing us to learn from unstructured
text, the first thing that probably comes to our mind are modern chatbots, that is, tools
which are able to answer a text message with another text message, aiming to emulate
a conversation among human beings.

From this point of view, the public release of ChatGPT 3 at the end of 2022 catalyzed
broad attention to language technologies by offering a natural, fluid, and contextually
adapted dialog both to non-specialists and experts. What made this wave of chatbots
compelling is not only their practical versatility but also the impression of “speaking
our language”—accepting free-form natural language prompts and returning similarly
unconstrained answers.

However, despite apparent intelligence, such systems remain engineered artifacts
produced by training on vast corpora with statistical learning objectives. Their ability
to appear to understand is grounded in vectorized representations, sequence modeling,
and large-scale optimization rather than in semantic comprehension per se (Brown et
al., 2020; Le Scao et al., 2022).

In parallel with these capabilities, the recent literature has started to question the
rigidity of current architectures and training pipelines, in particular the sharp divide
between offline pre-training and deployment-time usage. A new proposal dubbed
Nested Learning (NL) aims to close this divide by organizing learning as a hierarchy of
coupled optimization processes operating on multiple timescales, with the goal of miti-
gating catastrophic forgetting and enabling permanent structured adaptation (Behrouz
et al., 2025).

This section aims to resume three complementary perspectives: (i) the historical and
conceptual foundations from bag-of-words to embeddings and Transformers; (ii) the
observed versatility and educational affordances of modern chatbots; and (iii) the NL
paradigm as an integrated approach to continual learning and optimizer—architecture
co-design (Mikolov et al., 2013; Vaswani et al., 2017; Raffel et al., 2020; Behrouz et al.,
2025).

From Counts to Vectors: Embeddings as the Interface Between Text
and Computation

Early computational treatments of text typically relied on the bag-of-words represen-
tation: tokenization over a fixed vocabulary followed by frequency counts, yielding
sparse, high-dimensional vectors for each document. While useful for rudimentary
similarity via dot products, this approach discards order, fails to encode synonymy,
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and provides little inductive bias about relational structure among terms. For example,
in a bag-of-words model the sentences “The cat chased the mouse” and "The mouse
chased the cat” receive identical vector representations, even though they describe
opposite situations in terms of who is acting on whom.

Classical word2vec models operationalize the idea of learning word embeddings
through the definition and the optimization of a predictive objective. The core setup
is a large corpus and a fixed vocabulary; each word w in the vocabulary is associated
with two trainable vectors: an “input” embedding v,, and an “output” embedding .
Training proceeds by applying a sliding window over text and defining a prediction
task:

« In the CBOW (Continuous Bag-of-Words) variant, the model is given the em-
beddings of the surrounding context words and must predict the center (target)
word.

« In the Skip-gram variant, the model is given the embedding of the center word
and must predict each context word within a fixed window.

In practice, skip-gram with negative sampling became the most widely used configu-
ration (Mikolov et al., 2013). When we speak about skip-gram with negative sampling,
we mean that, for a target word w; and a context word w,, the model maximizes the
probability that this pair comes from real text, while simultaneously minimizing this
probability for several randomly sampled “negative” words wy,.

An optimizing algorithm (usually stochastic gradient descent (Amari, 1993), or a
close variant) is used to update both the input and output embeddings so that true
co-occurring words are pulled closer together in the embedding space, whereas ran-
domly paired words are pushed apart.

This simple predictive mechanism yields several notable properties: for exam-
ple, words that appear in similar contexts (e.g., “doctor” and “physician”) acquire
similar vectors, embodying the distributional hypothesis (“you shall know a word
by the company it keeps”). Moreover, the learned geometry often encodes seman-
tic and syntactic relationships as approximately linear directions in the space (e.g.,
king — man + woman = queen). In addition to that, negative sampling and related
tricks (like subsampling very frequent words and using a tailored unigram distribu-
tion for negatives) make training feasible on billions of tokens with relatively small
models. Finally, embeddings are typically characterized by a dimension between 100
and 400 features, capturing a much richer similarity structure than sparse one-hot or
count-based vectors, while remaining compact and amenable to downstream models.
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Thus, word2vec concretely implements the transition described above: instead of
relying on raw co-occurrence counts or high-dimensional bag-of-words representa-
tions, it learns dense vectors directly from a predictive objective, jointly optimizing
the embedding parameters and the shallow network that defines the prediction task.
This shift underpins the success of many subsequent embedding and contextualization
methods.

Transformers and the Attention Mechanism

Recurrent neural networks (RNNs), Long Short-Term Memory (LSTM) networks, and
Transformers form a historical progression of architectures for sequence modeling,
each addressing key limitations of its predecessors.

Classical RNNs process sequences step by step, maintaining a hidden state that is
updated recurrently:

he = f(Wanze + Winhi—1 + 1), yr = g(Whyhs +by),

where x; is the input at time ¢, h; is the hidden state, and f, g are nonlinearities. This
recurrence gives RNNs a form of memory: information from earlier time steps can, in
principle, influence later predictions.

However, standard RNNs suffer from vanishing and exploding gradients: backpropa-
gation through many time steps causes gradients to decay or blow up, making it hard to
learn long-range dependencies. Moreover, each hidden state depends on the previous
one, which prevents efficient parallelization over time steps and slows training.

LSTMs were introduced to address the temporal credit assignment and gradient
problems. They augment the RNN with a cell state ¢; and gating mechanisms that
regulate information flow:

ft = o(Wylhi—1, 2] + by)

iy = o (Wilhi—1, 2] + bi)

¢ = tanh(Welhy—1, 4] + be)
a=fOa1+itOc

or = 0 (Wolhi—1, 24 + bo)

hi = oy ® tanh(cy),

forget gate)
input gate)
candidate state)
cell update)
output gate)
hidden state)

o~ o~ o~ o~ o~ o~

where o is the sigmoid function and ©® denotes elementwise multiplication.
In terms of design, LSTMs improve the flow of gradients, because the cell state c;
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provides an almost linear path for gradients, alleviating vanishing gradients and allow-
ing better long-range modeling. Also, gates dynamically control which information is
stored, updated, or discarded, so important signals from the past can more effectively
influence current predictions.

Yet, LSTMs retain core RNN drawbacks: computation is still sequential in time, lim-
iting GPU parallelization, and modeling very long contexts remains challenging, espe-
cially when dependencies skip over many intermediate tokens.

Transformers introduce a decisive shift by replacing recurrence with self-attention,
allowing massive parallelization and more flexible context modeling (Vaswani et al.,
2017). Instead of propagating information solely through a chain of hidden states, self-
attention allows each token to directly attend to all others in the sequence.

Given input representations X = [z1,...,2z7], a self-attention layer computes
queries (), keys K, and values V:

Q=XWq, K=XWgk, V=XWy,

thus the attention output is:

Attention(Q, K, V') = softma QK V.
5 y = X .
Vg

This mechanism assigns dynamic, context-dependent weights to all input positions,
allowing the model to focus on the most informative tokens at each step of generation
or prediction. Multi-head attention repeats this process with multiple learned projec-
tions, letting the model capture different types of relationships in parallel.

Transformers complement attention with architectural components such as posi-
tional encodings: since recurrence is removed, explicit position information is added
to token embeddings.

This design offers several advantages over RNNs/LSTMs: mostly, this is related
to parallelization: all tokens in a sequence can be processed simultaneously, mak-
ing Transformers highly efficient on GPUs. In addition to that, any token can at-
tend directly to any other, so modeling distant relationships does not require stepping
through many recurrent transitions.

The progression from RNNs to LSTMs to Transformers reflects a sequence of trade-
off rebalancing:

1. RNNs introduced recurrent hidden states for sequence modeling, but struggled
with vanishing gradients and long-range credit assignment.
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2. LSTMs improved temporal credit assignment via gating and cell states, extend-
ing the effective memory of recurrent models, yet remained inherently sequen-
tial and limited in exploiting modern parallel hardware.

3. Transformers broke away from recurrence entirely, using self-attention to han-
dle long-range dependencies and to fully leverage parallel computation. Resid-
ual connections and layer normalization further enhanced trainability at scale.

From a more practical point of view, the impact of LLM-based chatbots adhering to
the Transformer paradigm shows up in two major ways. First, they are highly flexi-
ble in style. They do much more than answer technical questions: they can take on
requested personas or teaching styles, rely on analogies, and produce many kinds of
conceptual or creative content, including program code, structured outlines, or even
sketches for music. This range of behaviors demonstrates that once the patterns and
mechanics of language are captured well enough in a model, the machine can be used
to support and structure human learning of those same mechanics. It can act as a scaf-
fold that helps users practice, explore, and refine their understanding of language and
related skills (Brown et al., 2020; Le Scao et al., 2022).

Second, they function as interactive language tutors. They can read and comment on
user-provided text, point out mistakes, and propose improved wording or new vocabu-
lary. This enables a learning-by-doing paradigm, where users get immediate, tailored
feedback in natural language. Indeed, the model becomes a dynamic editor and coach,
helping users iteratively improve their writing and linguistic competence.

Yet, this design also imposes limits on structural plasticity—that is, on the model’s
ability to change its internal representations in response to new information. This
tension motivates research into new architectures and training approaches that could
combine the robustness of current systems with mechanisms for continuously and re-
liably integrating new knowledge over time (Behrouz et al., 2025). Due to that, the
question about how it is really possible to “interpret” or “explain” the output of a
Large Language Model remains open. In this context, *reasoning models* have re-
cently emerged as a promising direction to at least structure, if not fully resolve, this
interpretability problem.

