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Abstract 

The objective of this paper is to demonstrate that traditional statistical problems in credit scoring can be solved efficiently by 
implementing a quantum-enhanced version of the traditional Support Vector Machines algorithm. Three significant case 
studies are presented, involving regression, dichotomous and multi-class classification problems in the field of credit risk 
management. The analysis highlights the promise of the quantum kernel method as a competitive solution especially for 
multiclass problems with strongly structured features. Quantum-enhanced models tend to outperform classical approaches 
because they can capture more intricate non-linear relationships between variables, partly due to their ability to leverage 
entanglement. This advantage is particularly evident in credit risk assessment, where it can improve the credit evaluation 
process and help reduce credit losses for financial and insurance institutions. 
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1. Introduction 

In many research and working fields, including the financial sector, one of the most critical issues concerns the right 
classification of data, whatever they can be. Thus, having the right tools to discriminate classes based on a set of distinguishing 
features is fundamental. Under this perspective, the development of Machine Learning techniques to solve sets of problems 
connected with classification has been quite relevant in recent decades. 

Among the large number of Machine Learning algorithms developed over the years for the solution to classification problems, 
one of the most used is SVM (Support Vector Machines), part of supervised Machine Learning algorithms, widely 
implemented in many contexts, from image and speech recognition to natural language processing. Its foundation dates back 
to 1995, when Vladimir Vapnik and Corinna Cortes published the founding paper for SVMs Support-vector network (Cortes 
and Vapnik, 1995), in which they introduced this Machine Learning algorithm specifically designed for binary classification 
problems. In their paper, the main idea was that of non-linearly mapping the input vectors (containing values from 
observation of different features) into a high dimensional space where it is possible to build a hyperplane of decision that 
maximizes the margin (the distance) between the two main classes of data. 

This paper was also important for another aspect, i.e., the noise management, since it supports slack variables to correctly 
manage them, together with the ability to manage non-linearly separable data thanks to the concept of kernel functions 
(Boser, Guyon, and Vapnik, 1992), that allow to map data on spaces with higher dimensionality to make their separation 
easier.  

Before the publication of the cited paper, Vapnik had already made an important contribution in the development of the 
statistical learning theory, on which he published a few years later (Vapnik, 1998). In subsequent years SVMs established 
themselves as a benchmark tool for classification, and their use was also extended to other types of problems (Schölkopf and 
Smola, 2002). However, with the exponential growth of volumes of data and the increasing complexity of models to manage 
them, new challenges have arisen both in terms of scalability and time complexity. 

In particular, in the last decade, thanks to the recent developments in the quantum computing field, there has been a growing 
interest in possible applications of quantum principles to SVM. In 2014, (Rebentrost, Mohseni, and Lloyd, 2014) proposed 
the development of a quantum support vector machine capable of accelerating the time for the training process, highlighting 
that the algorithm developed grows according to a logarithmic function with respect to the growth of 𝑛 dimensions and 𝑚 
training samples, showing a consistent exponential acceleration compared to polynomial computational time required in 𝑛 ⋅
𝑚. This implies a great advantage in the solution of linear systems that stand at the core of SVM optimization. 

In more recent years, in particular in 2019, further contributions in the quantum computing research field have focused on 
the use of Hilbert spaces as feature space, highlighting that QSVM can exploit the quantum representation to better improve 
the classification of complex data (Schuld and Killoran, 2019) and in the same year (Havlíček et al., 2019) have explained that 
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it is possible to use parametrized quantum circuits for supervised classification. In the next section a theoretical introduction 
to the concepts of classical Support Vector Machines, both under classification and regression problems, is provided, in order 
to understand how they behave and are implemented. 

The third part is dedicated to explaining that Quantum Computing can be used in order to extend the traditional Machine 
Learning framework. The last section shows that this technology can be successfully implemented in credit scoring through 
the solution of regression, binary and multi-classes classification problems. 

Please note that this study is not intended to provide any general introduction to the basics of quantum computing, like the 
fundamental mathematical background needed to understand and describe the theoretical concepts connected with this 
field: qubits, their nature and properties, quantum gates and circuits and quantum mechanics effect on related machines. 

Readers interested in studying these topics related to basic quantum physics can for example refer to the following texts: 

- “Quantum Computing” by Kaiser and Granade (2021) is primarily aimed at people interested in quantum computing having 
little or no experience with quantum mechanics, but with a background in programming. 

- “Quantum Computing for the Quantum Curious” by Hughes, Isaacson, Perry, Sun and Turner (2021) is aimed at people who 
have no experience in programming but already have a basic knowledge of modern physics like photoelectric effect, 
wave/particle duality, etc. 

- Technical documentation or tutorials of Microsoft Q# and IBM Qiskit on their respective official websites for the readers 
who prefer a very pragmatic approach to quantum physics and quantum computing. 

 2. Theoretical setup of Support Vector Machines 

The main theoretical foundation at the basis of SVM originates from a binary classification problem on a dataset of 𝑁 
examples, which can be represented as a couple of points in a 𝑛-dimensional space: (𝑥𝑖 , 𝑦𝑖), where 𝑖 = 1,… , 𝑁. 

𝑥𝑖 ∈ ℝ
𝑛 is defined as the feature vector, which contains the values associated with each single 𝑗-th feature for the 𝑖-th 

example, while 𝑦𝑖 ∈ {−1,1} is its class label, indicating which of the two possible classes the data point belongs to. 

Thus, the feature vector for the 𝑖-th example 𝑥𝑖  in a context of 𝑚 features can be written as: (𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑗𝑖 , … , 𝑥𝑚𝑖)
𝑇

 with 

𝑗 = 1, … ,𝑚;  ∀𝑖 = 1,… , 𝑛 where each 𝑥𝑗𝑖  represents the value of the 𝑗-th feature for the 𝑖-th sample.  

In this initial setup, the main goal of the SVM is to find the optimal hyperplane that best separates the two classes with the 
largest possible margin, that is the minimal distance between the hyperplane itself and the closest data points from either 
class. 

With reference to ℝ𝑛, the generic equation of the hyperplane is: 𝐰𝑇𝑥 + 𝑏 = 0, where: 𝐰 ∈ ℝ𝑛 is the weight vector, 
orthogonal to the hyperplane, whose components 𝑤𝑗  express the importance of each feature in the classification task. 

𝑏 ∈ ℝ defines the bias or intercept, a scalar that allows the hyperplane to be shifted away from the origin in the feature 
space, ensuring flexibility to the model in classifying data and that it does not pass across the origin, where all features are 
zero vectors, a fact that could render the model meaningless. 

These components form the decision function, that assigns a specific class to each new observation 𝑥 and is defined by 

𝑓(𝑥) = 𝐰𝑇𝑥 + 𝑏  and the predicted class is consequently defined by the sign of 𝑓(𝑥): 𝑦̂ = 𝑠𝑖𝑔𝑛(𝑓(𝑥)). 

2.1. The optimization problem and the centrality of margin 

Given these premises, the main SVM optimization problem is given by 𝐦𝐚𝐱
2

‖𝑤‖
s.t. 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥ 1, ∀𝑖.  

To better understand what this condition wants to express, an accurate analysis of its components is required. 

Starting from the margin 
2

‖𝑤‖
 , 2 corresponds to the distance between two parallel hyperplanes, called supporting 

hyperplanes, defined by 𝐰𝑇𝑥 + 𝑏 = 1 and 𝐰𝑇𝑥 + 𝑏 = −1. 

The numerator 2 can be understood considering that the distance between the two supporting hyperplanes is defined as 
|(𝐰𝑇𝑥++𝑏)−(𝐰

𝑇𝑥−+𝑏)|

‖𝑤‖
=

2

‖𝑤‖
, where the components 𝑥+ and 𝑥− represent each of the points lying on the supporting 

hyperplanes of belonging. 

The numerator comes out from the difference of the righthand sides (1 − (−1)). On the other hand, ‖𝑤‖ is the Euclidean 
norm of the weights vector, representing the length of the weights vector, that is the hyperplane complexity. Its role is strictly 
fundamental for the solution of the optimization problem: as ‖𝑤‖ decreases, the margin increases, and the contrary holds. 

This has an important consequence on the way in which the problem can be approached, since the optimization can be 
meant as a minimization of ‖𝑤‖ too. 
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2.2 The meaning of the constraint and the role of 1 

For what concerns the constraint formula 𝑦𝑖(𝐰
𝑇𝑥𝑖 + 𝑏) ≥ 1, ∀𝑖, this ensures that each point is correctly classified and 

stands outside or on the margin boundaries. 

As a matter of fact, considering the equations of the supporting hyperplanes introduced above, whose role is to bound the 
margin, for all the points that belong to:  𝑦𝑖 = +1 ⟹ 𝐰𝑇𝑥𝑖 + 𝑏 ≥ 1; 𝑦𝑖 = −1 ⟹ 𝐰𝑇𝑥𝑖 + 𝑏 ≤ −1 and this implies the use 
of compact notation used in the model. 

About the use of 1, this value is not associated with a specific property of the data or the model, but it represents the 
invariance of the problem to a scale-up of both 𝐰 and 𝑏. More specifically, if the hyperplane (𝐰, 𝑏) defines a solution to the 
constraints for a margin 𝑚 > 0, 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥ 𝑚, ∀𝑖 and (𝐰, 𝑏) is multiplied by any positive constant 𝑐 ∈  ℝ ∶ 𝑐 > 0, then 
the solution becomes (𝑐𝐰, 𝑐𝑏) and the constraint becomes 𝑦𝑖(𝑐𝐰

𝑇𝑥𝑖 + 𝑐𝑏) ≥ 𝑚, so that taking out 𝑐 the constraint can be 

expressed as 𝑐𝑦𝑖(𝐰
𝑇𝑥𝑖 + 𝑏) ≥ 𝑚, and consequently 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥
𝑚

𝑐
. 

Less formally, using 𝑐 > 0 to scale up, the parameters scale the margin by the same factor, not changing the geometric 
position on the hyperplane in the feature space. The set of points that satisfies 𝐰𝑇𝑥 + 𝑏 = 0 is exactly the same as the set 
satisfying 𝑐𝐰𝑇𝑥 + 𝑐𝑏 = 0.  

This is a highly flexible property that allows to arbitrarily fix the scale of the parameters, so that choosing 𝑐 =
1

𝑚
, any solution 

with a margin 𝑚 can be rescaled so that the constraint becomes 𝑦𝑖(𝐰
𝑇𝑥𝑖 + 𝑏) ≥ 1. 

Normalization is just a standard convention that simplifies the mathematical formulation and relates ‖𝑤‖ to the geometric 
margin, while 𝑐 is simply a scaler whose introduction does not alter the separating hyperplane, but the value at which the 
margin constraint is fixed. 

To clarify the concept, the geometric margin is given by 𝛾 = 𝐦𝐢𝐧𝑖
𝑦𝑖(𝐰

𝑇𝑥𝑖+𝑏)

‖𝐰‖
 and scaling both 𝐰 and 𝑏 by 𝑐, the numerator 

and denominator are multiplied by this constant, such that the margin will not be scaled. The invariance is the reason for 
which 1 can be used in the constraint without losing generality in the model. 

2.3. From maximization to minimization 

As anticipated in section 2.1, the maximization of the margin implies a minimization of ‖𝒘‖, so the problem can be viewed 

under this perspective as 𝐦𝐢𝐧𝐰,𝑏
1

2
‖𝐰‖2s.t. 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥ 1, ∀𝑖. 

Looking at the objective function of the model: 

‖𝐰‖2 can be interpreted in the same way. Expressing the length of the weights vector, it is connected with the complexity 
of the separating hyperplane. Its quadratic form is used for three main reasons: 

- It is a differentiable convex function, and this helps simplify the problem during the optimization process. 

- The derivative of ‖𝐰‖2 with respect to 𝐰 is linear: 
𝜕

𝜕𝐰
‖𝐰‖2 = 2𝒘. 

- Minimizing ‖𝒘‖ is equivalent as minimizing it with ‖𝐰‖2, since both of them have a minimum at 𝐰 = 0. 

1

2
 is a factor included again for mathematical convenience. As a matter of fact, when differentiating the objective function 

with respect to 𝐰, the 2 of the derivative of the quadratic norm can be simplified as follows: 
𝜕

𝜕𝐰

1

2
‖𝐰‖2 =

𝜕

𝜕𝐰

1

2
𝐰𝑇𝐰 = 𝐰. 

2.4. Soft margin, slack variables and parameter C 

What has been described above is the model version without noise, called hard margin, where data are perfectly linearly 
separable. Nevertheless, in real scenarios, guaranteeing the perfect separation of data is seldom doable, given the presence 
of noise in samples, outliers and data may not be linearly separable. These cases are unfavorable for the use of a hard margin 
model, since they are not generalizable and do not have a solution. 