Reasoning Models

Reasoning-oriented LLMs, unlike purely generative ones, are explicitly trained or
prompted to produce intermediate steps (often called chain of thought) before emit-
ting their final answer. The central intuition is that, by making the internal decision
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process more external and sequential, we obtain artifacts that humans can inspect, cri-
tique, and potentially verify. Instead of mapping an input directly to an output in a
single opaque jump, the model is encouraged to: decompose the task into subproblems
(e.g., identifying assumptions, extracting relevant facts, outlining a plan), generate ex-
plicit intermediate inferences (logical steps, sub-calculations, references to external
tools or data sources) and finally reach a conclusion that is, at least to some extent,
traceable back through these intermediate steps.

From an interpretability point of view, this moves part of the model’s "reason” from
its high-dimensional internal representations into a symbolic linear form. The result-
ing traces do not fully explain why the network’s internal activities evolved the way
they did, but they provide a human-readable proxy for the model’s decision process.

Concretely, reasoning models attempt to address the interpretability issue along at
least three dimensions:

 Transparency of process rather than only outcome. Standard LLMs provide an-
swers that are often correct but bare: we see the conclusion without any nar-
rative of how it was reached. Reasoning models instead expose a step-by-step
process, offering users a structured object to scrutinize. This can support post-
hoc explanation (“the model claims it used these premises and these inferential
steps”) even if it remains a behavioral, rather than mechanistic, account.

« Verifiability and error localization. When intermediate steps are explicit, users
(or automated checkers) can verify them individually. Errors can be localized to
specific stages—e.g., a mistaken assumption, a misapplied rule, or an arithmetic
error—rather than being attributed to a monolithic black-box failure. This gran-
ularity can make the model’s behavior more intelligible, even if it does not fully
expose the underlying representation dynamics.

« Many reasoning models are trained or prompted to distinguish between an in-
ternal “reasoning phase” and an external “answer phase”. This separation en-
courages the model to prioritize correctness and coherence in its internal steps,
while preserving fluency and concision in the final response. Theoretically, this
separation can make it easier to analyze and compare reasoning traces across
different inputs, or to constrain them via external rules, thereby partially lifting
the veil on how outputs are produced.

However, these advantages come with important caveats. Reasoning traces are gen-
erated text and thus remain susceptible to fabrication and post-hoc rationalization: the
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model can produce plausible-looking chains of thought that do not correspond to its
actual internal computation. In addition, the presence of an explicit reasoning trace
does not eliminate the underlying opacity of the network’s learned representations.
In short, reasoning models do not conclusively solve the problem of how to interpret
or explain LLM outputs. Instead, they propose a pragmatic compromise by external-
izing portions of the model’s decision process into structured, human-readable steps.
This shift from raw answers to answer-plus-reasoning can make model behavior more
inspectable, auditable, and, in some cases, more aligned with human notions of expla-
nation, even while the deeper question of their internal semantics remains unsettled.
More recently, another new paradigm tried to address the problem of making Large
Language Models more flexible and, to some extent, explainable: Nested Learning.

Nested Learning

In standard pipelines, models are trained offline on massive corpora and then deployed
with frozen parameters. While retrieval-augmented generation and fine-tuning offer
two routes to adaptivity, they present trade-offs. Retrieval externalizes knowledge but
does not update core competence; fine-tuning updates parameters, but it is costly and
risks eroding prior skills (catastrophic forgetting) unless carefully regularized and eval-
uated. More fundamentally, both approaches leave the discrete dichotomy between a
training phase and an inference phase untouched, which is at odds with the continual
nature of human learning (Goodfellow et al., 2016).

Nested Learning (NL), a new paradigm suggested in 2025, proposes a unifying per-
spective: it represents a model and its training procedure as a system of nested, po-
tentially parallel optimization problems, each operating over its own context and at
its own update frequency. Conceptually, NL arranges modules along a timescale
hierarchy—from highly plastic short-term components to increasingly stable long-
term components—coordinated by a continuous memory system that routes and con-
solidates information. This transforms learning from a single offline event into a con-
tinuous, structured process during the operational life of the model (Behrouz et al.,
2025).

Formally, NL asserts that architecture and optimization are not separable concerns: the
learning algorithm (optimizer) and the network blocks co-define the gradient flows and
the compression of information over time, suggesting architecture-specific optimizers
and explicit mechanisms for knowledge transfer between levels. Under this lens, fa-
miliar concepts—meta-learning, in-context learning, hyper-networks, and recurrent
mechanisms—become special cases of cross-level information exchange in a unified
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framework.

Within NL, classic Transformers can be reinterpreted as systems with extreme up-
date polarization: attention operates at near-instantaneous frequency (adapting across
tokens within a forward pass) while the main parameters remain fixed post-training.
The absence of intermediate timescales impedes the persistent consolidation of new
knowledge, confining adaptation to transient context effects. NL, on the contrary, in-
serts intermediate levels that continuously compress, stabilize, and propagate newly
acquired information.

A corollary of NL is that different modules—serving different roles and timescales—
should not necessarily share a single, uniform update rule. Delta Gradient Descent
(DGD) has been proposed as an optimizer family whose updates depend not only on
the prediction error but also on the internal state of the module, allowing trajectories
to be adjusted to function and timescale. In practical terms, DGD constitutes a step
towards optimizers that are aware of where they operate within the hierarchy, thus
leveraging the structure of NL rather than fighting against it (Prados et al., 1989).

Preliminary experiments (e.g., with an NL-styled architecture named Hope) report
improved adaptation and generalization on benchmarks that require learning under
distribution shift and evolving task rules—settings where single-phase training falls
short. Although broader validation and open baselines are needed, these results illus-
trate how rethinking learning as nested optimization can reduce the dependency on
frequent and costly model re-training - while allowing more autonomous and person-
alized systems.

For relevant applications, such as in the finance domain, decision support—NL’s
promise is twofold. Firstly, by distributing plasticity, one can limit the risk of catas-
trophic interference while still incorporating fresh knowledge, enforcing governance
on where and how fast adaptation occurs. Secondly, by aligning optimizers to mod-
ule roles, the compute footprint of updates can be reduced and the sample efficiency
relative to repeated end-to-end fine-tuning cycles can be increased. In human-Al inter-
action, this could lead to assistants that persistently internalize validated corrections
and domain feedback, rather than repeatedly “re-teaching” them via prompts or fine-
tuning.

At the same time, practical deployment raises open questions: (i) auditability and
versioning of knowledge across timescales; (ii) safety and alignment when persistent
updates can occur during usage; (iii) validation protocols that separate transient con-
text performance from genuine competency gains; and (iv) operational triggers for
promoting short-term adaptations to longer-term memory. Addressing these requires
design patterns and tooling that expose NL’s internal gradient flows to monitoring and
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control.

Nested Learning frames models as hierarchies of coupled optimization processes
across multiple timescales, advocating co-design of modules and optimizers (e.g., DGD)
and providing paths to mitigate catastrophic forgetting (that is the loss of crucial infor-
mation to host fresher, but less important one) while preserving stability. If validated
on a bigger scale, NL could shift engineering practice from recurrent offline re-training
to principled online consolidation, bringing Al a step closer to persistent and inter-
pretable adaptation.
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2.3 Graphs

Information can be represented in many ways; one of them is through a graph-like
structure with a set of objects and the connection between them. A graph represents
relations, called edges or links, between a collection of entities, called nodes or vertices.
Mathematically, a graph G is defined as a tuple of a set of vertices V and a set of edges.
Each edge is a pair of two vertices and represents a connection between them.

A graph can be further described as either directed or undirected. An undirected
graph represents a relationship that is bidirectional. A way of visualizing the connec-
tivity and directionality of a graph is through its adjacency matrix. A matrix-based
representation of the vertices of the graph is shown in Figure 2.5:

matrix for di d and

ighted graph

L

Figure 2.5: Graph and its adjacency matrix.  Source: Noble, J. (2026) What is a
graph neural network. IBM. Available at: https://www.ibm.com/think/topics/
graph-neural-network

The adjacency matrix of Figure 2.5, indicates all the vertices and the direction of the
edge that creates them. For example, node 0 in the directed graph connects to node
1, but the inverse is not true due to the directionality of the connection. Furthermore,
the adjacency matrix could also represent different weights through connections by
adding different values to the matrix, instead of being a binary relationship. Different
types of analysis can be performed on graphs, each providing insights into different
elements of data.

In a graph-level task, the model predicts a property of an entire graph. This type of
pattern recognition can be framed as a form of graph classification because it classifies
the entire graph. An example could be, on a social network, it could be interesting to
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predict whether a group of individuals (with some relationships existing among them)
is likely to be associated with a particular institution such as a university or college.

Node-level tasks are concerned with predicting the identity or role of each node
within a graph. For instance, a node classification problem in a social network dataset
might be to predict whether a user is likely to have a specific interest based on their
friend network.

Edge-level tasks are concerned with predicting the connection between nodes within
a graph. An example is image scene understanding. After identifying objects in an
image, deep learning models can also predict the relationship between them. The nodes
represent the objects in the image, and the prediction indicates which of these nodes
shares an edge or what the value of that edge is.

Graph modeling

Graph Neural Networks, or GNN, are deep learning models designed to capture re-
lationships, dependencies, and interactions between entities in graph-structured data.
Graph Neural Networks can be built in different ways depending on how they aggre-
gate information and update node representations. One of the most commonly used
architectures is the Graph Convolutional Network (GCN).

Graph Regularization, Graph
convolutions o e.g., dropout convolutions
¥ R
< ¥®
’ G
/\. () &
\ \ / lo
/ Q lllll
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/\ Q of links of nodes
|2 ﬂ/
Input J

Figure 2.6: GNN Architecture: From input to output. Source: GeeksforGeeks (2025)
What are graph neural networks? Available at: https://www.geeksforgeeks.org/
deep-learning/what-are-graph-neural-networks/

As a sample of how a GNN can be structured, consider a simple GCN for classifying
an entire graph. A basic GCN usually contains three main layers:
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« Convolutional Layer: Aggregating features, this layer performs the convolution
on each node to learn its connection.

« Activation Layer: This layer applies an activation function to the output of the
convolution.

« Output Layer: This final layer sums the outputs, producing the final prediction
for the graph.

First, a convolution is performed using each node in the convolution layer graph.
This convolutional layer uses feature information from the neighbors of each node
and aggregates it, updating the weights associated with each node. Then, the nonlinear
activation function is applied to the output of the convolution layer. To reach the best
accuracy, a network can use multiple convolutions and nonlinear activation layers
stacked together. Finally, an output linear layer is used to predict which class a graph
is most likely to belong to.

Moving on with this overview, let us observe that Graph Neural Networks can be
designed to process graph-structured data in different ways.

Graph Attention Networks (GAN)

A Graph Attention Network is designed to update each node by aggregating infor-
mation from its neighbors. Unlike other models, it learns how much weight to give
to each neighbor. In addition to the already presented layers from the GCN, GATs
present also: Attention layer and Softmax Normalization layer. The attention scores
decide how important each node is to another when aggregating information. We can
then aggregate and apply an activation function, just as an GCN would.

Graph Attention Networks offer diverse useful properties like computational effi-
ciency: the computation of both attentional and aggregation coefficients can be paral-
lelized across all nodes. Moreover, GATs do not depend on the global graph structure,
as they have an edge-wise mechanism that attends the neighborhoods and can assign
different weights to the different neighbors based on their relevance.

Unlike Graph Convolutional Networks (GCNs), which aggregate neighboring fea-
tures using fixed or degree-based normalization schemes, GATs allow the model to
adaptively weight each neighbor’s contribution. This mechanism not only increases
model accuracy, but it Iso provides a potential interpretability advantage: the learned
attention weights can be inspected to understand which neighboring nodes most
strongly influence a given prediction (Velickovié et al., 2018).
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Graph Neural Networks and Explainability

Graph Neural Networks are powerful tools that can provide accurate predictions.
Given their black-box nature, explaining the resulting GNN predictions is a challenge.
GNNExplainer is a model-agnostic approach, meaning that it queries the model with-
out needing any further internal information, that provides interpretable explanation
for any GNN model. The explainer returns a small subgraph together with a subset
of node features that are the most influential for the analyzed prediction. As for its
model-agnostic nature, this approach can be used for any Machine Learning task, as
discussed in (Ying et al., 2019).

It is worth observing that, together with being an object of modeling and interpreta-
tion, a graph could also be used as a tool for interpreting a model. More specifically,
a technique representing feature graphs, starting from a rule-based model, allowing
not only to determine ranking of input features, but also a graphical representation of
feature interactions, according to how much they contribute to the ruleset, has been
recently introduced (Sirocchi et al., 2025).

Feature Graphs

Starting from a layered rule representation introduced in (Liu et al., 2015), we con-
sider three sets of nodes: features, rules, and classes. In our approach, connections
between feature nodes and rule nodes are weighted edges, indicating the contribution
of each feature to the corresponding rule (feature relevance). Similarly, connections
between rule nodes and class labels are weighted edges, representing the contribution
of each rule to class prediction (rule relevance). We propose a projection strategy to
map this tripartite graph onto the feature set such that edges between features reflect
their shared contribution to the same rules, and the centrality of each feature reflects
its overall importance across all rules and serves as a feature importance metric. We
extend this strategy to construct class-specific feature graphs and define a distance
metric to compare graphs.

Let D represent a dataset comprising d samples denoted by x,, with s from 1
to d. Each sample is described by m input features, defined over the feature set
V = {v1,v2,...,Un}. For each input x;, ys denotes the corresponding target. In
classification tasks, the target takes discrete values in 7 = {¢1,t2,...,t.}.

A rule set R can be defined over D, mapping instances to targets, and consisting
of a set of rules each denoted by R. If R has n rules, then R = {R!, R% ... R"}.
Each R is a logical expression where the antecedent or premise of the rule is a set of
conditions over the features of the dataset, while the consequent is the outcome (here
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class assignment) when all conditions specified by the antecedent are met. Formally,
a rule RF can be denoted as a pair R¥ = (C*, T*), with CF = {c},ck, . .. ,c’q“} and
T* € T, where C* denotes the set of ¢ conditions in the rule and T* is the target
associated with that rule, i.e.:
c’f/\cg/\u-/\clg — T*

Let Z be a function that computes the relevance of a feature v for a rule R in a dataset
D. For a rule set R, a feature relevance matrix P can be defined as the n X m matrix,
with n the number of rules in R and m the number of features, of the elements [p;;],

where: ‘ 4
Dij = ID(’D,UZ‘, RJ) Vv, € V, VR € R. (2.19)

Additionally, let Zy be a function that computes the relevance of a rule R in a rule
set R over a dataset D. For a rule set R, a rule relevance vector g of length n can be
defined with elements ¢;, where

¢ =Iv(D,R)) VYR €R. (2.20)

Graph Projection. Let A be a m X m matrix, with m the number of features, of the
elements [a;;] such that:

n

ag=1—[](1 = pri-pej-ar) Vi.je{l,...,m} (2.21)
k=1

A is then normalised such that the sum of all its elements is 100, to obtain A’:

Ajj
Al = <100 Vi, j e {l,...,m}
/ Z,g lAZ]

A is then the adjacency matrix of the weighted and undirected feature graph, mapping
feature interactions within the rule set R over the dataset D.

According to the proposed projection strategy, the product py; - pr; - gx in 2.21
captures the joint relevance of features v; and v; with respect to rule R¥, scaled by
gk to also account for the relevance of the rule. These contributions are aggregated
across all rules in a multiplicative manner, making the overall score more sensitive
to instances where two features exhibit high joint relevance in at least one relevant
rule, in contrast to simple summation. In fact, in rule sets, it is not expected that two
features interact as strongly across all rules, and strong interactions can be noteworthy,
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even if infrequent. Moreover, this projection strategy generates self-edges a;; for each
feature i in {1, ..., m}, quantifying its individual contribution across all rules. These
self-edges also account for instances where a feature appears alone in a rule, which
are often crucial to the rule set but are lost in most projection strategies.

Class-specific graph projection. A feature graph specific for a given class t € T
can be constructed by considering only rules having the given class as consequent. Let
R be the subset of rules in R with target ¢, ie. R; = {RF | RF € RAT* =¢;}. A]
is the adjacency matrix defined as in 2.21 but where the matrix P and the vector q are
defined over the rule set R; rather than R.

Graph distance. The distance between two graph representations can be computed
as the distance between the respective adjacency matrices A; and As:

d(Ay, Az) = || A1 — Ag||r
where the Frobenius norm || A||r of a matrix A is given by:

> A2

ij=1

|AllF =

Feature importance. A feature importance score can be computed for features in
V as the degree centrality of the nodes of the graph defined by A’. Specifically, the
importance of v; is given by the sum of the elements in the i-th row of A’:

m
Importance(v;) = »  Aj; (2.22)
j=1

This metric aggregates contributions from both self-edges and edges with other fea-
tures, capturing both the independent and combined feature contributions.

Relevance metrics. Feature and rule relevance metrics, proposed in LLM and
adopted in this example, leverage the concepts of error and covering based on the frac-
tion of data samples assigned to a class and satisfying a rule. These metrics have already
been defined in Section 1.2.
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Moreover, adapting from (Ferrari et al., 2023), let Rk ;, be the rule obtained from RF
by removing the conditions on feature vy, i.e.:

RF, = (CF,,T%), CF,={c"|cFeCFAV(cF)# v}

where V' (c¥) denotes the feature over which the condition is applied. Then, feature
relevance can be computed as the increase in error to the rule as a result of removing
the conditions over the feature.

The proposed approach was first evaluated on synthetic datasets to showcase the
advantages of graph feature representation with respect to feature importance scores,
particularly in terms of the ability to differentiate between features that are predictive
of the target independently or combined. Three types of datasets were generated: (1)
with all relevant features independently predictive of the target, (2) with all relevant
features predictive to the target when combined, and (3) with a mix of independently
and combined predictive features. Each dataset comprised 2000 instances and 8 fea-
tures, with relevant features varying from 2 to 6, and 10 datasets were generated per
configuration using different random seeds. All features were uniformly sampled in
the range [0,1]. Independent predictive features were obtained by assigning a set of
intervals in the range [0,1] to each feature. For each data sample, the target was set to
1 if the value of at least one feature fell within its corresponding predefined interval.
In contrast, combined predictive features were generated by setting the target variable
to 1 if the majority of the feature values in the data sample exceeded a given threshold.
These two strategies were also combined to obtain datasets with some independent
and some combined relevant features. For further implementation details, refer to the
GitHub repository for reproducing the synthetic datasets.

The rule-based classifier adopted in this evaluation was DT, with experiments also
conducted using LLM, yielding similar results (not shown). DTs were trained using 5-
fold nested cross-validation with hyperparameter tuning and converted to rule sets by
translating each path from the root to the leaves into if-then rules. Feature graphs were
constructed from these rule sets using the proposed method, with adjacency matrices
visualized as heatmaps. The Gini importance was also computed, serving as a standard
feature importance metric for comparison.