For this reason the SVM problem adapts to the real data through the so-called soft margin version, giving some corrections 
to misclassified points or some that are within the margin by introducing some slack variables that represent a tolerance to 
the violations, measuring how much single data points overcome the margin or fall into the wrong side of the decision line. 

Giving penalties to the classification errors or violations of the margin allows to soften the separation, making SVM a flexible 
method, more appropriate to real data. Consequently, the constraint form becomes: 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖 , 𝜉𝑖 ≥ 0 where: 

- If 𝜉𝑖 = 0, the point 𝑥𝑖  is correctly classified and outside or at the margin. 

- If 0 < 𝜉𝑖 ≤ 1, the point is still correctly classified, but it is within the margin. 

- If 𝜉𝑖 ≥ 1, the point is misclassified (on the wrong side of the hyperplane). 
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Consequently, the optimization problem changes to 𝐦𝐢𝐧𝐰,𝑏,𝜉
1

2
‖𝐰‖2 + 𝐶 ∑ 𝜉𝑖

𝑁
𝑖=1 s.t. 𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖 , 𝜉𝑖 ≥ 0, ∀𝑖 

where 𝐶 is a regularization parameter: it introduces a penalization towards the margin violations or classification errors, 
setting the trade-off between the maximization of the margin and the minimization of classification errors. In other terms, it 
controls the trade-off between accuracy on training data and generalization capacity. 

A high 𝐶 pushes the model to reduce both errors and slack variables to a minimum level, making the model with some noise 
more similar to a hard margin one. 

A low value of 𝐶 implies a higher tolerance in the model, allowing for the acceptance of much more errors and points that 
violate the margin, taking to a more robust model with a slightly wider margin. 

2.5. Dual formulation of SVM 

The constrained optimization setup of the soft margin is specifically defined as primal formulation, which however can show 
some practical and theoretical limitations. A limitation deriving from this is that the solution 𝐰 may reach an elevate 
dimension, up to the number of features, making the problem not very scalable in high-dimensionality spaces, since the 

minimization of 
1

2
‖𝐰‖2 + 𝐶 ∑ 𝜉𝑖

𝑁
𝑖=1  is a constrained quadratic programming problem that involves linear constraints, whose 

complexity in the optimization process increases with dimensionality of the feature space. 

One of the most common methods used to solve this kind of optimization problems is to refer to the augmented Lagrangian 
method, which introduces some additional multipliers in the model, transforming the original constrained optimization 
problem into an unconstrained one formed by the Lagrangian function, that is a linear combination of the objective function 
and the constraint functions. 

At this point it is sufficient to solve for the zeros of the gradient of the function to find the optimal solutions, with the 
Lagrangian multipliers that indicate the sensitivity of the objective function to possible changes in the constraints. 

The convexity of the problem guarantees that local optima are global, a factor which simplifies the analysis, implying a more 
robust and effective model. 

The dual problem structure becomes: 𝐿(𝐰, 𝑏, 𝜉, 𝛼, 𝜇) =
1

2
‖𝑤‖2 + 𝐶 ∑ 𝜉𝑖

𝑁
𝑖=1 − ∑ 𝛼𝑖

𝑁
𝑖=1 [𝑦𝑖(𝐰

𝑇𝑥𝑖 + 𝑏) − 1 + 𝜉𝑖] − ∑ 𝜇𝑖
𝑁
𝑖=1 𝜉𝑖  

where  𝛼𝑖 ≥ 0 and 𝜇𝑖 ≥ 0 are the Lagrangian multipliers. 

During the optimization process, the optimality conditions of Karush-Kuhn-Tucker (KKT) require that the partial derivatives 
of the Lagrangian function with respect to the primal variables (𝐰, 𝑏, 𝜉) are null in the optimal point, this to ensure to take 
the systems of equations to the optimal solution. 

 
𝜕𝐿

𝜕𝐰
= 0 ⟹ 𝐰 = ∑ 𝛼𝑖

𝑁
𝑖=1 𝑦𝑖𝑥𝑖;  

𝜕𝐿

𝜕𝑏
= 0 ⟹ ∑ 𝛼𝑖

𝑁
𝑖=1 𝑦𝑖 = 0;  

𝜕𝐿

𝜕𝜉𝑖
= 0 ⟹ 𝛼𝑖 + 𝜇𝑖 = 𝐶  

Imposing KKT conditions for stationarity and plugging the solutions into the original Lagrangian function, the dual problem 

becomes mathematically expressed as  𝐦𝐚𝐱𝛼 ∑ 𝛼𝑖
𝑁
𝑖=1 −

1

2
∑ 𝛼𝑖
𝑁
𝑖,𝑗=1 𝛼𝑗𝑦𝑖𝑦𝑗(𝑥𝑖

𝑇𝑥𝑗) s.t. 0 ≤ 𝛼𝑖 ≤ 𝐶,∑ 𝛼𝑖
𝑁
𝑖=1 𝑦𝑖 = 0. 

In this new setup: 𝛼𝑖  is associated to the margin constraint 𝑦𝑖(𝐰
𝑇𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖  and measures the sensitivity of the 

objective function with respect to the classification constraint of the i-th point. 

If 𝛼𝑖 > 0, the point 𝑖 is a support vector, so that it is exactly placed on the margin or violates it. 

𝜇𝑖  , on the other hand, is associated with the non-negativity constraint of the slack variables (𝜉𝑖 ≥ 0). It measures how much 
this constraint impacts on the model, so that if 𝜇𝑖 > 0, the slack will be 𝜉𝑖 = 0. 

The index 𝑗, as 𝑖, iterates through all the points of the dataset, forming the ∑ 𝛼𝑖
𝑁
𝑖,𝑗=1 𝛼𝑗𝑦𝑖𝑦𝑗(𝑥𝑖

𝑇𝑥𝑗), where the indices together 

represent each possible couple of points in the dataset. This term in the formula computes the interaction between each 
possible couple of points weighted for the respective multipliers 𝛼𝑖, 𝛼𝑗. 

In this way the optimal solution 𝐰 can be expressed as the linear combination of the training data 𝐰 = ∑ 𝛼𝑖
𝑁
𝑖=1 𝑦𝑖𝑥𝑖 . 

This implies that only part of the data involved provides an effective contribution to the solution. These data are the ones 

called support vectors, where 𝛼𝑖 > 0. In these terms, the dual problem only depends on the scalar products between 𝑥𝑖
𝑇𝑥𝑗, 

and this is relevant for the introduction of the kernel trick, which is discussed in the next section. 

2.6. The use of the kernel trick 

As explained in section 2.4, data may not be linearly separable in the original feature space. In this case, a natural strategy to 
solve the problem is to scale up the space in a superior dimension through a map, called feature map 𝜙(𝑥), where a linear 
separation becomes something doable. 

Nevertheless, doing this explicitly may be computationally prohibitive or even infeasible, in case 𝑁 → ∞. In cases like these, 
the model introduces a powerful tool: the kernel trick. A kernel is a function 𝐾(𝑥𝑖 , 𝑥𝑗) that computes the scalar product 
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among the images of the data in the feature map, never explicitly computing 𝜙(𝑥), such that it can be expressed as 
𝐾(𝑥𝑖 , 𝑥𝑗) = ⟨𝜙(𝑥𝑖), 𝜙(𝑥𝑗)⟩ thus, recalling the SVM dual formulation, plugging the kernel function in the original setup, it 

changes into 𝐦𝐚𝐱𝛼 ∑ 𝛼𝑖
𝑁
𝑖=1 −

1

2
∑ 𝛼𝑖
𝑁
𝑖,𝑗=1 𝛼𝑗𝑦𝑖𝑦𝑗𝐾(𝑥𝑖 , 𝑥𝑗) s.t. 0 ≤ 𝛼𝑖 ≤ 𝐶,∑𝛼𝑖𝑦𝑖 = 0 and the decision function with kernel 

becomes 𝑓(𝑥) = ∑ 𝛼𝑖
𝑁
𝑖=1 𝑦𝑖𝐾(𝑥𝑖 , 𝑥) + 𝑏 where 𝑏 is obtained after the computation of 𝛼𝑖  through the optimization of the 

Lagrangian. 

In particular this estimation is obtained using those 𝛼 referred to the support vectors, where 0 < 𝛼𝑖
∗ < 𝐶. 

For each support vector 𝐱𝑆: 𝑦𝑠 (∑ 𝛼𝑖
∗𝑁

𝑖=1
𝑦𝑖𝑘(𝐱𝑖, 𝐱𝑗) + 𝑏

∗) = 1 and solving for 𝑏∗: 𝑏∗ = 𝑦𝑠 −∑ 𝛼𝑖
∗𝑁

𝑖=1
𝑦𝑖𝑘(𝐱𝑖, 𝐱𝑠) that is the 

average value of all the support vectors 𝑏∗ =
1

|𝑆|
∑ [

𝑠∈𝑆
𝑦𝑠 −∑ 𝛼𝑖

∗𝑁

𝑖=1
𝑦𝑖𝑘(𝐱𝑖, 𝐱𝑠)] where 𝑆 is the set of all support vectors 

indices. 

The introduction of kernel functions in the model allows to build non-linear SVMs, which are able to separate even complex 
data, without ever explicitly working on the transformed feature space; as a matter of fact, all the computational complexity 
is reduced to the computation of the kernel among pairs of data, even in case of an infinite feature map 𝜙(𝑥). To provide a 
clear example, let us consider three points defined in ℝ2: 𝑥1 = (1,2), 𝑥2 = (2,3), 𝑥3 = (3,4). 

Then, assuming 𝜙(𝑥) = (𝑥1
2, √2𝑥1𝑥2, 𝑥2

2) so that it maps each point in ℝ3. The scalar product in this space is 𝜙(𝑥1)
𝑇𝜙(𝑥2) =

(12, √2 ⋅ 1 ⋅ 2, 22) ⋅ (22, √2 ⋅ 2 ⋅ 3, 32) = (1,2.828,4) = 1 ⋅ 4 + 2.828 ⋅ 8.485 + 4 ⋅ 9 ≈ 4 + 24 + 36 = 64. 

Even if the mapping may be defined by a relatively simple function, the application of the mapping to each of the points in 
the dataset is highly costly in terms of computational time. 

On the other hand, introducing a polynomial kernel of degree 2 𝐾(𝑥, 𝑦) = (𝑥𝑇𝑦)2 the same result can be obtained, without 
necessarily computing 𝜙(𝑥): 𝐾(𝑥1, 𝑥2) = (1 ⋅ 2 + 2 ⋅ 3) = (2 + 6)2 = 82 = 64. 

Different kernel functions imply different measurements of similarities among data in the transformed space, and thus to 
different types of decision boundaries. 

The most common functional forms used as kernel are: 

Linear kernel: 𝐾(𝑥, 𝑦) = 𝑥𝑇𝑦. It corresponds to the scalar product in the original space. Its use is mainly related to linearly 
separable data or when there is a discrepancy between a large number of features with respect to the number of samples 
constituting the dataset. 

Polynomial kernel: 𝐾(𝑥, 𝑦) = (𝑥𝑇𝑦 + 𝑐)𝑑. In this form, 𝑑 is the degree of the polynomial function, while 𝑐 is a constant (often 
𝑐 = 1). This is a powerful kernel, since it allows the SVM to fit polynomial decision boundaries of a specific degree. It is used 
to analyze the degree of non-linearity in the dataset or when there is an assumption about a possible polynomial relation 
between classes. 

Radial Basis function: 𝐾(𝑥, 𝑦) = exp(−𝛾‖𝑥 − 𝑦‖2). In this function, the parameter 𝛾 controls for the width of the function. 
More specifically: 

– If 𝛾 is high, the function decreases very quickly. This implies that points which are much closer to each other will have a 
high kernel value, creating overfitting and local decisions. 

– If 𝛾 has low values, the function decreases slowly, implying the opposite effect: points more distant among each other will 
have a significant kernel value, potentially creating overfitting and too much global decision. 

It specifically maps the data into an infinite-dimensional space, and it is a powerful functional form to detect non-linear 
relationships among data. It is a default choice whenever the original dataset is made of non-linearly separable samples and 
there is no prior knowledge about the data structure. 

Sigmoid function: 𝐾(𝑥, 𝑦) = tanh(𝛾𝑥𝑇𝑦 + 𝑐), where tanh is the hyperbolic tangent and 𝛾 controls for the slope of the 
functional form. It is inspired by neural networks but rarely used in the context of classification. 

Consequently, before choosing the ideal kernel function to adopt, it is fundamental to conduct a specific analysis on the 
nature of the dataset and of the data itself. 

2.7. Normalization and overfitting 

As discussed in the sections above, the main focus of the optimization problem for SVM is the minimization that concerns 
the weights vector 𝐰. 

In particular, the regularization term ‖𝐰‖2 introduces a penalization on the magnitude of the weights that are associated 
with each feature. 
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If the features in the dataset present large differences in their values (e.g. one feature contains values in range (0, 1) and 
another ranges from 0 to 1000) the optimization of ‖𝐰‖2 will assign smaller weights to the feature showing larger scales and 
the other way around, without any other reason but that of balancing the decision function. 