The effectiveness of feature centrality as a measure of feature importance, assessed
by its ability to identify the top-k features in a dataset, was evaluated across 15 bench-
mark datasets. Our graph-based importance score was compared against three feature
importance metrics: permutation importance, Gini importance, and average SHAP
values. DTs were trained using 5-fold nested cross-validation to derive rule sets and
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generate feature graphs. Evaluation criteria encompassed both performance and ro-
bustness of the feature importance scores. Performance evaluation involved selecting
the top 5 and top 10 features identified by each metric, training decision trees on these
features, and computing prediction accuracy. Robustness was assessed by calculat-
ing the average pairwise Spearman’s correlation across cross-validation folds for each
importance score.

The evaluation of the proposed approach on synthetic datasets underscores the su-
periority of a graph-based feature representation over a one-dimensional feature im-
portance score to uncover the collective roles of features in class prediction. Figure
2.7 presents the average adjacency matrix of feature graphs built on rule sets derived
for synthetic datasets with varying numbers of relevant features and feature configu-
rations. For independently predictive features (first row), the heatmap reveals heavy
weights on the diagonal (self-edges), indicating that each rule primarily relies on a sin-
gle highly predictive variable. Connections between different features show weaker
weights, suggesting minimal influence from other variables. In contrast, combined
predictive features (third row) exhibit heavier weights on edges connecting different
features, indicating collaborative predictive power among multiple features.

While the Gini importance effectively distinguishes relevant from irrelevant fea-
tures, it fails to differentiate between features that are predictive independently or
combined. Intermediate scenarios, comprising a mix of these two types of features,
were also explored, yielding similar insights. These results underscore the advantage
of our feature graph approach, providing a more nuanced representation of feature
interactions.

2.4 Financial Use Case

Let us consider a simple 2-layer GAT implementation applied to the Elliptic transaction
dataset. Such dataset maps Bitcoin transactions to real entities belonging to legitimate
categories (exchanges, wallet providers, miners, legitimate services, etc.) versus illicit
ones (scams, malware, terrorist organizations, ransomware, Ponzi schemes, etc.), con-
sequently serving as a benchmark for anti-money laundering research *. The proposed
modeling pipeline aims to exemplify the steps needed to deal with this kind of prob-
lem, without heavily focusing on performance optimization. From this point of view,
a more comprehensive discussion is proposed in (Nimmagadda et al., 2025).

# Imports

4www.elliptic.co
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Figure 2.7:

0.2 0.1

0.1

0.0 0.0
12345678

0.0 0

45678 1234567 12345678 12345678
Adjacency matrices constructed according to the proposed approach and Gini im-
portance indices obtained from decision trees trained on synthetic datasets com-
prising a number of relevant features ranging from 2 to 6, which are predictive of

the target class either independently or combined. Source: (Sirocchi et al., 2025).

import torch

import torch.nn.functional as F

from torch_geometric.nn import GATConv

from torch geometric.explain import Explainer, GNNExplainer

from torch_geometric.explain.config import ModelConfig

import matplotlib.pyplot as plt

import networkx as nx

import pandas as pd

import numpy as np

from torch_geometric.data import Data

from sklearn.metrics import accuracy_score, precision_score, recall_score,
f1_score, balanced_accuracy_score, classification_report

# Import Elliptic Dataset

base_path

classes_path

edges_path

features_path

= r"C:\Users\xxx\DATASET"

base_path + r"\elliptic_txs_classes.csv"
base_path + r"\elliptic_txs_edgelist.csv"
base_path + r"\elliptic_txs_features.csv"
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# Read dataset

classes_df = pd.read_csv(classes_path)

edges_df = pd.read_csv(edges_path)

features_df = pd.read_csv(features_path, header=None)

# Attributes rename

feature_cols = ['txId', 'time_step'] + [f'f_{i}' for i in range(features_df.
shape[1] - 2)]

features_df.columns = feature_cols

Node labels are merged with the feature matrix through the transaction identifier. The
original Elliptic labels are then mapped into a numerical target vector, where illicit
transactions are assigned one class, legitimate transactions the other, and unknown
transactions are marked with -1 so that they can remain in the graph without contribut-
ing to the supervised loss. In other words, only labeled nodes are split into training
and test subsets, while unlabeled nodes remain part of the graph structure.

# Features and classes merge
df = features_df.merge(classes_df, on='txId', how='left')

# Class mapping: '1' = illicit , '2' = licit , 'else' = no label
def map_class(x):
if str(x) == '1':
return 0
elif str(x) == '2"':
return 1
else:
return -1

df['y'] = df['class'].apply(map_class)

5 # Feature matrix

X = torch.tensor(
df .drop(columns=["'txId', 'time_step', 'class', 'y']).values,
dtype=torch.float

)

y = torch.tensor(df['y'].values, dtype=torch.long)

# txId mapping
txid_to_idx = {tx_id: i for i, tx_id in enumerate(df['txId'].values)}

edges_filtered = edges_df[
edges_df['txIdl'].isin(txid_to_idx) & edges_df['txId2'].isin(txid_to_idx)
1.copy()

edge_index = torch.tensor(

[
edges_filtered['txIdl'].map(txid_to_idx).values,
edges_filtered['txId2'].map(txid_to_idx).values
],
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dtype=torch. long

# Train-test mask
labeled_idx = np.where(df['y'].values != -1)[0]

np.random.seed(42)
np.random.shuffle(labeled_idx)

train_size = int(0.8 * len(labeled_idx))
train_idx = labeled_idx[:train_size]
test_idx = labeled_idx[train_size:]

train_mask = torch.zeros(len(df), dtype=torch.bool)
test_mask = torch.zeros(len(df), dtype=torch.bool)

train_mask[train_idx] = True
test_mask[test_idx] = True

7 data = Data(x=x, edge_index=edge_index, y=y)

data.train_mask = train mask
data.test_mask test_mask

num_features = data.num_features

22 num_classes = 2

A two-layer Graph Attention Network model is used, with multi-head attention in
the first layer and a final classification layer producing log-probabilities for the two
classes. The first layer employs multi-head attention, where multiple attention heads
compute neighborhood aggregation, and their results are concatenated. The second
layer serves as the output layer and uses a single attention head to compute class
scores for each node.

# GAT model
class GAT(torch.nn.Module):
def __init__(self):
super().__init__()
# First GAT layer: input features -> 8 features per head, 8 attention
heads
self.gatl = GATConv(num_features, 8, heads=8, dropout=0.6)
# Second GAT layer: hidden features -> number of classes
self.gat2 = GATConv(8*8, num_classes, heads=1, concat=False, dropout
=0.6)

def forward(self, x, edge_index):
# Dropout on input features
x = F.dropout(x, p=0.6, training=self.training)
x = F.elu(self.gatl(x, edge_index))
x = F.dropout(x, p=0.6, training=self.training)
# log probabilities for each class
x = self.gat2(x, edge_index)
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return F.log_softmax(x, dim=1)
model = GAT()
train_y = data.y[data.train_mask]

num_illicit = (train

== 0).sum().item()
num_licit = (train 1

).sum().item()

class_weights = torch.tensor(
[1.0 / num_illicit, 1.0 / num_licit],
dtype=torch.float,
device=data.x.device

)
class_weights = class_weights / class_weights.sum() * 2.0

During each training iteration, the network computes the loss on the training nodes,
back-propagates the error through the attention mechanism, and updates the parame-
ters accordingly.

# Define optimizer
optimizer = torch.optim.Adam(model.parameters(), lr=0.005, weight_decay=5e-4)

# Train the model
model.train()
for epoch in range(200):
optimizer.zero_grad()
out = model(data.x, data.edge_index)
loss = F.nll_loss(out[data.train_mask], data.y[data.train_mask], weight=
class_weights)
loss.backward()
optimizer.step()

After training, model performance is evaluated on the test set by computing a set of
performance metrics: accuracy, balanced accuracy, precision, recall and F1-score. The
model can now predict the label of any node in the graph by considering both its own
features and the features of its neighbors.

model.eval()
out = model(data.x, data.edge_index)
pred = out.argmax(dim=1)

y_true = data.y[data.test_mask].cpu() .numpy()
y_pred = pred[data.test_mask].cpu().numpy()

acc = accuracy_score(y_true, y_pred)

bal_acc = balanced_accuracy_score(y_true, y_pred)

precision = precision_score(y_true, y pred, average='binary', pos_label=0,
zero_division=0)

recall = recall_score(y_true, y_pred, average='binary', pos_label=0,
zero_division=0)
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f1 = f1_score(y_true, y_pred, average='binary', pos_label=0, zero_division=0)
classes = ['illicit', 'licit']

def predict_node(node_id):
model.eval ()
out = model(data.x, data.edge_index)
prediction = out[node_id].argmax().item()
tx_id = df.iloc[node_id]['txId']
return {"node_id": node_id, "txId": tx_id, "predicted_class": classes|[
prediction]}

# Prediction Example
predict_node(10)

Let us now focus on expalinability and apply the GNNExplainer. The explainer needs
to be initialized, to set it up for the GAT trained model.

from torch_geometric.explain import Explainer, GNNExplainer
from torch_geometric.explain.config import ModelConfig
import matplotlib.pyplot as plt

import networkx as nx

# GAT model
class GAT(torch.nn.Module):
def __init__(self):
super().__init__()
# First GAT layer: input features -> 8 features per head, 8 attention
heads
self.gatl = GATConv(num_features, 8, heads=8, dropout=0.6)
# Second GAT layer: hidden features -> number of classes
self.gat2 = GATConv(8*8, num_classes, heads=1, concat=False, dropout
=0.6)

def forward(self, x, edge_index):
# Dropout on input features
x = F.dropout(x, p=0.6, training=self.training)
x = F.elu(self.gatl(x, edge_index))
x = F.dropout(x, p=0.6, training=self.training)
# log probabilities for each class
x = self.gat2(x, edge_index)
return x

model = GAT()

train_y = data.y[data.train_mask]

num_illicit = (train_y == 0).sum().item()
num_licit = (train_y == 1).sum().item()

class_weights = torch.tensor(
[1.0 / num_illicit, 1.0 / num_licit],
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dtype=torch.float,
device=data.x.device

)

» class_weights = class_weights / class_weights.sum() * 2.0

# Define optimizer
optimizer = torch.optim.Adam(model.parameters(), lr=0.01)

def train():
model.train()
optimizer.zero_grad()
out = model(data.x, data.edge_index)
loss = F.cross_entropy(out[data.train_mask], data.y[data.train_mask],
weight=class_weights)
loss.backward()
optimizer.step()
return loss

model.eval()
out = model(data.x, data.edge_index)
pred = out.argmax(dim=1)

y_true = data.y[data.test_mask].cpu().numpy()
y_pred = pred[data.test_mask].cpu().numpy()

acc accuracy_score(y_true, y_pred)

bal_acc = balanced_accuracy_score(y_true, y_pred)

precision = precision_score(y_true, y_pred, average='binary', pos_label=0,
zero_division=0)

recall = recall_score(y_true, y_pred, average='binary', pos_label=0,
zero_division=0)

» £1 = f1_score(y_true, y_pred, average='binary', pos_label=0,

zero_division=0)

explainer = Explainer(

model=model,

algorithm=GNNExplainer(epochs=200),

explanation_type="phenomenon",

node_mask_type="attributes",

edge_mask_type="object",

model_config=dict(
mode="multiclass_classification",
task_level="node",
return_type="raw",

)

The explainer analyzes a specific node and assigns importance scores to the edges
and node features that are most influential in the model’s classification. It works by
learning masks over edges and features, so that the resulting scores indicate how much
each graph component contributes to the predicted class.
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# Candidate nodes: labeled, correct and illicit
candidate_nodes = torch.where((data.y != -1) & (pred == data.y) & (data.y == 0)
) [0]

# Direct graph index

src = data.edge_index[0]

dst = data.edge_index[1]

torch.bincount (torch.cat([src, dst]), minlength=data.num_nodes)

candidate_nodes = candidate_nodes[deg[candidate_nodes] >= 2]
if len(candidate_nodes) == 0:
candidate_nodes = torch.where((data.y != -1) & (pred == data.y))[0]

candidate_nodes = candidate_nodes[deg[candidate_nodes] >= 2]

# Select candidate node with max degree

; best_idx = torch.argmax(deg[candidate_nodes]).item()
7 node_to_explain = int(candidate_nodes[best_idx])

To obtain a meaningful local explanation, a labeled, correctly classified and suffi-
ciently connected node is chosen, so that the explanatory subgraph is informative and
visually interpretable. We now generate the explanation for the selected node, using

the class predicted by the model as explanation target.
target = pred
explanation = explainer(

data.x,

data.edge_index,

target=target,

index=node_to_explain

)

edge_mask = explanation.edge_mask.detach().cpu().numpy()
For visualization purposes, we transform the graph into an undirected graph.
from torch_geometric.utils import to_undirected

edge_index_undirected = to_undirected(data.edge_index)
edge_index_ud_np = edge_index_undirected.cpu().numpy()

» edge_index_np = data.edge_index.cpu() .numpy()

edge_mask = explanation.edge_mask.detach().cpu().numpy()
edge_mask_norm = (edge_mask - edge_mask.min()) / (edge_mask.max() - edge_mask.
min() + 1le-8)

# Adj undirected graph

adj = {3}

in range(edge_index_ud_np.shape[1]):
= int(edge_index_ud_np[0, i])

= int(edge_index_ud_np[1, i])

< e
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adj.setdefault(u, set()).add(v)
adj.setdefault(v, set()).add(u)

All the direct neighbors of the selected node are considered, to be explained: the
explained node becomes the center of our local subgraph.

# 1-hop nodes connected to the central node
center = node_to_explain
one_hop = set(adj.get(center, set()))

To successfully transfer the edge-mask information of the directed graph into the
undirected one, we associate a weight with each undirected edge, using the "maximum”
between the directions "u — v” and v — u”.

edge_weight_map = {}
for i in range(edge_index np.shape[1]):
u = int(edge_index_np[0, i])
v = int(edge_index_np[1l, i])
\ float (edge_mask_norm[i])
key = tuple(sorted((u, v)))
edge_weight_map[key] = max(edge_weight_map.get(key, 0.0), w)

The direct neighbors are sorted by the importance of the edge connecting them to
the central node and we select a maximum of 10. Then, for each selected direct neigh-
bor, we also select up to two second-level neighbors to enrich the local context of the
graph. Such second-level neighbors are arbitrary choices for visualization purposes:
this "pruning” phase is performed to show only the most relevant neighbors and to
preserve the intelligibility of the graph.

neighbors_ranked = []

for n in one_hop:
key = tuple(sorted((center, n)))
w = edge_weight_map.get(key, 0.0)
neighbors_ranked.append((n, w))

neighbors_ranked = sorted(neighbors_ranked, key=lambda x: x[1], reverse=True)

max_lhop = 10
selected_1hop = [n for n, _ in neighbors_ranked[ :max_1lhop]]

» # 2-hop nodes connected to the best 1-hop
; selected_nodes = {center} | set(selected_1lhop)

5 max_2hop_per lhop = 2

7 for n in selected_1lhop:

second_neighbors = adj.get(n, set()) - {center}
second_ranked = []

for m in second_neighbors:
key = tuple(sorted((n, m)))
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w = edge_weight_map.get(key, 0.0)
second_ranked.append((m, w))

second_ranked = sorted(second_ranked, key=lambda x: x[1], reverse=True)
best_second = [m for m, _ in second_ranked[:max_2hop_per_1hop]]

selected_nodes.update(best_second)

The final subgraph is built and plotted using the previously selected nodes, the edges

between them, and the weights derived from the edge mask.

G = nx.Graph()
for n in selected_nodes:
G.add_node(n)

for u in selected_nodes:
for v in adj.get(u, set()):
if v in selected_nodes and u < v:
key = tuple(sorted((u, v)))
w = edge_weight_map.get(key, 0.0)
G.add_edge(u, v, weight=w)

plt.figure(figsize=(9, 7))
pos = nx.spring layout(G, seed=42, k=0.6)

5 weights = []
s for u, v in G.edges():

w = G[u][v]["weight"]
weights.append(1.0 + 6.0 * w)

node_colors = []
for n in G.nodes():
if n == center:
node_colors.append("red")
elif n in selected_1lhop:
node_colors.append("orange")
else:
node_colors.append("lightblue")

# Label center + 1-hop
labels = {center: str(df.iloc[center]["txId"])}
for n in selected 1lhop:

labels[n] = str(df.iloc[n]["txId"])

nx.draw(
G,
pos,
node_color=node_colors,
with_labels=False,
width=weights,
node_size=380

)

nx.draw_networkx_labels(G, pos, labels=labels, font_size=8)
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5 plt.title(f"Local explanation subgraph for txId {df.iloc[center]['txId']}")
16 plt.show()

Local explanation subgraph for txld 30179316

30179600
29132574

3!579457

Figure 2.8: Local explanation subgraph for a selected high-degree transaction in the Elliptic
dataset

Figure 2.8 shows the selected explanation subgraph. In particular, the red node rep-
resents the central node, the orange nodes correspond to the 10 selected 1-hop neigh-
bors, and the light-blue nodes represent the 2-hop neighbors. To keep the explanation
more interpretable, the local neighborhood is pruned so that only the most relevant
nodes and connections are visualized. Edges are displayed with a thickness propor-
tional to the importance scores assigned by the explainer, making it easier to identify
which relations have the greatest influence on the prediction.

74



3 Optimization

Optimization is the branch of applied mathematics which deals with the selection of
the best element from a set of alternatives, according to a specified criterion. In formal
terms, an optimization problem seeks to determine a vector of decision variables x that
minimizes a cost function or maximizes an objective function f(x), while adhering to a
set of constraints that define the feasible region (Nocedal et al., 2006).

Since these mathematical frameworks underpin modern decision-making systems,
a structural classification is essential to contextually understand the challenges and
the ways to face them.

3.1 Taxonomy

Optimization problems are categorized into multiple dimensions that directly influence
both algorithmic selection and computational complexity (Papadimitriou et al., 1998).
A fundamental distinction lies in the domain of the decision variables:

« Continuous Optimization: Decision variables are defined in a continuous domain
(x € R™). These problems typically rely on gradient-based techniques, exploit-
ing the analytical properties of the objective function to locate local or global
optima (Nocedal et al., 2006).

« Discrete and Combinatorial Optimization: Variables are restricted to integer val-
ues or discrete sets (x € Z").

Further classifications distinguish between Deterministic and Stochastic models—
contingent on whether the parameters are fixed or subject to uncertainty—as well as
the structural dichotomy between Constrained and Unconstrained formulations.

Solution Status and Feasibility

The set of all decision vectors x that meet the constraints of an optimization problem
is known as the Feasible Region (), which is defined by the constraints of the problem.
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More specifically, a mathematical optimization problem can be classified into three
distinct states according to the characteristics of 2 and the objective function:

« Feasible: The feasible region is not empty (Q # ()). There is at least one optimal
solution z* that minimizes (or maximizes) the objective function if the region is
also bounded.