In doing this, several risks potentially need to be considered: 

An unequal penalization: ‖𝐰‖2 might not penalize features equally. If a subset of features is highly determinant in the model 
but shows off a large scale of values in samples, it will however be associated with smaller weights, becoming quite irrelevant 
for the analysis. 

Suboptimal decision boundaries: the model might find a separating hyperplane deeply biased towards features with smaller 
scales (for the higher weight attributed to them), consequently ignoring more valuable information that comes from features 
with wider range of values. 

Instability and poor generalization: the model might be affected, for the above reasons, by the scale of input features. This 
could easily lead to face overfitting or underfitting phenomena, depending on the scales distribution. 

To solve this issue, a good practice is to proceed with the normalization of the data, transforming each feature in such a way 
it has a zero mean and a unit variance across the whole training set. 

Normalized data are defined as 𝑥𝑖𝑗
′ =

𝑥𝑖𝑗−𝜇𝑗

𝜎𝑗
 where 𝜇𝑗 =

1

𝑁
∑ 𝑥𝑖𝑗

𝑁

𝑖=1
 and 𝜎𝑗 = √

1

𝑁
∑ (

𝑁

𝑖=1
𝑥𝑖𝑗 − 𝜇𝑗)

2 are respectively the mean 

and standard deviation of the 𝑗-th feature. 

This normalization technique, called Z-score, ensures that all the features contribute in an equal way to the regularization 
term such that the optimization process does not give priority to only one feature with respect to another. Moreover, 
normalizing data brings other benefits, that result in a better interpretability of the model, since weights are not shrunk by 
differences in feature scales, and into a faster convergence of the optimization process to the optimal 𝐰, since the range of 
the values is restricted and smoother. In the end, normalization makes hyperparameter tuning on 𝐶 or kernel parameters 
more stable because their effect is not altered and diminished by differences in feature scales. 

2.8. SVM as regressor 

What makes SVM particularly interesting is that it can be adapted to solve regression problems. This naturally leads to define 
the Support Vector Regression model. In this mathematical framework the goal is not to separate data into classes, but to 
find a function able to approximate real-valued targets as accurately as possible, contemporarily guaranteeing a low 
complexity in its form. 

In this regression model, the concept of margin is replaced by a new parameter, 𝜀. This is connected with the geometric 
structure of the regression function, which is surrounded by a zone of width 2𝜀, that has an important function in terms of 
errors management. 

- If the errors are inferior to 𝜀, they are ignored since they fall within this acceptance area and are not penalized. 

- Conversely, if the errors overcome this value, they are penalized through slack variables. 

In the context of regression, the optimization problem of SVR tries to minimize the function complexity (the norm of weights) 
and the total of the penalties for the errors that fall off the tolerance zone. Formally: 

𝐦𝐢𝐧
1

2
‖𝐰‖2 + 𝐶∑ (

𝑁

𝑖=1
𝜉𝑖 + 𝜉𝑖

∗) subject to: 𝑦𝑖 − (𝐰
𝑇𝑥𝑖 + 𝑏) ≤ 𝜀 + 𝜉𝑖, (𝐰

𝑇𝑥𝑖 + 𝑏) − 𝑦𝑖 ≤ 𝜀 + 𝜉𝑖
∗, 𝜉𝑖 ≥ 0 and 𝜉𝑖

∗ ≥ 0 

In this formula the new elements are the slack variables. Let us analyze them: 

- 𝜉𝑖  measures how much the prediction for the single 𝑖th observation overcomes the upper bound of the tolerance zone. 

- 𝜉𝑖
∗ on the other hand, measures how much the prediction for 𝑖 overcomes the lower bound. 

Thus, if a single point stands within the tolerance zone 𝜀, both the slack variables will be zero, adding no penalty to the values 
measured for the 𝑖th observation. On the other hand, if a point falls out of the tolerance zone, the corresponding slack 
variable becomes positive, according to the constraint and becomes part of the objective function, getting penalized. 

As in the case of SVM, the SVR presents a dual form in which it can be solved. In this new form, two Lagrangian multipliers 
are introduced, exactly following the slack variables of the model: 𝛼𝑖  and 𝛼𝑖

∗. The dual objective is the minimization of the 
objective function with respect to 𝛼𝑖  and 𝛼𝑖

∗: 

1

2
∑ ∑ (𝛼𝑖 − 𝛼𝑖

∗)(𝛼𝑗 − 𝛼𝑗
∗)𝐾(𝑥𝑖 , 𝑥𝑗)

𝑁
𝑖=1

𝑁
𝑖=1 + 𝜀∑ (

𝑁

𝑖=1
𝛼𝑖 + 𝛼𝑖

∗) − ∑ 𝑦𝑖
𝑁
𝑖=1 (𝛼𝑖 − 𝛼𝑖

∗)  

subject to: ∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗) = 0 and 0 < 𝛼𝑖, 𝛼𝑖
∗ < 𝐶, ∀𝑖. Here, 𝐾(𝑥𝑖 , 𝑥𝑗) is the selected kernel function, according to the 

nature of the data. As in the case of SVM, the only data points that concretely contribute to the prediction of the final values 
are those where 𝛼𝑖 ≠ 0 or 𝛼𝑖

∗ ≠ 0; these points are called support vectors. After solving for the optimal multipliers, the bias 



RISK MANAGEMENT MAGAZINE – Volume 21, Issue 2                       - 29 - 

 

𝑏 is computed using the support vectors (those with 𝛼𝑖 > 0, 𝛼𝑖
∗ < 𝐶), 𝑏∗ = 𝑦𝑠 − 𝜀 ⋅ 𝑠𝑖𝑔𝑛(𝛼𝑠 − 𝛼𝑠

∗) −∑ (
𝑁

𝑖=1
𝛼𝑖 −

𝛼𝑖
∗)𝐾(𝑥𝑖 , 𝑥𝑠) and by averaging over all these ones: 𝑏∗ =

1

|𝑆|
∑ [

𝑠∈𝑆
𝑦𝑠 − 𝜀 ⋅ 𝑠𝑖𝑔𝑛(𝛼𝑠 − 𝛼𝑠

∗) −∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗)𝐾(𝑥𝑖 , 𝑥𝑠)]. 

Hence, the regression function is expressed as 𝑓(𝑥) = ∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗)𝐾(𝑥𝑖 , 𝑥) + 𝑏 where 𝐾(𝑥𝑖 , 𝑥) is the selected kernel, 

according to the nature of the data. As in the case of SVM, the only data points that concretely contribute to the prediction 
of the final values are the ones where 𝛼 ≠ 0 or 𝛼∗ ≠ 0, a factor that indicates they are support vectors. 

3. QSVM and QSVR 

Having defined in detail the main characteristics of Support Vector Machines and Regression, the quantum approach to these 
algorithms is analyzed in this section, according to the most recent publications cited in the introduction. 

In this work, the development and analysis of the quantum models to apply to supervised classification and regression 
Machine Learning algorithms mainly follow what has been introduced in the most recent literature (Schuld and Killoran, 
2019) (Havlíček et al., 2019), whose focus is on the extension of the classical models to their corresponding quantum version, 
which differs for the introduction of Quantum kernels and feature maps. 

This choice first comes from the continuity with the classical theory guaranteed by the kernel-based approach, a fact that 
allows a direct comparison between the two models, both in mathematical and experimental terms. 

In addition, what has been introduced in Schuld and Havlicek’s papers has become the principal reference for the practical 
implementation of Quantum Support Vector Machines and the related Regression model on NISQ hardware, mostly due to 
their adaptability and scalability. 

NISQ stands for Noisy Intermediate-Scale Quantum, and it indicates the current state of the art for what concerns the 
structure of quantum machines. 

Today, as a matter of fact, they can still be subject to environmental factors, like electromagnetic interference or temperature 
fluctuations, that can compromise their computational power. 

However, they are already able to contain hundreds of qubits, so that it is possible to apply them for computations in a wide 
range of research fields, including Machine Learning. 

This approach has already been developed and integrated into frequently upgraded software and libraries, as Qiskit, enabling 
the realization of an empirical and rigorous evaluation of the model’s performance. 

On the other hand, the approach adopted by Rebentrost et al. in their 2014 paper will not be taken as reference for the fact 
that the quantum inversion of matrices (HHL) requires the access to a specific type of quantum RAMs (QRAMs), which needs 
to prepare different quantum states representing the input data ∑ 𝑥𝑖𝑖 |𝑖⟩, and particular favorable numerical conditions to 
be developed. The HHL algorithm solves 𝐴𝐱 = 𝐛 with a degree of complexity depending in polynomial way on the 𝑘 
conditioning (the ratio between maximum and minimum eigenvalue) such that if 𝑘 is large, the asymptotic advantage is lost, 
and the solution becomes much higher. 

Moreover, the matrix 𝐴 must be sparse, so it must have few non-null entries, otherwise states preparation becomes 
ineffective. Even if the implementation of the HHL method is feasible, it is important to highlight the presence of other 
classical algorithms that may adopt a quantum-inspired approach, with better performance in low-rank linear systems (Chia 
et al., 2020). 

3.1 Quantum feature space and kernel 

The quantum version of SVM starts with the generalization of the feature map 𝜙(𝐱), by substituting this with a quantum 
feature map. Formally, this means that every input vector 𝐱 ∈ ℝ𝑛 is codified into a quantum state according to this way 𝐱 ↦
|𝜙(𝐱)⟩ = 𝑈𝜙(𝐱)|0⟩ where 𝑈𝜙(𝐱)|0⟩ is a quantum circuit parameterized with the feature values of 𝐱 and |0⟩ represents the 

reference state, that is all the qubits used are initialized to this state. 

This operation guarantees that each data point is represented by a quantum state which is unique in the chosen Hilbert space 
ℋ associated with the quantum system. 

After defining the quantum feature map, the Quantum kernel is defined as 𝑘𝑄(𝑥𝑖 , 𝑥𝑗) = |⟨𝜙(𝐱𝑖)|𝜙(𝐱𝑗)⟩|
2. 

This first definition is identified as fidelity kernel and guarantees positivity of results and physical implementation. More 
generally, it can be defined as the scalar product in the quantum Hilbert space ℋ: 𝑘𝑄(𝐱𝑖, 𝐱𝑗) = ⟨𝜙(𝐱𝑖)|𝜙(𝐱𝑗)⟩. 

It is important to clarify that the quantum extension is confined to the feature map encoding and kernel computation through 
quantum circuits. The subsequent optimization procedure - solving the quadratic programming problem via KKT conditions 
and updating Lagrange multipliers 𝛼𝑖  - remains entirely classical, as does the calculation of the bias term and the final decision 
function.  
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In essence, classical data are quantum-encoded to exploit the Hilbert space geometry for superior similarity metrics, while 
the underlying SVM optimization machinery relies on standard classical solvers. 

3.2 Primal formulation of Quantum Support Vector Machines 

The introduction of quantum feature maps |𝜙(𝐱)⟩ and Quantum kernels 𝑘𝑄(𝐱𝑖 , 𝐱𝑗) leads to defining the natural extension 

of the classical Support Vector Machines optimization problem into a quantum space. From a global point of view, the 
optimization problem remains unchanged, what really changes is the geometry of the problem and the nature of the 
components that act on the model, since they make use of quantum states and quantum Hilbert spaces ℋ. The primal 

formulation for the Quantum Support Vector Machine is 𝐦𝐢𝐧𝐰,𝝃
1

2
‖𝐰‖2 + 𝐶 ∑ 𝜉𝑖

𝑁
𝑖=1 s.t. 𝑦𝑖(⟨𝐰, 𝜙𝑄(𝐱𝑖) + 𝑏⟩) ≥ 1 − 𝜉𝑖; 𝜉𝑖 ≥

0, ∀𝑖 = 1,… , 𝑁. In this formulation of the optimization problem the new elements are: 𝜙𝑄(𝐱𝑖) = |𝜙(𝐱𝑖)⟩ is the quantum 

state associated with the 𝑖th observation and ⟨𝐰, 𝜙𝑄(𝐱𝑖)⟩ is the inner product in ℋ. In the quantum context, the weight 

vector 𝐰 is an element of ℋ and can be expressed as a linear combination of quantum feature states 𝐰 = ∑ 𝛽𝑗
𝑁

𝑗=1
|𝜙(𝐱𝑗)⟩ 

where 𝛽𝑗 ∈ ℝ as the real coefficients. This is an important representation, since the space ℋ is of exponentially large 

dimension, and 𝐰 cannot be stored or manipulated using a classical memory. Consequently, the norm of 𝐰, which appears 

in the objective function, is ‖𝐰‖2 = ⟨𝐰,𝐰⟩ = ∑ ∑ 𝛽𝑗𝛽𝑘⟨𝜙(𝐱𝑗)|𝜙(𝐱𝑘)⟩
𝑁
𝑖=1

𝑁
𝑖=1  where the inner product forming the constraint 

is ⟨𝐰, 𝜙𝑄(𝐱𝑖)⟩ = ∑ 𝛽𝑗
𝑁

𝑗=1
⟨𝜙(𝐱𝑗)|𝜙(𝐱𝑖)⟩. 