« Infeasible: Due to the mutual contradiction of the constraints, the feasible region
(€2 = 0) is empty. There is no solution that meets all the requirements at once
in this situation.

+ Unbounded: The feasible region allows a boundless improvement. This generally
means that a constraint is missing in the model formulation.

Figure 3.1: Feasible Region
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Figure 3.2: Infeasible Problem

3.2 Linear and Non-Linear Optimization

The class of Linear Programming (LP) is characterized by objective functions and con-
straints that depend linearly on the decision variables. This linearity ensures that the
feasible region constitutes a convex polyhedron. The search for an optimal solution
(if any) can be restricted to the vertices of this polytope, a property that underpins
efficient solution algorithms such as the Simplex method (Dantzig, 1963). Within the
linear programming framework, two scenarios can be identified:

« Integer Linear Programming (ILP): The linearity assumption is maintained, but
all variables are strictly constrained to be integers (z € Z"™).

+ Mixed-Integer Linear Programming (MILP): The problem involves a hybrid vector
of variables, some constrained to be integers (often binary variables for logical
choices) and others continuous (z € ZP x R"P),

ILP and MILP are typically categorized as NP-hard problems (Papadimitriou et al.,
1998), whereas standard LPs can be solved in polynomial time. In order to efficiently
explore the search tree, different techniques like Branch-and-Bound are required due to
the loss of convexity in the discrete solution space, which precludes the use of gradient-
based approaches.
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Problem Variable Difficulty Domain Example
Classification | Type

Objective and all the t
Linear constraints are linear Easier i
functions O C,

At least one constraint 1
. . . . |
Nonlinear or the objective function Harder I v
is not linear OO C,

Figure 3.3: Linear vs Nonlinear Optimization

When the linearity assumption is relaxed for the objective function or the con-
straints, the problem enters the domain of Non-Linear Optimization (NLP). The com-
plexity of these models is heavily dependent on the curvature of the underlying func-
tions. Within this domain, the distinction between Convex and Non-Convex formula-
tions is fundamental (Boyd et al., 2004).

In convex optimization, any local minimum is guaranteed to be a global minimum,
allowing efficient resolution. Conversely, non-convex landscapes may contain mul-
tiple local optima, “trapping” gradient-based algorithms, and often requiring global
search heuristics or relaxation techniques to identify the true best solution (Nocedal
et al., 2006).

To address this, Global Search Heuristics such as Genetic Algorithms (GAs) are of-
ten employed. Unlike deterministic gradient methods, GAs mimic biological evolu-
tion by maintaining a population of candidate solutions that evolve through selection,
crossover, and mutation (Goldberg, 1989). This stochastic mechanism allows the solver
to escape local basins of attraction, making them essential for non-differentiable or
highly multimodal optimization landscapes.

In the following, let us sketch the outline of some of the most popular optimization
algorithms.

The Simplex Method

The simplex method solves linear programming (LP) problems with continuous vari-
ables, linear constraints, and a linear objective. It moves along the vertices (extreme
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Problem Variable Difficulty Problem Example
Classification | Type

Easier, global
Objective functionand  minimum

Convex feasible region are a exists —no
convex set local
minimum
Harder, may

Objective function

- . have multiple
Nonconvex and/or feasible region local P
are nonconvex o
minimum

Figure 3.4: Convex vs Nonconvex Optimization

points) of the feasible region to reach an optimal solution. Here is the algorithm out-
line:

1. Convert the problem to a standard form. By this, we mean that the objective is to
maximize a linear function of the variables; all constraints are linear inequalities
of the form (linear expression) < (constant) and all variables are constrained to
be nonnegative (x; > 0).

2. Build the simplex tableau.

3. Pivot column: select the column associated with the most negative reduced cost
in the objective row.

4. Pivot row: among positive entries in the pivot column, choose the row with the
smallest nonnegative ratio RHS / pivot-entry.

5. Perform the pivot to move to a new basic feasible solution.

6. Repeat until there are no negative reduced costs in the objective row (optimality
reached).

Let us examine a toy example:
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Model. Maximize 41 + 3x2 subject to 2x1 + x2 < 10, 1 + 229 < 10, 21,22 > 0.
In standard form with slack variables s1, so:

max z = 4x1 + 3x2 st 2x1 4+ 20+ s1 = 10, 1 + 229 + 520 = 10.

Initial tableau.
z T T2 S1 So RHS
Obj |1 -4 -3 0 O 0
Cons1 | 0 2 1 1 0 10
Cons2 | 0 1 2 0 1 10

After a sequence of pivots (details omitted for brevity), the optimal solution is:

_ _ _ _ * _ 70
T =3, 2=, s1 =89 =0, z =45

Cutting Planes

Cutting planes solve integer programs by iteratively solving the LP relaxation and
adding linear constraints (cuts) that eliminate fractional solutions while preserving
all integer-feasible ones. Here is the algorithm outline:

1. Ignore integrality and solve the LP relaxation.
2. If the solution is integral, stop.
3. Otherwise, generate a valid cut that excludes the current fractional solution.

4. Add the cut to the model and repeat.

Let us analyse a toy example:
Maximize x; + x2 subject to 21 + x2 < 3.4, with z1, x5 integer.

1. LP relaxation yields (x1, z2) = (0, 3.4) (fractional).
2. Add the cut 221 + x9 < 3.

3. Resolving as a continuous LP gives (z1, z2) = (0, 3), which is integral and opti-
mal.
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Branch and Bound

Branch and Bound (B&B) solves optimization problems by recursively splitting them
into subproblems (branching), computing bounds to prune suboptimal regions (bound-
ing), and discarding branches that cannot improve the incumbent solution (pruning).
A common variant is Branch and Cut, which integrates cutting planes into B&B. Let
us describe the algorithm in more detail using an illustrative example.

Goal: maximize 4z1 + 3z subject to 221 + 2 < 10, z1 + 222 < 10, with 21, 29
integer.

1. Root bound of LP relaxation: z ~ 23.3 at (3.3, 3.3).
2. Branch on zo: nodes zo < 3 and x2 > 4.

3. Evaluate nodes: feasible integer solutions include (3,3) with value 21, (2,4)
with value 20, and (4, 2) with value 22.

4. The best integer solution found: (z1,x2) = (4, 2) with objective 22 (final incum-
bent).

Gradient Descent

Gradient Descent (GD) minimizes a differentiable function by iteratively stepping op-
posite to the gradient.
Given the learning rate o > 0 and iterate z;, we update

Tit4]l = Tt — Vf(l‘t)

Let us describe the algorithm in more detail using an illustrative example.
Goal: minimize f(z1,72) = 2% + x3 with a = 0.1, starting from (3, 2).

Vf<l‘1, .7}2) = (2$1, 2$2),
V£(3,2) = (6,4),
(x1,m2) < (3,2) — 0.1(6,4) = (2.4,1.6), etc.
The iterations converge to the optimum at (0, 0).
A larger value « accelerates progress per step, but may hinder precise convergence;

too large a value can cause divergence, trying to maximize an objective function whose
value is commonly referred to as fitness.
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Iteration Solution Gradient
2 (2.40, 1.60) (4.80, 3.20)
3 (1.92, 1.28)  (3.84, 2.56)

4 (1.54, 1.02)  (3.07, 2.04)

N (0.00,0.00) (0.00, 0.00)

Table 3.1: Solution evolving over different iterations

Simulated Annealing (SA)

Simulated Annealing (SA) is a randomized algorithm that approximates the global op-
timum of a function. Its stochastic nature implies that repeated runs on the same input
may yield different outputs. The method is inspired by physical annealing: heating and
slowly cooling a material so that its atoms can rearrange to reduce internal energy. Let
us sketch the main steps of the algorithm:

1. Choose a random initial state s.
2. At each step, select a neighboring state Spyext.

3. Acceptance rule:
o If E(Snext) < E(s), move to Spext.

« Otherwise, accept spext With probability P(E(s), E(Snext), T'), where T is the
current temperature.

4. Track best: maintain the best state sp.s seen so far.

5. Cooling schedule: gradually decrease the temperature 7" so that worse moves be-
come less likely over time.

6. Stop: terminate when convergence is detected or a time/iteration budget is reached.
A high temperature T' makes it more likely to accept upward moves (worse states),

helping to escape local minima. As 7" decreases, the algorithm becomes increasingly
greedy, focusing the search near promising regions.
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Particle Swarm Optimization (PSO)

Particle swarm optimization (PSO) is a bio-inspired, population-based search algo-
rithm used to find near-optimal solutions in a continuous (or discretized) search space.
Unlike gradient-based methods, PSO requires only evaluations of the objective func-
tion and does not depend on derivatives.

Inspired by a flock of birds searching for food, each “particle” explores the space
while sharing discoveries with the swarm, helping the group converge toward good
solutions. PSO is heuristic: it cannot guarantee the true global optimum, but it often
finds solutions very close to it in practice. Let us describe it in more detail through an
example.

Let x be a vector of decision variables (e.g., a point (x, y) in the plane), and let f(x)
be the function to minimize. The PSO algorithm returns the parameter x it found that
produces a (near) minimum of f.

As an illustrative (non-convex) example in two variables:

f(z,y) = (. —3.14)% + (y — 2.72)* +-sin 3z + 1.41 +sin(4y — 1.73).  (3.1)

Because this objective is not convex, a local minimum is not necessarily the global
minimum. Let us introduce these definitions:

« Energy function E(s): the function to be minimized (or maximized with sign
change).