Once the optimal solution (𝐰∗, 𝐛∗) is found, the decision function for a new input 𝐱 is given by: 𝑓(𝐱) = ⟨𝐰∗, 𝜙𝑄(𝐱)⟩ + 𝐛
∗  

which by using the explicit form of 𝐰∗ becomes 𝑓(𝐱) =∑ 𝛽𝑗
∗

𝑁

𝑗=1
⟨𝜙(𝐱𝑗)|𝜙(𝐱)⟩ + 𝐛

∗. 

Hence, the inner products ⟨𝜙(𝐱𝑗)|𝜙(𝐱)⟩ are evaluated as Quantum kernels as squared overlaps between quantum states, 

through quantum circuits. 

3.3 Dual form of Quantum Support Vector Machines 

The primal formulation is able to provide a valid geometric intuition about the separating hyperplane in the quantum feature 
space; on the other hand the dual form provides a practical approach for the solution of the problem, by expressing the 
optimization in terms of inner products between quantum feature states, such as Quantum kernels, that make the 
computations feasible also in cases where the feature space is large. 

The passage to the dual form starts once again with the Lagrangian englobing the objective function together with its 

constraints. 𝐿(𝐰, 𝑏, 𝝃, 𝜶, 𝝁) =
1

2
‖𝐰‖2 + 𝐶 ∑ 𝜉𝑖

𝑁
𝑖=1 − ∑ 𝛼𝑖

𝑁
𝑖=1 [𝑦𝑖(⟨𝐰, 𝜙𝑄(𝐱𝑖)⟩ + 𝑏) − 1 + 𝜉𝑖] − ∑ 𝜇𝑖

𝑁
𝑖=1 𝜉𝑖. 

To find the stationary point of the Lagrangian, derivatives with respect to the primal variables are computed, imposing the 
stationarity conditions: 

 
𝜕𝐿

𝜕𝐰
= 𝐰− ∑ 𝛼𝑖

𝑁
𝑖=1 𝑦𝑖𝜙𝑄(𝐱𝑖) = 0 ⇒ 𝐰∗ =∑ 𝛼𝑖

∗𝑁

𝑖=1
𝑦𝑖𝜙𝑄(𝐱𝑖) ; 

𝜕𝐿

𝜕𝑏
= −∑ 𝛼𝑖

𝑁
𝑖=1 𝑦𝑖 = 0 ⇒∑ 𝛼𝑖

∗𝑁

𝑖=1
𝑦𝑖 = 0; 

 
𝜕𝐿

𝜕𝜉𝑖
= 𝐶 − 𝛼𝑖 − 𝜇𝑖 = 0 ⇒ 𝛼𝑖

∗ ≤ 𝐶, 𝜇𝑖
∗ = 𝐶 − 𝛼𝑖

∗. 

Plugging the stationarity conditions into the Lagrangian, the dual form of Quantum Support Vector Machines becomes 

𝐦𝐚𝐱𝜶∑ 𝛼𝑖
𝑁
𝑖=1 −

1

2
∑ ∑ 𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑘𝑄(𝐱𝑖 , 𝐱𝑗)

𝑁
𝑗=1

𝑁
𝑖=1  s.t. 0 ≤ 𝛼𝑖 ≤ 𝐶,∑ 𝛼𝑖

𝑁
𝑖=1 𝑦𝑖 = 0; which is made of the same elements 

described in the sections above, except for the introduction of the Quantum kernel 𝑘𝑄(𝐱𝑖 , 𝐱𝑗). 

Contrarily to what happens in the primal form of SVM, where the kernel function is directly evaluated referring to a specific 
expression, such as RBF or polynomial, in this case it is experimentally estimated on a quantum device using quantum circuits, 
with the application of two possible techniques: 

In the Overlap test, the steps are: 

- Prepare the quantum state |𝜙(𝐱𝑖)⟩ 

- Apply the inverse circuit 𝑈𝜙
†(𝐱𝑗) and measure the probability of getting the computational basis state |0⟩. This probability 

is |⟨𝜙(𝐱𝑖)|𝜙(𝐱𝑗)⟩|
2. 

In the SWAP test, the steps are: 

- Prepare |𝜙(𝐱𝑖)⟩ and |𝜙(𝐱𝑗)⟩ on separate registers. 

- Apply a controlled-SWAP gate and measure the ancilla qubit. 

- The outcome statistics allow to obtain the estimation of the overlap between the two states. 

When coming to the decision on which of them to use, the procedure is repeated for all pairs of training points to build the 
full Quantum kernel matrix 𝐾𝑄. Moreover, in order to obtain a reliable estimation of outcomes this computational procedure 
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needs a sufficient number of measurements. Once the Quantum kernel has been computed, then the development of the 
quadratic programming problem can be developed. During the process, the algorithm makes use of the gradient of the dual 

objective with respect to each 𝛼𝑖: 
𝜕𝐿

𝜕𝛼𝑘
= 1 −∑ 𝛼𝑗

𝑁

𝑗=1
𝑦𝑗𝑦𝑘𝑘𝑄(𝐱𝑗, 𝐱𝑘). 

The solution process iteratively updates the 𝛼𝑖  to maximize the dual objective with respect to all the constraints. 

After the optimization, the 𝛼𝑖
∗ 𝑖 values obtained are filtered in order to only keep the ones referred to the support vectors, 

i.e., those which respect the constraint 0 < 𝛼𝑖
∗ < 𝐶. 

For each support vector 𝐱𝑆, it is possible to build the equality 𝑦𝑠 (∑ 𝛼𝑖
∗𝑁

𝑖=1
𝑦𝑖𝑘𝑄(𝐱𝑖, 𝐱𝑠) + 𝑏

∗) = 1. 

Solving for 𝑏∗: 𝑏∗ = 𝑦𝑠 −∑ 𝛼𝑖
∗𝑁

𝑖=1
𝑦𝑖𝑘𝑄(𝐱𝑖 , 𝐱𝑠) the final bias is obtained by computing the average over all the support 

vectors 𝑏∗ =
1

|𝑆|
∑ [

𝑠∈𝑆
𝑦𝑠 −∑ 𝛼𝑖

∗𝑁

𝑖=1
𝑦𝑖𝑘𝑄(𝐱𝑖, 𝐱𝑠)]. 

This can be used to define the final QSVM decision function for each new input 𝐱: 𝑓(𝐱) = ∑ 𝛼𝑖
∗𝑁

𝑖=1
𝑦𝑖𝑘𝑄(𝐱𝑖, 𝐱) + 𝑏

∗. 

As in the SVM classic setup, the dual form avoids to explicitly compute the optimal solution in high-dimensional feature 
spaces. In case of its quantum version, the dual form of SVM becomes essential, as the quantum feature space is exponentially 
large and inaccessible to classic computation. 

Every computation is performed via Quantum kernel, in whose terms each solution is expressed and on which the decision 
function depends. 

3.4 Primal formulation of Quantum Support Vector Regression 

In the same way as the traditional version, the QSVM can be changed into a regression problem. The Quantum Support 
Vector Regression extends its classical framework into the quantum domain by making use of the quantum feature maps and 
Quantum kernels. While the global structure of the optimization problem is not subject to modifications, the geometry and 
the computational components can be defined in a quantum Hilbert space ℋ. 

Under this perspective, the primal formulation of the model is formulated as: 𝐦𝐢𝐧𝐰,𝝃,𝝃∗
1

2
‖𝐰‖2 + 𝐶∑ (

𝑁

𝑖=1
𝜉𝑖 + 𝜉𝑖

∗), subject 

to the following constraints: 𝑦𝑖 − (⟨𝐰, 𝜙𝑄(𝐱𝑖)⟩ + 𝑏) ≤ 𝜀 + 𝜉𝑖, (⟨𝐰, 𝜙𝑄(𝐱𝑖)⟩ + 𝑏) − 𝑦𝑖 ≤ 𝜀 + 𝜉𝑖
∗, 𝜉𝑖 ≥ 0  and 𝜉𝑖

∗ ≥ 0. 

Where: 𝐰 is the weight vector in the Quantum Hilbert space ℋ; 𝑏 is the bias term; 𝜉𝑖  and 𝜉𝑖
∗ are the slack variables; 𝐶 is the 

regularization parameter and 𝜙𝑄(𝐱𝑖) = |𝜙(𝐱𝑖)⟩ is the quantum state encoding of the 𝑖th input with 𝐰 defined as done in 

the primal form of QSVM in Section 3.2. 

Once the optimal combinations (𝐰∗, 𝐛∗) have been calculated and found, the regression function for each new input can be 

formulated as 𝑓(𝐱) = ⟨𝐰∗, 𝜙𝑄(𝐱)⟩ + 𝑏
∗ that, making 𝐰∗ explicit, becomes: 𝑓(𝐱) =∑ 𝛽𝑗

∗
𝑁

𝑗=1
⟨𝜙(𝐱𝑗)|𝜙(𝐱)⟩ + 𝑏

∗. 

In practical implementations, the inner products ⟨𝜙(𝐱𝑗)|𝜙(𝐱)⟩ are estimated as it is done with Quantum kernels, that is 

through overlap and SWAP tests. 

3.5 Primal formulation of Quantum Support Vector Regression 

As happens with QSVM, the primal formulation is structured in such a way that it can provide a good geometrical intuition, 
which is not solved in practical terms due to the exponential dimensions ℋ typically reaches. 

For this reason, the dual formulation is preferred again, avoiding explicit manipulation of vectors in ℋ. 

The dual optimization problem is thus: 

𝐦𝐢𝐧𝜶,𝜶∗
1

2
∑ ∑ (𝛼𝑖 − 𝛼𝑖

∗)(𝛼𝑗 − 𝛼𝑗
∗)𝑘𝑄(𝐱𝑖, 𝐱𝑗)

𝑁
𝑗=1

𝑁
𝑖=1 + 𝜀∑ (

𝑁

𝑖=1
𝛼𝑖 + 𝛼𝑖

∗) − ∑ 𝑦𝑖
𝑁
𝑖=1 (𝛼𝑖 − 𝛼𝑖

∗)  

where ∑ ∑ (𝛼𝑖 − 𝛼𝑖
∗)(𝛼𝑗 − 𝛼𝑗

∗)𝑘𝑄(𝐱𝑖, 𝐱𝑗)
𝑁
𝑗=1

𝑁
𝑖=1  is the quadratic term, representing the interaction among all the pairs of 

points of the dataset, weighted for the Quantum kernel; 𝜀∑ (
𝑁

𝑖=1
𝛼𝑖 + 𝛼𝑖

∗) is the penalization term, penalizing the deviations 

from the insensitiveness zone 𝜀; −∑ 𝑦𝑖
𝑁
𝑖=1 (𝛼𝑖 − 𝛼𝑖

∗) is the linear term, that takes into account the targets 𝑦𝑖 . 

The constraints again are: ∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗) = 0 and {
0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖

0 ≤ 𝛼𝑖
∗ ≤ 𝐶, ∀𝑖

. 

The Quantum kernel measures the similarity between data 𝑖 and 𝑗, computed through the quantum circuits, referring to 
overlap or SWAP methodologies. Once the optimal pairs (𝛼𝑖 , 𝛼𝑖

∗) have been found, the regression function can be expressed 

as 𝑓(𝐱) = ∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗)𝑘𝑄(𝐱𝑖, 𝐱) + 𝑏
∗ where bias 𝑏∗ is computed using support vectors, where the condition remains 

the same again (𝛼𝑖 > 0, 𝛼𝑖
∗ < 𝐶). 
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Averaging over all the vectors 𝑏∗ = 𝑦𝑠 − 𝜀 ⋅ 𝑠𝑖𝑔𝑛(𝛼𝑠 − 𝛼𝑠
∗) −∑ (

𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗)𝑘𝑄(𝐱𝑖, 𝐱𝑠) gives: 

𝑏∗ =
1

|𝑆|
∑ [

𝑠∈𝑆
𝑦𝑠 − 𝜀 ⋅ 𝑠𝑖𝑔𝑛(𝛼𝑠 − 𝛼𝑠

∗) −∑ (
𝑁

𝑖=1
𝛼𝑖 − 𝛼𝑖

∗)𝑘𝑄(𝐱𝑖, 𝐱𝑠)], where 𝑆 is the set of support vector indices. 

As in the classification case, all kernel evaluations are performed using quantum circuits, and the optimization of the dual 
variables is carried out classically using standard Quadratic Programming (QP) solvers. 

4 Case studies in credit risk management 

In this section a real application of the models previously introduced is presented. In particular, different case studies are 
considered and analyzed, in order to directly test the comparison between the classical and the quantum implementation of 
both Support Vector Regression and Support Vector Machines. 

More in detail, three cases are discussed: 

- Comparative application of SVR and QSVR in a regression model. 

- Comparative application of SVM and QSVM in a binary classification model. 

- Comparative application of SVM and QSVM in a multiclass classification model. 

In all these examples, the algorithms are implemented by making use of three different datasets containing theoretical 
simulated data of American companies whose variables refer to the Altman Z-score model. 

This is a financial model widely spread in the context of Credit Risk Management, specifically conceived to predict the 
probability of a company going bankrupt. Its name comes from Edward I. Altman, who introduced his model in 1968 (Altman, 
1968) as a linear discriminant function combining multiple financial ratios into a single index capable of assessing a firm’s 
default risk. 

4.1 The Altman Z-score: components and theoretical meaning 

The Z-score is built on five financial ratios, each capturing a clearly distinct dimension of corporate financial safety and 
soundness (Giribone, 2024): 

WC/TA (Working Capital / Total Assets): a measure which assesses the short-term liquidity, indicating the firm’s ability to 
meet its near-term obligations. Higher values of this ratio reflect short-term financial stability, while lower levels can be a 
sign of potential liquidity issues. 

RE/TA (Retained Earnings / Total Assets): it is a proxy for cumulative profitability and firm maturity, reflecting the capacity to 
sustain operations over time. A high RE/TA is often associated with a historical trend of profitability and a lower dependence 
on borrowing capital, indicating a strong internal stability. 

EBIT/TA (Earnings Before Interest and Tax / Total Assets): a fundamental indicator that refers to the operating efficiency of 
the company, independently from the financing structure and tax effects. The higher the ratio, the stronger the ability of the 
company to cover costs and debts. 

ME/TL (Market value of Equity / Total Liabilities): a useful indicator comparing the firm market capitalization to its total 
liabilities, signaling the presence of a buffer against insolvency. A high value of this ratio indicates an equity level higher than 
debt, suggesting strong investors’ confidence and lower financial risk for the company. 

S/TA (Sales / Total Assets): a turnover ratio that captures the effectiveness in converting assets into revenues. 

The Altman Z-score formula for publicly traded manufacturing firms is: 𝑍 = 1.2
𝑊𝐶

𝑇𝐴
+ 1.4

𝑅𝐸

𝑇𝐴
+ 3.3

𝐸𝐵𝐼𝑇

𝑇𝐴
+ 0.6

𝑀𝐸

𝑇𝐿
+ 1.0

𝑆

𝑇𝐴
.  

In general, a higher Z-score indicates better financial health and lower bankruptcy risk, with scores above 3 generally 
considered safe. Scores that fall below 1.8 suggest high financial distress, while intermediate intervals of Z-score indicate a 
moderate gray area risk. 

In the empirical setting of this dissertation, the ratios forming the Z-score serve as explanatory variables (the so-called 
features) for Machine Learning models. The response variable is the firm’s Probability of Default (PD) in the regression case, 
and bankruptcy status (or credit classes) in the classification cases. 

This setup allows us to obtain a controlled and interpretable comparison between classical kernel-based methods (SVR/SVM) 
and their respective quantum-enhanced versions (QSVR/QSVM), under a solid feature engineering grounded in a well-
established financial theory. 

4.2 SVR and QSVR: a comparison 

The reference dataset used for the comparison between SVR and QSVR contains 4,000 simulated observations of US 
companies, described by the five indices that form the Altman Z-score model, already described above, that are presented 
together with the target variable for the regression problem, the probability of default, measured in percentage. 
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Features and target characteristics 

The target variable, synthesized with PD, as shown in Figure 1, exhibits a strongly right-skewed distribution, which is typical 
of credit risk phenomena where defaults often represent rare events. 

 

 

Figure 1: Probability of default distribution and main statistics 
 

The distribution is heavily concentrated on lower values: approximately 75% of the companies present a PD below 3% and 
the mean probability of finding a default case is 1.8%. The standard deviation is around 4.455%, indicating a high variability 
and the presence of outliers with high values with respect to the mean. This asymmetric distribution reflects the realistic 
composition of publicly traded manufacturing companies, that generally maintain sound financial health, in contrast with a 
restricted minority of companies facing elevated default risk. 

The five predictors of default, reported in Figure 2, show heterogeneous distributional properties, each one capturing a 
distinct dimension of corporate financial health. Working Capital to Total Assets and Retained Earnings to Total Assets present 
approximately normal distributions, with negative values reflecting liquidity stress or accumulated losses. Earnings before 
Interest and Taxes to Total Assets show a distribution around zero, which indicates a modest and relatively homogeneous 
operational profitability across the sample. Lastly, Market Equity to Total Liabilities and Sales to Total Assets exhibit instead 
positive right-skewed distributions as in the case of the Probability of Default, which are characteristic of leverage metrics 
where few companies rarely achieve exceptional values. 

 

 

Figure 2: Features distribution 
 

Correlation structure and multicollinearity assessment 

The correlation matrix in Figure 3 reveals a favourable structure to create predictive models, since it is characterized by 
moderate correlations among features. In particular, the relationship between RE/TA and EBIT/TA reflects the common 
tendency of the historical profitability to correlate with the current operational performance. Other relevant correlations are 
those between EBIT/TA and ME/TL or S/TA, implying that the operational efficiency and profitability is positively correlated 
with market capitalization and asset turnover. Another interesting observation is that no correlation coefficient exceeds 0.35, 
a factor that indicates the absence of a strong multicollinearity. Thus, each feature contributes distinct information to the 
model, and this confirms the ability of the Altman Z-score model to capture complementary aspects of credit risk. 
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Figure 3: Correlation matrix 
 

Features-target relationships 

Individual scatter plots of each predictor in relation to PD reveal non-linear patterns, a fact that allows to apply Machine 
Learning techniques to predict the target values. More in detail, Figure 4 shows these relationships. Observing WC/TA, it 
presents a negative relationship with PD, since positive working capital is generally associated with lower PD, excluding some 
outliers. RE/TA follows a similar pattern, since companies that accumulate positive retained earnings are less subject to 
default situations; negative values on the other hand reflect higher risk variability. 

EBIT/TA presents a high concentration near zero, a fact that suggests it has a lower explanatory value when in relation to the 
target. On the other hand, an interesting relation to observe is the one existing between PD and ME/TL: companies having a 
low market capitalization with respect to liabilities (< 5%) concentrate in the high default region, while companies with a 
middle to high market capitalization are associated with a lower probability of facing default. This suggests that ME/TL, in 
modeling terms, is a strong predictor of PD, in comparison with any other feature of the model. S/TA shows off the weakest 
correlation with the target, with a high dispersion across all values, indicating that asset turnover efficiency has a 
complementary effect on predicting the probability of default. 

 

 

Figure 4: Features-target relations 
 

Implications for the use of SVR modeling 

The dataset characteristics analysed in this section make these observations ideal to be modelled with the use of Support 
Vector Regression. First of all, they present non-linear and heterogeneous relationships between features and target that 
cannot be captured by linear models, while SVR is an ideal candidate to predict target values for its capacity to learn quite 
complex decision boundaries through kernel functions. Secondly, the outliers present in both features and target need to be 
managed through a robust estimation approach. SVR makes use of loss functions which are insensitive to ε, providing a robust 
prediction by ignoring error withing the ε range, reducing sensitivity to extreme observations. Furthermore, the low 
multicollinearity ensures stability in model coefficients and reliability of features in the model. Then, the dataset dimension 
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is enough to guarantee a good training process for the SVR model, while at the same time ensuring tractability for 
hyperparameters optimization processes. Lastly, the realistic distribution of the target variable, with a concentration on low 
values and long right tail presents a challenging regression problem where the SVR’s capacity in modeling heteroskedastic 
relations is valuable. The dimensionality of the dataset (5 features) and the sample size represent a reasonable regime to 
study the potential quantum advantage that could be empirically detectable without overwhelming classical computational 
resources. The complex and non-linear features-target interactions and relationships may be a good test framework for 
evaluating whether Quantum kernel methods can exploit high-dimensional feature spaces more than classical kernels. 
Moreover, the existence of distinct patterns like ME/TL with PD represents an opportunity to assess whether quantum 
feature maps can enhance the separability in the transformed space and potentially improve prediction accuracy in 
comparison with classical SVR. 

SVR best model selection process 

In order to set up a concrete and efficient comparison between classical and quantum-enhanced SVR applied to the dataset 
introduced above, a process to evaluate the best possible combination of parameters to determine the model with the 
highest predictive capacity has been implemented. In this section, the entire process is analyzed step-by-step. To identify an 
optimal SVR configuration, a manual grid search was implemented, exploring multiple possible combinations of the SVR 
hyperparameters. The search strategy encompassed the three most common kernel functions typically used for SVR 
implementation: linear, polynomial of second degree and radial basis function. For each kernel, six regularization parameter 
values 𝐶 ∈ {0.1,1,10,25,50,100}, and three epsilon values ε ∈ {0.05,0.1,0.5} were tested, yielding to a total of 270 unique 
hyperparameter combinations per random seed. 

To mitigate selection bias, the entire grid search was replicated across five distinct random seeds, randomly sampled from 
[1,10000]. This approach yielded 1,350 total models, ensuring stable performance across different train-test partitions. 
Moreover, to guarantee a correct evaluation of the out-of-sample of the model, each combination was subject to 5-fold 
cross-validation. Each possible configuration was evaluated by using RMSE as reference metrics. 

The model selection criterion was thought to balance predictive accuracy with generalization capability and address the bias-
variance tradeoff. Thus, instead of selecting models solely based on minimum out-of-sample RMSE, which could have favored 
overfitted configurations, a 2-stage filtering method was adopted. First, a set of acceptable models was defined on the basis 
of an accuracy gap ratio between 0% and 30%, where accuracy gap ratio (𝐺𝑅) is computed as 𝐺𝑎𝑝𝑅𝑎𝑡𝑖𝑜 =
RMSEout−RMSEin

RMSEout
× 100. 

This metric quantifies the relative gap in model performance from training to test data. An accuracy gap ratio greater than 
or equal to zero ensures the model does not present a perfect memorization (potential numerical instability), while the 30% 
upper threshold is able to exclude extremely overfitted configurations, while still maintaining a good generalization level. 
Among the 1,350 evaluated models, 813 (60.2%) satisfied this criterion, demonstrating that more than half of the 
combinations of the hyperparameters space yields well-generalized solutions. 

In the second stage of the selection process, within each random seed, the best model was selected from the acceptable 
candidates by minimizing out-of-sample RMSE and accuracy gap ratio. Models were ranked primarily following the 
minimization of RMSEout, using the accuracy gap ratio as a tiebreaker when configurations achieved similar predictive 
accuracy. This second stage hierarchical selection ensures that, among equally accurate models, preference is given to those 
exhibiting superior generalization stability. All five random seeds yielded at least one acceptable model, a fact that confirmed 
the robustness of the hyperparameter space and the consistency of the optimization procedure across distinct data 
partitions. 

After the selection of the best models for each seed, the same comparison was applied among them to determine the models 
with the lowest RMSEout and 𝐺𝑎𝑝𝑅𝑎𝑡𝑖𝑜. Figure 5 reports the results obtained from the entire process described above, 
highlighting the best model obtained among the eligible ones with a green bar. As can be observed, the selected models 
exhibit a RMSEout ranging from 2.79 to 3.00, with accuracy gap ratios spanning from 7.6% to 15.4%. Notably, all the seeds 
converged to a unique optimal configuration (𝐶 = 10, 𝜀 = 0.1), suggesting this hyperparameters region as good to obtain a 
strong performance of the model. 

The variability in RMSE across seeds identifies the sensitivity of model performance to the specific train-test split, 
underscoring the importance of applying multiple random partitions rather than relying on a single validation strategy. The 
low accuracy gap ratio identified in the best global model (7.6%) is an indicator of excellent generalization of the model that 
does not present a performance degradation between training and test data. In order to corroborate these results, MAE was 
computed, reaching an out-of-sample value of 0.420, suggesting that on average typical prediction errors are well below 0.5 
in default probability. 

The selection of the RBF kernel as the ideal functional form to model the prediction of PD aligns with theoretical expectations 
for this problem. Given the non-linear and heterogeneous relationships between Altman Z-score components and default 
probability, as has been evidenced in the exploratory analysis, the RBF kernel’s capability to map data into high-dimensional 
feature spaces enables to effectively capture complex decision boundaries. As a matter of fact, neither linear nor polynomial 
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kernels emerged as optimal in any seed, indicating that the relationship between features and target is non-linear and cannot 
be appropriately represented by low-degree polynomial mappings. 