« State space: the domain of E(+); a state is any element in this domain.

« Neighboring state: a state “close” to the current state under a chosen neighbor-
hood structure

Let us mention the main steps of the algorithm:

1. Initialize: place multiple random points (particles) in the search space.
2. Explore: let each particle move, updating its position and velocity.

3. At each step, a particle considers: (i) its own best position found so far (personal
best), and (ii) the swarm’s best position found so far (global or neighborhood best).

4. Tterate: repeat exploration and updates for a fixed number of iterations or until a
stopping criterion is met.
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5. Result: take the swarm’s best-known position as the algorithm’s estimate of the
minimum value of the function.

Genetic Algorithms

Genetic Algorithms (GA) are population-based metaheuristics inspired by natural evo-
lution. They evolve a population of candidate solutions via operators such as selection,
crossover or mutation until convergence or a stopping criterion is met.

Below is an example-based explanation of how selection, crossover, and mutation
work in a genetic algorithm. Let us suppose we want to maximize the function:

fla) =a?

with x being an integer represented by a 5-bit binary string (i.e., from 00000 to 11111,
or 0 to 31 in decimal).
Let us start from this population of solutions:

« A:‘01001° (decimal 9), fitness = 9% = 81
« B: ‘00110° (decimal 6), fitness = 6® = 36
« C: 11100° (decimal 28), fitness = 28% = 784

« D: “10010° (decimal 18), fitness = 18% = 324

The goal of the selection operator is to prefer individuals (that is, solutions) with
higher fitness so that they are more likely to reproduce (that is, to generate new sim-
ilar solutions). In the example, the new solutions to be tested would most likely be
generated as a variation of C (highest fitness) and not as a variation of B (lowest fit-
ness).

The crossover operator combines parts of different solutions to build a new one: for
example, it could take the first three bits from C and the last two from D (the solutions
with highest fitness).

The mutation operator, we may say, operates more in the background, allowing a
small probability to also explore less promising areas of the search space and trying to
fight the risk of being stuck in a local minimum. Its effect is to change the values of
one or more of the bits of the solution under consideration with a given (usually small)
probability.
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Let us examine a toy example on which we employ a genetic algorithm: our goal is
to maximize a pseudo-Boolean function:

f(xl, T2, T3, JU4) = 2x1 — 320 + 43 + 129 — 22024 + 3X3T4, X; € {0, 1}.

1. Random initial population: s; = (0,1,0,1), so = (1,0,1,0), s3 = (1,1,0,0),

s4 =(0,0,1,1).

2. Fitness: f(s1) = =5, f(s2) =7, f(s3) =0, f(s4) =T7.

3. Select elites sg,s4; perform crossover to form s; = (1,0,1,1) and sg =
(0’ 07 17 0)‘

4. Mutate with a probability of 10% per variable (e.g., flip x3 in sg to obtain
(0,0,0,0)).

5. Evaluate: f(s5) =9, f(sg) = 0. If no improvement is achieved for 10 consecu-
tive iterations, stop and return the best-so-far (here, s5).

Gradient Evolution

Gradient Evolution (GE) combines gradient-based ideas with population-based search.
Like GA, it maintains a population; like gradient methods, each solution is nudged
toward directions suggested by better/worse peers.

For each solution z;, we define randomized steps toward the current best (spest),
the current worst (Syorst), @ better peer (Spetter) and a worse peer (Syorse)- Thus, we
update as follows:

Ti41 = Xt + QpestSbest T QworstSworst T Qbetter Sbetter + Cworse Sworse-

We evaluate the new candidate and maintain the better of x4, 1 and x;. If a solution
stalls for several iterations, we re-initialize it. We repeat until convergence, a maximum
number of iterations, or with a time limit.

3.3 Solving Optimization Problems

One example of optimization problem is the Linear Assignment Problem (LAP). It re-
quires finding a one-to-one matching between n agents and n tasks. Mathematically,
given a cost matrix C' where ¢; ; represents the cost of assigning the agent i to the task
J» the problem is modeled using binary variables z; ; € {0, 1}:
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n n
min Z Z Ci jTij (3.2)

i=1j=1

Subject to the constraints that ensure that every agent is assigned to exactly one
task, and every task receives exactly one agent:

mezl Vie{l,...,n} (3.3)
j=1
aij=1 Vjie{l,....,n} (3.4)
i=1

This specific formulation possesses a special property known as total unimodularity,
which allows it to be solved efficiently in polynomial time using algorithms such as
the Hungarian Method (Burkard et al., 2012).

The Generalized Assignment Problem (GAP)

However, limiting the study to the linear variant proves to be restrictive, because a
simple one-to-one mapping rarely holds in a real-world scenario. When tasks are char-
acterized by specific capacities and agents consume resources, the problem turns into
the Generalized Assignment Problem (GAP).

In this formulation, we assume a set of tasks j each having a maximum capacity @;,
and each assignment of agent 7 to task j consuming a quantity w; ; of that capacity.
The structural constraints change as follows:

Zwi,jxi,j <Q; Vj (3.5)

i=1
While preserving a linear objective, the inclusion of strict capacity constraints elimi-
nates the guarantee of total unimodularity. This modification fundamentally alters the
solvability of the model, placing the Generalized Assignment Problem in the NP-hard
complexity class (Martello et al., 1990).

The Interpretability Gap

Mathematical optimization is considered a fundamental pillar for decision-making pro-
cesses in a wide range of sectors, from industry to the economic and logistics fields.
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However, the adoption of such tools conflicts with a non-trivial concept: the compre-
hensibility of the proposed solutions.

Although the mathematical structure of optimization models — composed of an ob-
jective function, decision variables, and constraints — is explicit, the final user often
perceives them as black-boxes. As argued by (Lumbreras et al., 2025), there is a di-
chotomy between the mathematical formulation of the problem, which is intrinsically
transparent and deterministic, and the output of the model, whose underlying reasons
for the optimal choice and trade-offs between alternatives remain inaccessible to non-
experts.

This phenomenon gives rise to what is widely recognized a the “Interpretability Gap”
(Lipton, 2018). As emphasized by (Rudin, 2019), while a model can be mathematically
rigorous and produce an optimal solution, if the logical process driving that decision
is indecipherable, the solution risks being viewed as hazardous or even arbitrary.

This lack of interpretability for the end-user has significant operational consequences.
As stated by (Nezami et al., 2024), “trust” is a fundamental prerequisite for practical
implementation. To address this, the authors introduced the IEMSO (Inclusive Explain-
ability Metrics for Surrogate Optimization) framework. Initially, this provides a set of
metrics applicable to any model or optimizer, subsequently generating intermediate
and post-hoc explanations to build confidence in the model.

The issue is exacerbated in complex combinatorial or saturated cases—such as resource
allocation—where the global optimum often results from counter-intuitive trade-offs
between conflicting constraints. In such scenarios, simply presenting the decision-
maker with a single vector of optimal variables z* lacks the necessary context (e.g.,
clarifying which constraints are active or the solution’s sensitivity to small perturba-
tions) and is therefore insufficient.

As further highlighted in (Lumbreras et al., 2025), the focus of recent research is shifting
away from pure computational efficiency (finding the minimum of f(z) in the short-
est time) towards a balance between Optimality and Explainability. Consequently, the
central challenge is no longer only solving the mathematical problem; it is about pro-
viding tools that allow users to interrogate the solution. This means understanding
not only what the best decision is, but also why it prevails over alternatives and what
the structural implications of that choice are.

This shift necessitates a revision of classical methodologies, driving the development of
Explainable Optimization techniques that can also leverage methods from Explainable
Artificial Intelligence.
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Ante-hoc and Post-hoc Approaches

Recent scientific literature categorizes Explainability strategies into two distinct macro-
categories, defined by the timing of the explanation relative to the resolution process:
Ante-hoc (or Inherently Interpretable) and Post-hoc (or Model-Agnostic) approaches.
This distinction, formalized by (Lumbreras et al., 2025) among others, reflects two
opposing attitudes toward addressing the trade-off between performance and trans-
parency.

Ante-hoc

Ante-hoc approaches seek to integrate interpretability directly within the mathemat-
ical model, constraining the solution’s structure—through sparsity or linearity, for
instance—to ensure it remains inherently readable by humans. Here, the objective
is not solely to solve the original problem with maximum precision, but also to find an
optimal approximation expressible through understandable logical rules. For example,
within their high-level framework, (Lumbreras et al., 2025) suggest the use of decision
trees and their variants, such as optimal policy trees and optimal prescriptive trees.

A pivotal example of ante-hoc methods is found in the work of (Goerigk et al., 2023),
who propose a framework for inherently interpretable optimization under uncertainty.
Rather than returning a single robust solution or a complex decision rule, their method
employs Mixed-Integer Programming (MIP) to simultaneously determine the optimal
solutions for the leaf nodes and the structure of a binary decision tree. This tree acts
as an interpretable function that maps the cost scenarios realized to specific decision
vectors. The model minimizes an aggregate objective (e.g., expected cost) subject to
constraints on the tree’s depth and structure: specifically, binary variables d; dictate
that each node ¢ performs a ”univariate split” on a single feature %, ensuring the result-
ing policy remains human-readable.