The moderate regularization parameter 𝐶 = 10 helps balance the model between complexity and generalization: it is 
sufficiently large to fit the complex patterns in the data, yet not too large to allow for overfitting to disturb and reduce model 
generalization. The small epsilon value of 0.1% defines a narrow error acceptance area, requiring the model to approximate 
the target function while still benefiting from SVR’s robustness to outliers through the soft margin formulation. 

 

 

Figure 5: Best SVR hyperparameters combination 
 

While the grid search successfully identified a high-performing configuration, its reliance on only five random seeds raised 
questions about the representativeness of the selected model. In order to assess the well-balanced stability and 
generalization capability of the selected SVR configuration beyond the initial grid search, the optimal configuration of the 
model (RBF kernel, 𝐶 = 10, 𝜀 = 0.1) was trained and evaluated across 100 independent random seeds, each one with a 
distinct 5-fold cross-validation partition. 

This validation method provides robust evidence of the model performance under different partitioning schemes. This 
approach draws attention to a concern in Machine Learning: reported metrics could be due to specific train-test split rather 
than the learned model. The aggregation of 100 random seeds allows to obtain a comprehensive characterization of the 
model’s performance distribution, enabling statistical inference about what could be the expected performance in real 
scenarios. 

Figure 6 shows the out-of-sample RMSE achieved across all 100 simulation runs, with individual points connected to define 
the sequence of evaluations. The performance distribution exhibits several noteworthy characteristics. The first peculiarity 
to be noticed is that the RMSE values present a substantial variability, ranging from a minimum of 2.616 to approximately 
3.09, with a range of 0.474. This 15.3% coefficient of variation, relative to the minimum, reflects the sensitivity of SVR 
performance to the specific train-test split. This phenomenon is commonly observed in Machine Learning in presence of 
finite datasets where different partitions can yield different configurations of the model. 

Despite this variability, the distribution of RMSEout values exhibits interesting and positive statistical properties. The majority 
of simulations displays values concentrated in the interval [2.80, 3.05], suggesting a stable and predictable behavior of the 
model across different data partitions. There is a slight asymmetry with respect to this average interval which does not show 
any severe variation and seems to favor superior performance outcomes. The negative skewness is encouraging, indicating 
that in these cases of variation from the average interval, a higher probability of encountering favorable data partitions rather 
than poorer ones is verified. 

Compared to the results obtained from the manual grid search methodology, the outcomes from this robustness validation 
follow the same pattern. All the 100 model configurations analyzed have shown an accuracy gap ratio within the foreseen 
threshold of 30% and, in terms of best model identified, even the one found in the validation methodology overcame the 
results of the global best model in the grid search method (RMSEout = 2.616 and GR=3.9% against 2.793 with GR=7.6%) 
showing an evident stability of the model which is in optimal configuration to correctly fit data, while still guaranteeing 
generalization. 

In conclusion, the robust validation results provide strong evidence supporting the deployment of the selected SVR 
configuration. The slight negative skewness in the distribution indicates the model is more likely to exceed expectations than 
to underperform dramatically, a desirable outcome for risk-averse applications such as credit default prediction. 
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Figure 6: Measurement of out-of-sample RMSE over 100 SVR best combination simulations 
 

QSVR comparison 

Having verified the optimal classical SVR configuration through an extensive grid search and robustness validation, a 
systematic comparison with Quantum Support Vector Regression (QSVR) was conducted to assess whether quantum-
enhanced kernel methods could offer competitive or superior performance in credit default prediction. The comparison was 
designed to place QSVR in the most challenging evaluation scenario possible: confronting it directly with the best-performing 
classic model under fixed hyperparameter (𝐶 = 10, 𝜀 = 0.1), thereby avoiding any advantage that might arise from 
differential hyperparameter optimization. 

In order to mantain a methodological rigor and statistical representativeness, the comparison was conducted using three 
distinct random seeds, where the first corresponded to the one, 2512, associated with the best model identified during the 
100-run SVR validation, which had produced the lowest out-of-sample RMSE (2.616) and accuracy gap ratio (3.90%) among 
all classical configurations. The remaining two seeds (6360 and 9053) were randomly sampled to verify performance 
consistency across different data partitions. Each seed was evaluated using 5-fold cross-validation, and all reported metrics 
represent averages across these five folds, ensuring stable and unbiased performance estimates. This experimental setup 
mirrors the rigorous validation strategy employed in the case of classical SVR, enabling a direct and fair comparison. 

One criticality existing in quantum Machine Learning concerns feature scaling. In order to guarantee data reliability and 
interpretability while respecting the distinct operational requirements of classical and Quantum kernel methods, a 
differentiated scaling was adopted. For classical SVR, the StandardScaler method was employed. This method standardizes 
features to zero mean and unit variance, a common practice that centers data and manages varying feature scales effectively 
in contexts which involve the use of RBF kernels. Conversely, QSVR used the MinMaxScaler method, with range [0, 1], which 
normalizes features to a bounded interval particularly suitable for quantum encoding circuits based on rotation angles and 
trigonometric mappings. While the first is less sensitive to outliers for its reliance on mean and standard deviation, the second 
ensures a controlled domain for input features, which is an essential property for quantum feature maps that encode classical 
data through parameterized quantum gates. This scaling approach aligns with established best practices considered in 
literature and reflects differences between classical kernel evaluation and quantum state preparation. (Vasques et al., 2023). 

Regarding the quantum feature map, for this study the Qiskit predefined ZZFeatureMap was evaluated. This map encodes 
classical data into quantum states through a combination of local Z rotations and pairwise ZZ entangling operations, explicitly 
capturing both individual feature contributions and pairwise correlations between features. 

This encoding strategy is specifically suited for regression tasks involving structured data with non-linear dependencies, as 
the ZZ interactions naturally represent second-order feature interactions in the quantum Hilbert space. 

Mathematically, Qiskit’s ZZFeatureMap applies a data-mapping function 𝜙(𝑆, 𝑥) that assigns a phase to each Pauli term in 

the circuit. According to the documented default mapping: {
𝑥𝑖 if 𝑆 = {𝑖}   

(𝜋 − 𝑥𝑖)(𝜋 − 𝑥𝑗) if 𝑆 = {𝑖, 𝑗}
 single-qubit terms 𝑆 = {𝑖} 

determine the angles of local Z rotations, while two-qubit terms 𝑆 = {𝑖, 𝑗} determine the phase applied to entangling ZZ 
interactions, and this operation is repeated a number of times equal to a specific depth, d, which simply indicates a repetition 
of the computational passages. 

So, each qubit is initially on |0⟩; the Z interactions act on the phase, generating an angular shift which is different for each 
qubit and proportional with respect to the 𝑥𝑖 feature. 

The passage to ZZ interactions modifies the state in a relational way, by modifying the Hilbert space and introducing quadratic 
dependencies among features. 
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Contrarily to what happens with Z interactions, ZZ ones directly act on each pair (𝑥𝑖 , 𝑥𝑗). Surfaces of the state space are 

shaped by the products 𝑥𝑖𝑥𝑗 , generating ridges in the Hilbert space reflecting correlations among features. This allows the 

ZZFeatureMap to capture non-linear relations among different features. 

To test the effectiveness of different configurations, variations in circuit depth 𝑟𝑒𝑝𝑠 ∈ {1,2}) and entanglement topology 
(linear vs. full) were systematically tested. The 𝑟𝑒𝑝𝑠 parameter controls the number of repetitions of the encoding layer, with 
higher values increasing circuit expressivity at the cost of deeper circuits and potentially greater susceptibility to noise. 

The entanglement parameter determines the connectivity pattern of 𝑍𝑍 gates: if it is linear, the entanglement connects 
adjacent qubits sequentially, while a full entanglement implements all-to-all pairwise connections. The four resulting 
configurations (ZZ_reps1_linear, ZZ_reps2_linear, ZZ_reps1_full, ZZ_reps2_full) give a representative range of circuit 
complexity and entanglement structure. 

Figures 7 and 8 report the structure of linear and full entanglement ZZFeatureMap with depth 1 (the superior degree of 
depth is represented by a repetition of the circuit). 

 

Figure 7: ZZFeatureMap with linear entanglement 
 

 

Figure 8: ZZFeatureMap with full entanglement 
 

About the computation methodology used for Quantum kernel matrices, the Qiskit predefined kernel 
FidelityStatevectorKernel was used. This method computed the kernel matrix evaluating the quantum fidelity between the 
states generated by a feature map. 

For a given input feature vector 𝑥, the feature map implements the generic unitary operation 𝑈(𝑥) that prepares the 
quantum state |𝜓(𝑥)⟩ = 𝑈(𝑥)|0⟩. Then, the similarity between two inputs 𝑥 and 𝑧 becomes defined through the fidelity 
between pure states: 𝐾(𝑥, 𝑧) = 𝐹(𝑥, 𝑧) = |⟨𝜓(𝑥)|𝜓(𝑧)⟩|2. 

Since the FidelityStatevectorKernel operates in a classical simulation framework, Qiskit ensures the exact state vectors 
associated to 𝑥 and 𝑧 and it can directly compute the inner product between the two vectors (Team, 2024): ⟨𝜓(𝑥)|𝜓(𝑧)⟩ =

∑ 𝜓𝑖
2𝑛−1
𝑖=0 (𝑥)∗𝜓(𝑧). 

This completely eliminates the need for quantum measurements, allowing a deterministic and noiseless computation. Thanks 
to this, it is not necessary to use the FidelityQuantumKernel which makes use of real quantum circuits (or simulated with a 
density matrix) to estimate the fidelity through measurements, exponentially increasing the computational time required. 
After launching the program to test the comparison between classical and quantum-enhanced methods, the outcomes from 
the test generated the results displayed in Figure 9. 

The output shows the residuals distribution for classical SVR and all tests QSVR configurations across the three seeds. Some 
observations can be made. First of all, QSVR configurations having shallow circuit depth (𝑟𝑒𝑝𝑠 = 1) demonstrated slightly 
superior out-of-sample RMSE compared to classical SVR RBF. 

More specifically, ZZ_reps1_linear and ZZ_reps1_full achieved mean RMSE values ranging from 2.846 to 2.972 across seeds, 
closely matching the classical benchmark range of 2.729 to 2.854. 

Configurations with deeper circuits (𝑟𝑒𝑝𝑠 = 2) did not yield systematic improvements and exhibited marginally higher RMSE, 
suggesting that increased expressivity through additional entangling layers may not translate into better generalization for 
this dataset and hyperparameter regime. 
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Figure 9: SVR vs QSVR in different configurations 

 

This finding aligns with observations in the literature (Toufah, 2025) that excessive circuit depth can lead to overfitting or 
introduce additional complexity without corresponding performance gains, particularly when hyperparameters are not 
optimized with the quantum encoding. 

More significantly, QSVR models exhibited consistently lower accuracy gap ratios than classical SVR, indicating superior 
generalization stability. Across all three seeds, the accuracy gap ratios for QSVR ZZ_reps1 configurations ranged from 9.7% 
to 16.2%, compared to 15.9% to 25.8% for classical SVR. 

For seed 9053, the best QSVR configuration achieved an accuracy gap ratio of 9.7%, substantially lower than the 15.9% 
observed for SVRRBF. 

This reduction in the generalization gap suggests that Quantum kernel methods exhibit enhanced robustness to overfitting, 
maintaining a more consistent performance between training and test data. 

Such behavior is consistent with findings in the quantum Machine Learning literature (Peters and Schuld, 2023), where 
Quantum kernel methods have been shown to display improved generalization properties and reduced overfitting tendencies 
in certain problem domains. 

The distributions of residuals for QSVR models remained tightly centered around zero with comparable spread to classical 
SVR, confirming that the models are neither systematically biased nor producing larger prediction errors. 

The comparison between linear and full entanglement topologies revealed no clear dominance across all seeds, with both 
configurations achieving similar RMSE and accuracy gap ratio profiles. 

For seed 2512, ZZ_reps1_linear yielded RMSE=2.900 with gap=12.2%, while ZZ_reps1_full produced RMSE=2.972 with 
gap=13.7% - differences that fall within the expected variability of 5-fold cross-validation. 

This suggests that the choice of entanglement strategy may be less critical than circuit depth in this regression context, at 
least when operating with fixed hyperparameters. 

However, full entanglement introduces additional 𝑍𝑍 gates that capture all pairwise feature interactions, which could 
become advantageous in datasets with more complex correlation structures or when combined with targeted 
hyperparameter tuning. It is crucial to emphasize that these results were obtained under deliberately stringent evaluation 
conditions, by fixing hyperparameters at the optimal classical configuration without performing quantum-specific tuning. 

Classical SVR benefited from extensive grid search over 1,350 model configurations to identify its best hyperparameter 
setting, whereas QSVR was evaluated with those same hyperparameters directly applied to Quantum kernels - a scenario 
that likely underestimates the potential performance gains achievable through targeted quantum hyperparameter 
optimization. 
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Despite this conservative setup, QSVR demonstrated competitive predictive accuracy and superior generalization stability, 
suggesting that Quantum kernels possess intrinsic regularization properties that mitigate overfitting even without exhaustive 
tuning. Furthermore, the observed reduction in the accuracy gap ratio carries practical significance for credit risk modeling, 
where model robustness and out-of-sample reliability are paramount. 

A model that maintains lower performance degradation from training to test data is more trustworthy in production 
environments, where unseen data distributions may deviate from historical training patterns. 

The fact that QSVR achieved this advantage while using the same regularization parameters (𝐶 = 10, 𝜀 = 0.1) as classical 
SVR indicates that ZZFeatureMap introduces structural regularization through its encoding mechanism, through geometric 
properties of quantum state spaces and the concentration phenomena associated with high-dimensional Hilbert spaces. 

In conclusion, this comparative analysis provides empirical evidence that QSVR with ZZFeatureMap represents a robust and 
viable alternative to classical SVR for credit default prediction. 

While QSVR does not outperform classical SVR in terms of raw RMSE under the current experimental setup, its consistently 
lower generalization gap and enhanced overfitting resistance position it as a promising approach for risk sensitive regression 
tasks. 

The results suggest that Quantum kernel methods may offer advantages in generalization stability rather than predictive 
accuracy, a distinction that aligns with emerging understanding in the quantum Machine Learning literature. 

4.3 SVM and QSVM for binary classification 

The second task considered to test the potential quantum advantage of Quantum Support Vector Machines was related to a 
binary classification problem. In this peculiar case, the dataset subject to the analysis was a default classification over a 
sample of companies based on the values related to the financial ratios that constitute the Altman Z-score model. 

With respect to the regression task, this time the target variable was the dichotomous variable called Default, defined as: 

Default = {
1 ⟹ if the firm defaults
0 ⟹ otherwise                

  

 

Features and target analysis 

Before training the models, the empirical distribution of the target variable was examined. The dataset shows a moderately 
imbalanced structure, containing 2,299 observations in non-defaulting position and 1,701 in a defaulting one, respectively 
corresponding to 57.48% and 42.52% of the total sample. For the formal quantification of the imbalance degree, the balance 

ratio was computed as Balance Ratio =
#Default

#No Default
 where values nearer to 1 indicate perfectly balanced classes, whereas values 

substantially lower than 1 denote an increasing degree of imbalance. 

As Figure 10 shows, the balance ratio of 0.74 reflects a moderate imbalance, meaning that defaulting firms are less 
represented, but the discrepancy is not so large as to raise concerns on the stability of standard classification tasks. 

 

 

 
Figure 10: Default distribution in the dataset 

 

Secondly, a univariate features distribution analysis was conducted to study the statistical properties of the features, the 
presence of skewness or outliers and the weight of each variable in the discrimination between defaulting and non-defaulting 
firms. 
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Figure 11 shows the univariate distributions of the single features. 

What emerges is that the features do not follow a multivariate Gaussian structure, mainly for the presence of skewness and 
large tails. 

WC/TA and RE/TA exhibit a moderate symmetric distribution around their respective means, but the large left tails may 
indicate scenarios of structural liquidity or a reduction in profitability. 

In contrast, EBIT/TA has a narrower dispersion around positive values, reflecting stability in the operating profitability. The 
real divergence is visible from the distributions of ME/TL and S/TA, since both of them show strong positive skewness and 
heavy right tails, reflecting heterogeneous market equity levels and turnover of assets in revenues. 

These characteristics highlight the need to standardize the model features and suggest the use of kernels which are able to 
manage non-linear relationships, as is needed in this case. 

 

 

Figure 11: Features distribution 

 

Analyzing the distribution of the default status with respect to each single feature, the explanatory variables reveal patterns 
which are statistically relevant and financially consistent with the economic meaning of the Altman Z-score ratios. From a 
general point of view, defaulting firms tend to exhibit lower values across the key indicators, as shown in Figure 12. 

Starting from WC/TA, defaulting firms show a distribution evidently shifted towards negative or near-zero values, indicating 
a weaker short-term liquidity level, suggesting a difficulty among these firms in covering short-term obligations, taking to a 
heightened insolvency risk. 

Looking at RE/TA, the broad separation between classes appears evident: defaulting firms are concentrated in the region of 
negative retained earnings, a sign of accumulated losses over time. 

This is consistent with the interpretation of RE/TA as a proxy of the firm’s age, stability and long-term profitability, since a 
persistent deficit position is a typical signal of a deteriorating financial position. 

As for the default distribution with respect to EBIT/TA, defaulting firms show a clearly decreased operating profitability: as it 
is a proxy to measure the firm’s capacity to generate earnings from the total available assets, lower values indicate 
inefficiencies in operations or diminishing margins, both predictors of future financial distress. 

ME/TL exhibits the strongest discriminative behavior among the other variables: the non-defaulting firms present a large 
range of market equity in relation to their liabilities, whereas defaulting ones show a strong concentration on the left side of 
the distribution. 
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Figure 12: Default distribution by features 

 

This aligns with the financial theory as a low value in market equity is an indicator of limited market confidence, which 
increases the vulnerability to default events. 

Lastly, S/TA shows a less pronounced, however evident, separation between classes, with defaulting firms showing a lower 
asset turnover. 

This suggests reduced efficiency in converting assets into revenues, which relates to an operational underperformance, 
symptom of financial distress. In light of these considerations, this class-conditional features distribution confirms the strong 
explanatory power of Altman ratios, that show fully consistent financial patterns that are in line with established theories on 
bankruptcy prediction (Ohlson, 1980) (Beaver, 1966) (Nguyen, 2023). 

After analyzing features distribution also with respect to the default classes, a final analysis has been conducted on 
correlation among features and target, represented by the related matrix in Figure 13. 

 

 
 

Figure 13: Default-features correlation 

 

The results confirm the insights previously obtained through the feature distribution analysis. All the explanatory variables 
exhibit negative correlations with the default indicator, which is consistent with respect to the observation that defaulting 
firms tend to have weaker levels of liquidity (WC/TA), lower cumulative profitability (RE/TA), reduced operating performance 
(EBIT/TA), lower market valuation relative to liabilities (ME/TL) and a weaker asset turnover (S/TA). 
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The most negative relation between a feature and the target is the one of RE/TA, which exhibits a correlation of −0.5, and 
this aligns with the leftward shift of the related class-conditional distribution, reflecting the clear link between accumulated 
losses and financial distress. 

Another interesting observation must be made on ME/TL, which, despite showing the clearest visual separation between 
classes, presents a moderately negative correlation of −0.37, mainly due to its skewed and heavy-tailed distribution, that 
attenuates the linear association captured by Pearson’s coefficient. 

Thus, this is an indicator of non-linear dependencies in the dataset, a fact that encourages the suitability of nonlinear Support 
Vector Machines kernels and quantum feature maps for this dichotomous classification task. The moderate correlation values 
observed indicate the absence of severe multicollinearity and confirm the contribution of each ratio in distinct dimensions 
of the financial information. 

Model selection process 

To implement a rigorous model selection procedure, a grid search was performed over several configurations of the RBF 
kernel, which is the standard nonlinear choice in Support Vector Machine classification tasks. The search grid includes 
different regularization strengths 𝐶 ∈ (0.1,1,10,25) and different values of the kernel coefficient 𝛾 ∈ (0.001,0.01,0.1,1), 
given its central role in determining the influence radius of each support vector and thus the smoothness or complexity of 
the decision boundary. 

𝛾 controls the spread of the Gaussian kernel. Small values lead to smoother, more generalized boundaries (risk of 
underfitting), while large values create sharper, more complex separations (risk of overfitting). 

Given the dichotomous nature of the problem, the metric adopted to evaluate each configuration was the accuracy score:  
𝑇𝑁+𝑇𝑃

𝑇𝑁+𝐹𝑃+𝐹𝑁+𝑇𝑃
 where 𝑇𝑃, 𝑇𝑁, 𝐹𝑃, and 𝐹𝑁 denote true positives, true negatives, false positives, and false negatives, 

respectively. 

Each combination of hyperparameters was evaluated through a 5-fold cross-validation process, from which both mean in-
sample and mean out-of-sample accuracy were extracted. 

These values were used to compute the accuracy gap: AccuracyGap = Accuracy𝐼𝑆 − Accuracy𝑂𝑂𝑆 and the corresponding 

relative accuracy gap ratio: AccuracyGapRatio = (
AccuracyGap

Accuracy𝐼𝑆
) × 100. 

A strict acceptance range between −1.5% and 1.5% was adopted for the accuracy gap ratio, in order to discard models 
affected by underfitting or overfitting. 

Among the configurations satisfying this criterion, only those achieving an out-of-sample accuracy above 90% were retained. 
The best model for each random seed was then selected as the configuration with the smallest accuracy gap in absolute 
value; if none exceeded the accuracy threshold, the model with the highest out-of-sample accuracy was chosen. 

This entire procedure was repeated over five different random seeds, producing one optimal configuration per seed. A final 
ranking step was then applied in order to identify the globally best-performing model across all seeds. The random generation 
of seeds brought to the selection of five best models, reported in Table 1. Since the accuracy score values can be compared 
up to the 20th decimal, the table shows the results rounded up to the second decimal digit. 

 

Seed 𝐶 𝛾 𝐴𝑐𝑐𝐼𝑁  𝐴𝑐𝑐𝑂𝑈𝑇  𝐴𝑐𝑐𝑔𝑎𝑝 𝐴𝑐𝑐𝑔𝑎𝑝 𝑅𝑎𝑡𝑖𝑜 

6719 0.1 0.001 0.5998 0.5994 0.0005 0.08% 

324 0.1 0.01 0.8948 0.8944 0.0005 0.05% 

5332 0.1 0.1 0.9343 0.9344 -0.0001 -0.01% 

4257 1 0.01 0.9438 0.9438 0.0001 0.01% 

5911 1 0.01 0.9471 0.9469 0.0002 0.02% 

 

Table 1: Best models from Grid Search 

 

As shown in Figure 14, the best combination coming from the selection procedure described above was (𝐶 = 0.1, 𝛾 = 0.1). 
After identifying this best-performing hyperparameter configuration, a robustness assessment was conducted using it as 
reference. 
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Figure 14: Best model parameters combination from Grid Search 

 

The objective of this second stage was to determine the stability of the Support Vector Machines model in presence of 
different random partitions of the dataset and to identify the instance achieving the best classification performance, to be 
used as benchmark for the subsequent comparison with the quantum-enhanced version of the algorithm. 

Proceeding with the same selection strategy adopted for the regression task, one hundred different random seeds were 
generated and, for each of them, a 5-fold cross validation procedure was performed: for each random seed, the SVM model 
was trained and evaluated over five completely different train-test set splits, computing the mean in-sample and out-of-
sample accuracy scores, the related gap, both in absolute and relative terms through the accuracy gap ratio. Consistently 
with respect to the severe selection criteria previously adopted, only models showing an accuracy gap ratio within the interval 
[−1.5%, 1.5%] were considered as valid, in order to exclude any case of a substantially observable underfitting or overfitting. 

Among all the remaining candidates, the model achieving the highest out-of-sample accuracy score was selected as 
benchmark SVM model for the following comparison with Quantum Support Vector Machine models. An additional control 
was also implemented to manage potential cases where no model would be valid for the chosen accuracy gap ratio range, 
opting for the model presenting the highest out-of-sample accuracy as a fallback option. Figure 15 shows the distribution of 
the out-of-sample accuracy across the hundred simulations. Each point corresponds to the mean accuracy obtained over five 
folds for each random seed, while the dashed green line denotes the overall average accuracy score across all simulations. 
The configuration emphasized in red corresponds to the best performing one. For completeness its seed and accuracy value 
were reported too. This model with random seed 9146 and accuracy of 0.9410 has been selected as the benchmark for the 
classical SVM. 

 

 

 

Figure 15: Out-of-sample accuracy over 100 simulations (5-fold CV). The red dot marks the model achieving the highest 
accuracy, used as benchmark for QSVM comparison 
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As can be observed, the distribution of the out-of-sample accuracy values over the 100 simulations is a clear clue of the SVM 
model stability across a large number of random partitions of the dataset. As Table 2 reports, the accuracy values exhibit a 
narrow dispersion around the global mean of 0.9385, with values ranging from 0.9363 to 0.9410. 

This is a practically unimportant variability, suggesting that the selected hyperparameter configuration is not sensitive to data 
randomization or to sample heterogeneity implied by implementing a K-fold procedure. 

This evident robustness is highly relevant in the context of credit risk modeling, where the model stability is often regarded 
as a critical requirement in operative scenarios. The consistency emerging from the results obtained is also a good indicator 
of the good balance between bias and variance of the model, confirmed by the extremely small accuracy accuracy gap ratio 
observed. 