However, applying Ante-hoc methods often entails a significant cost, formalized
by (Bertsimas et al., 2019) as the "Price of Interpretability” The authors argues that
this phenomenon manifests itself as a quantifiable trade-off, representable via a Pareto
frontier that contrasts model accuracy with structural complexity. While (Rudin, 2019)
argue that this trade-off is often mythical in classification tasks—suggesting that inter-
pretable models can match black-box performance with sufficient effort—in highly con-
strained optimization environments, the friction is tangible. To force the solution into
simple rules (e.g., limiting decision tree depth), it is often necessary to sacrifice objec-
tive function optimality or to relax complex operational constraints. In contexts char-
acterized by ”saturated” constraints and resource scarcity, such simplification risks
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rendering solutions inefficient or even inadmissible, thereby necessitating the explo-
ration of Post-hoc alternatives.

Post-hoc

Conversely, Post-hoc methods embrace the complexity of the original optimization
model (black-box) to ensure maximum operational efficiency, deferring the explana-
tion to a subsequent stage. In this scenario, as described by (Ribeiro et al., 2016b), the
solver is free to explore the entire feasible solution space to locate the global optimum,
while a secondary algorithm analyzes the output to provide insight.

This category encompasses various strategies to justify the output by analyzing the
relationships between the input, the output, and the context, without altering the pri-
mary decision-making process. The main approaches involve using historical data to
identify analogies, using perturbation techniques to estimate the importance of char-
acteristics (Data-Driven explainability), or generating alternative scenarios to test de-
cision robustness, known as Counterfactual Analysis (Wachter et al., 2017). These
methodologies, detailed in the following section, currently represent the standard for
integrating interpretability into complex industrial models without compromising per-
formance.

Let us briefly consider another example of optimization problem, that is portfolio op-
timization, particularly relevant in the fintech sector. In such context, our goal would
be to maximize the return and minimize the risk associated to the investment of a given
capital.

Hierarchical Risk Parity (HRP)

Traditional portfolio optimization approaches, such as those proposed by Markowitz,
have well-known limitations. Considering the full correlation structure among all as-
set returns leads to computational complexity, as all pairwise relationships enter the
optimization via the covariance matrix (Fabozzi et al., 2007). Not all assets are strongly
correlated, so incorporating every possible correlation can be unnecessary (Vyas, 2020).
Estimation error in expected returns and covariances can yield unstable or suboptimal
allocations (Michaud, 1989). The classical model is also rigid with respect to regime
changes and market dynamics (Ilmanen et al., 2012), it relies on distributional assump-
tions that often fail (e.g., heavy tails and asymmetries) (Rocco, 2014), and focuses on
variance while neglecting other forms of risk, including extreme events (Mandelbrot
et al., 1963).
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These limitations justify alternative methods. One of the most successful is Hierar-
chical Risk Parity (HRP), which distributes risk more evenly, reduces dependence on
expected returns, and improves diversification in volatile settings. HRP is an unsu-
pervised Machine Learning procedure that replaces direct inversion of the covariance
matrix with a cluster-based allocation. Using a hierarchical cluster structure rather
than the raw covariance matrix itself, HRP fully exploits the information embedded in
the covariances while restoring the stability of portfolio weights (Burggraf, 2021). The
algorithm proceeds in three steps: Hierarchical Tree Clustering, Matrix Seriation, and
Recursive Bisection.

Hierarchical Tree Clustering

Hierarchical Tree Clustering partitions assets into a hierarchy of clusters so that allo-
cations can subsequently flow down a binary tree. HRP is “hierarchical” because its
first step assigns assets to clusters using an agglomerative method (Lopez de Prado,
2016). Each cluster can be split into sub-clusters down to the level of individual assets,
forming a tree that recursively organizes the investment universe (Vyas, 2020).

Let the returns be organized in a matrix of size 7' x N, where 7 is the time dimension
and N the number of assets. The procedure is:

(1) Correlations. Compute the N x N correlation matrix p among asset returns.

(2) Distances. Convert correlations to distances D using:

Dij = /3 (1= pij) (3.6)

(3) Secondary distances. Compute a second distance matrix D based on the pair-
wise Euclidean distance between the columns of D:

N
Dij = | Y. (Dri — Dy)° (3.7)
k=1

Here, D; ; measures a direct dissimilarity between two assets, while Di, j measures the
similarity of their dissimilarity profiles with respect to all other assets.
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(4) First merge. Let U be the set of clusters. The first merge (i*, j*) is:

U[1] = argmin D; ; (3.8)
(i.9)

a b c d e

0 17 21 31 23
17 0 30 34 21
21 30 0 28 39
31 34 28 0 43
23 21 39 43 0

o Qa0 o e

Table 3.2: Hierarchical Tree Clustering — working principle (step 1). Source: Vyas (2020).

(5) Linkage update (single linkage). Update distances to the new cluster using
nearest-point (single linkage). Remove the rows/columns of the merged items (e.g., a
and b) and and, for any asset i outside the cluster, define:

D;yp) = min(Dyq, Dip). (3.9)

2

ab) ¢ d e

(a,b) 0 21 31 21
c 21 0 28 39
d 31 28 0 43
e 21 39 43 0

Table 3.3: Hierarchical Tree Clustering — working principle (step 2). Source: Vyas (2020).

(6) Iterate to one cluster. Repeat merging and updating until a single cluster re-
mains. For example:

Dd,M[Q] = min(DcL(a,b)v Dd,c; Dd,e) = 28. (3.10)
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((a,b),ce) d
((a,b),c.e) 0 28
d 28 0

Table 3.4: Hierarchical Tree Clustering — working principle (step 3). Source: Vyas (2020).

Matrix Seriation

Seriation (quasi-diagonalization) reorders the covariance (or correlation) matrix ac-
cording to the hierarchical ordering so that similar assets are adjacent and large co-
variances concentrate near the diagonal. This reordering makes the underlying cluster
structure explicit and prepares the matrix for top-down allocation.

Recursive Bisection

In the final step, portfolio weights are assigned by traversing the tree from the root
to the leaves, splitting capital between sibling sub-clusters in proportion to inverse
variances. Here the procedure is:

(1) Initialize. Start with equal cluster weight at the root. (If desired, initialize each
asset with w; = 1/N before scaling through the tree.)

(2) Intra-cluster inverse-variance weights. For a given cluster with covariance
matrix V, define the intra-cluster weights as:

diag(V) '
= . 3.
v trace (diag(V)fl) (311)

(3) Sub-cluster variances. For the left/right child clusters with covariance matrices
V1 and V5 and corresponding intra-cluster weights w and wa:

f/l = w1TV1w1, VQ = W;VQWQ (3.12)
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(4) Allocate between siblings. Rescale the parent cluster weight between the two
children according to inverse variances. One convenient form is:
V;
a)p = 1—%, ar = 1—ay, (3.13)
Vi+ Vs
which is equivalent to allocating proportionally to (1/Vi, 1/V5) up to normalization.!

(5) Conservation. At each split, the sum of the child cluster weights equals the
parent cluster weight; the final asset weights sum to one.

3.4 Financial Use Case

It is interesting to observe how the optimization principles that have been discussed
in this Section can also be linked to the themes explored in the previous Sections, that
is, to XAL

For example, in (Gaggero et al., 2024) the aim is, firstly, to identify an effective allo-
cation of a given capital across 336 candidate stocks, in the Turkish market?.

The weights corresponding to the share of capital that should be invested in each
candidate stock is obtained through the HRP optimization process. Together with be-
ing a first actionable information, this serves as the basis for building a supervised
learning problem.

The 24 stocks receiving an HRP weight greater than 0.7% are, in fact, labeled as
selected, while all others are labeled as not selected. More specifically, the question that
is still open, after observing the result of the HRP algorithm, is: "Why was this stock
recommended, while this other was not?”.

To reach an answer, what we can do, for example, is to work on the dataset so that
it can be seen as a binary classification problem (selected stock vs non-selected stock)
and then extract an interpretable model from this dataset, such as the Logic Learning
Machine.

This has also been done in (Gaggero et al., 2024), applying this procedure to a dataset
representing the behavior of a set of stocks in the Turkish stock market .

!Connection to minimum-variance: the solution of min % w! Ywst elw=1isw* =X "le/(e’ £~ 'e). For
i . . — 1/01 1 _ g1
diagonal ¥, w; o< 1/0y;; for two assets, w1 = Tori/os = 1 o

“Dataset: https://www.kaggle.com/datasets/gokhankesler/borsa-istanbul-turkish-stock-exchange-dataset
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To explain HRP’s allocation decisions, both static and dynamic features of the stocks
are incorporated into the LLM model: static features include sector classification, mar-
ket segment, index inclusion, float ratio, and foreign ownership ratio; dynamic features
include historical average return, volatility, and derived metrics such as the average
standard deviation ratio. These features aim to capture the structural and behavioral
characteristics that influence asset selection.

Since only 7% of the stocks are labeled as selected, a Weighted Classification Sys-
tem (WCS) is applied. This system assigns higher weights only to selected stocks with
higher HRP weights and not to selected stocks with lower HRP weights. This procedure
mitigates class imbalance and emphasizes more informative samples during training.

The LLM produces a symbolic rule-based model with a constrained complexity (max-
imum of three conditions per rule, maximum allowed error of 5%). A total of nine rules
are generated, six of which have sufficient coverage (> 20%).

The most recurrent explanatory variable is standard deviation, confirming that
volatility plays a central role in HRP selection:

« Selected stocks tend to have relatively low volatility (e.g., SD < 3.06 or < 4.12).

« Additional criteria for selection include positive mean returns and float ratio
above 22%.

+ Not selected stocks typically exceed volatility thresholds (e.g., SD > 3.02 or >
4.02).

« Sectoral and market-segment characteristics also influence exclusion.

In this way, coupling optimization with XAI we were able to identify how to use our
decision variables in the most effective way, as well as to provide some understanding
and explanation about how the model operates this choice.
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