 

𝐴𝑣𝑔 𝐴𝑐𝑐𝑜𝑢𝑡 0.9385 ± 0.0009 

𝑀𝑖𝑛 𝐴𝑐𝑐𝑜𝑢𝑡 0.9363 

𝑀𝑎𝑥 𝐴𝑐𝑐𝑜𝑢𝑡 0.9410 

𝐴𝑣𝑔 𝐴𝑐𝑐𝑔𝑎𝑝 0.0021 ± 0.0011 

𝐴𝑣𝑔 𝐴𝑐𝑐𝑔𝑎𝑝  𝑅𝑎𝑡𝑖𝑜 0.22% 

 

Table 2: Aggregate statistics of 100 simulations (5-fold CV) 

 

The selection of a benchmark SVM model through 100 independent simulations constitutes a statistically sound method for 
a process designed for the comparison with different QSVM structures. The reliance on a single train-test split takes with it 
the risk of incorporating a selection bias that may cause distortion in the performance assessment. The repetition of a 5-fold 
cross-validation on a consistent number of random seeds implies a convergence to a more reliable and trustworthy 
estimation of the classifier’s generalization ability. 

Furthermore, the choice of the model with the highest out-of-sample accuracy among the set of models satisfying the 
accuracy gap ratio criterion guarantees at the same time to obtain as reference a best-case yet stable configuration of the 
classic SVM under identical validation conditions. In conclusion, this approach guarantees fairness in the comparative 
analysis, since any improvement implied by the use of quantum-enhanced classification models can be attributed to their 
representational power rather than to incidental data splits or tuning variability. 

SVM-QSVM binary classification outcomes 

The final comparison between classical and quantum-enhanced SVM was conducted using as reference the benchmark SVM 
model, with the objective to evaluate whether quantum feature maps based on different rotational gates could provide an 
advantage in terms of classification accuracy or generalization capability compared to the best classical SVM setup. 

In order to isolate the effect of quantum embeddings on classification performance, two complementary families of feature 
maps were chosen. The first choice was related to the single-qubit angle encoding. This is a data embedding technique largely 
used in Quantum Machine Learning, which consists of encoding each single numerical feature as a rotation angle of a qubit 
through a parametric single-qubit gate 𝑅 ∈ {𝑅𝑥, 𝑅𝑦 , 𝑅𝑧}. In general terms, for a given feature vector 𝐱 = (𝑥1, 𝑥2, … , 𝑥𝑛) ∈

ℝ𝑛, the angle encoding builds a quantum state ⨂
𝑖=1

𝑛

𝑅𝛼(𝑓(𝑥𝑖))|0⟩ where 𝛼 ∈ {𝑥, 𝑦, 𝑧} is the rotation axis, and 𝑓(𝑥𝑖) is the 

function converting each feature value into an angle, which can be also defined with the term gain. 

Angle encoding is a good technique which can be applied to QSVM binary classification tasks, mainly for its shallow depth 
and efficiency, which makes it a suitable baseline to probe axis-specific data geometry in a controlled manner (Schuld and 
Petruccione, 2021). 

Moreover, angle encoding constitutes a fundamental building block for the realization of more complex feature maps that 
also include entanglement, as in the ZZFeatureMap. The second choice to make concerned the use of the Pauli-based 
ZZFeatureMap with full entanglement which, as already explained in the previous section, inherent to the regression task, 
increases the expressivity in cases where features of a dataset show correlation (Havlíček et al., 2019), albeit at the price of 
having deeper circuits with an increased computational time (Thanasilp et al.,2024). 

This last consideration justifies the compared evaluation of both angle-encoded and entangled maps under the same 
validation protocol. Furthermore, according to recent comparative studies (Akpinar, Islam, and Oduncuoglu, 2024), the 
application of rotation gates-based quantum feature maps proved to be highly efficient in terms of accuracy in binary 
classification problems. 
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Regarding the evaluation method applied to this classification task, in order to ensure a fair comparison, the same validation 
protocol applied to the benchmark SVM model was used: a 5-fold cross-validation scheme was applied for both SVM and 
QSVM models using the seed corresponding to the benchmark model previously obtained. 

This ensures that each model is trained and tested on identical data partitions, eliminating any potential performance 
variation due to differences in the dataset splitting phase. 

As anticipated, for the quantum models, several parameterized quantum feature maps were tested, differentiated by 
rotation gate, depth of the circuit and gain parameter modulating in different ways the input encoding. 

All the computations related to the QSVM were executed by the application of the Qiskit’s FidelityStatevectorKernel. The list 
of combinations tested, together with their circuit schemes, with the exception of the ZZFeatureMap ones, shown in the 
regression task analysis, is presented in Figures 16-17-18. 

 

Non-entangled 𝑅𝑥 gates: this configuration was tested with 𝜋, 2𝜋 rotations and different repetitions (1, 2). 

Non-entangled  𝑅𝑦 gates: the same configurations were applied. 

Non-entangled  𝑅𝑧 gates: again, the previous configurations were adopted. 

ZZFeatureMaps: two configurations with respectively depth 1 and 2, both with full entanglement, were tested. 

 

                     

 

Figure 16: Non-entangled 𝑅𝑥 feature maps 

 

                          

 

Figure 17: Non-entangled 𝑅𝑦 feature maps 
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Figure 18: Non-entangled 𝑅𝑧 feature maps 

 

Before analyzing the results obtained, it is important to notice that feature maps using 𝑅𝑧 as reference rotation gate need to 
be implemented with 𝐻 gates. 

This is related to the nature of the 𝑅𝑧(𝜃) gate structure: (𝑒
−𝑖𝜃/2 0
0 𝑒𝑖𝜃/2

) which only affects the global phase and is not 

observable. The structure is applied to 𝑅𝑧(𝜃)|0⟩ = 𝑒−𝑖
𝜃

2|0⟩ = |0⟩, so that no kernel will be able to identify values which are 

different from 𝜃, since the state always remains |0⟩. Introducing a Hadamard gate creates a superposition 𝐻|0⟩ =
1

√2
(|0⟩ +

|1⟩), such that the application of 𝑅𝑧(𝜃) acts on relative phases, creating different states, 𝑅𝑧(𝜃)𝐻|0⟩ =
1

√2
(𝑒−𝑖

𝜃

2|0⟩ + 𝑒𝑖
𝜃

2|1⟩). 

After testing all the configurations presented, the different results observable from their related confusion matrices were 
obtained, as shown in Figures 19-20-21-22. 

 

 

 

Figure 19: Non-entangled 𝑅𝑥 confusion matrices 
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Figure 20: Non-entangled 𝑅𝑦 confusion matrices 

 

 

 

 

Figure 21: Non-entangled 𝑅𝑧 confusion matrices 
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Figure 22: Fully entangled ZZ confusion matrices 

 

As can be noticed from Figures 19, 20, and 21 the three rotation-based feature maps exhibit a remarkably similar behavior. 
Both 𝑅𝑋 and 𝑅𝑌 achieve test accuracies in the range of 95.6%–96.0%, with highly balanced confusion matrices and recalls 
close to 95% for both classes. This confirms that single-qubit embeddings based on rotations around the 𝑋 and 𝑌 axes are 
already sufficient to exploit the non-linearity induced by quantum state amplitudes and the fidelity-based kernel. The absence 
of entanglement does not compromise performance, as the exponential dimension of the Hilbert space (25 = 32 in this case) 
and the non-linear structure of the Quantum kernel ensure a significant expressive power. Regarding the 𝑅𝑍 feature map, 
this one shows a comparable behavior with respect to the previous ones, when in combination with the initial Hadamard 
layer, especially when considering gains 𝜋 and 2𝜋. However, for intermediate gains (e.g. 𝜋/2), the performance slightly 
degrades (test accuracy ≈ 93.5%), and the confusion matrix shows a lower recall for class 1. This sensitivity confirms that 
phase-based encoding can underperform when the angles are too small or when the embedding does not generate a 
sufficiently rich interference pattern (Schuld and Killoran, 2019) (Peters and Schuld, 2023) (Havlíček et al., 2019). Table 3 
reports the accuracy values measured for each different configuration. 

 

Feature Map Train Acc. Test Acc. Gap 

QSVM_Rx_d2_pi 95.95% 95.63% 0.0032 

QSVM_Rx_d1_2pi 95.95% 95.63% 0.0032 

QSVM_Rx_d2_2pi 96.50% 95.97% 0.0053 

QSVM_Ry_d2_pi 95.95% 95.63% 0.0032 

QSVM_Ry_d1_2pi 95.95% 95.63% 0.0032 

QSVM_Ry_d2_2pi 96.50% 95.97% 0.0053 

QSVM_Rz_d2_pi 95.95% 95.63% 0.0032 

QSVM_Rz_d2_pi2 93.60% 93.52% 0.0008 

QSVM_Rz_d2_2pi 96.50% 95.97% 0.0053 

 

Table 3: Performance comparison of rotation-based feature maps without entanglement 
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About the 𝑍𝑍 feature maps, as shown in Figure 22, they achieve the best overall results across all tested feature maps, 
yielding test accuracies around 96.0%–96.1%, with the deepest configuration of depth 2 achieving the highest training 
accuracy at 97.02%. The confusion matrices here exhibit a very high recall for both classes, similar to the rotation-based 
maps, but with slightly fewer false negatives for the minority class. 

The improvement is modest but consistent and it is explained by the addition of entanglement, which enables the kernel to 
capture second-order interactions of the form 𝑥𝑖𝑥𝑗 . This result aligns with the theoretical motivation for Pauli-𝑍𝑍 feature 

maps, which explicitly encode pairwise feature correlations through entangling operations. 

The small generalization gap (≈ 0.008) indicates that these deeper circuits do not introduce overfitting, likely due to the 
regularizing effect of the kernel-based classifier. As for the rotation-based feature maps, Table 4 reports the results from the 
previous image. 

 

Feature Map Train Acc. Test Acc. Gap 

QSVM_ZZ_d1_full 96.48% 96.02% +0.0045 

QSVM_ZZ_d2_full 97.02% 96.13% +0.0089 

 

Table 4: Performance of the entangling ZZFeatureMap 

 

Across all feature maps, the QSVM consistently outperforms the classical SVM baseline by approximately 1.5-2 percentage 
points in test accuracy, with substantially improved recall for both classes. Rotation-based feature maps already offer a strong 
embedding, confirming that superposition alone, even without entanglement, is sufficient to obtain a quantum advantage in 
this task. 

However, the ZZFeatureMap yields the best overall performance, validating the hypothesis that entanglement enhances 
feature expressivity by encoding second-order correlations directly at the quantum level. 

This map therefore represents the most expressive and effective embedding tested, while rotation-based feature maps offer 
a lighter-weight yet highly competitive alternative with lower circuit complexity. 

4.4 SVM and QSVM for multiclass classification 

The last comparative application study of SVM and quantum-enhanced SVM performances was related to a multiclass 
classification task inherent to different rating classes over 4,000 firms. In this case, the target variable was Rating, containing 
five different classes from A to E, each one attributed to different intervals of the Altman Z-score, computed according to the 
main reference formula and the related predictors. In particular, the attribution of each observation to the respective rating 
class was implied by the following intervals. 

 

𝑅𝑎𝑡𝑖𝑛𝑔 =

{
 
 

 
 
𝐴 if 𝑍 > 3.25
𝐵 if 1.65 < 𝑍 ≤ 3.25
𝐶 if 1 < 𝑍 ≤ 1.65
𝐷 if 0.25 < 𝑍 ≤ 1
𝐸 if 𝑍 ≤ 0.25

  

 

Features and target analysis 

In this classification task an accurate analysis of target and features distribution was conducted once again. As can be clearly 
seen in Figure 23, the distribution of observations is not uniform across rating classes. Class C is the most represented 
(28.27%), followed by B (24.30%), D (20.52%) and A (18.22%), while class E is significantly underrepresented (8.67%). 

This moderate imbalance suggests that the classification task may be more challenging for the minority class, particularly for 
models that rely on distance-based separability such as SVMs and Quantum kernel methods. 

In particular, class E includes fewer samples, and this may result in a lower accuracy in capturing observations falling into that 
category if the model fails to capture the subtle patterns that distinguish it from the neighboring class D. 

Nevertheless, the imbalance is not extreme, and class proportions remain adequate to allow effective multiclass learning 
without requiring resampling strategies. 

Regarding the features distribution analysis, this was conducted following the same pattern seen in the binary classification 
task. 
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Figure 24 shows the empirical distributions of the five financial ratios already used as predictors in the other scenarios. From 
an aggregate point of view WC/TA, RE/TA and EBIT/TA present evident skewness and heavy tails in their respective 
distribution. 

Their narrow ranges of values suggest that most firms are concentrated within compact intervals and that they may 
contribute to the class separation through subtle differences in dispersion. 

A more informative representation is available in Figure 25 which shows rating class-conditioned distributions directly 
reporting the kernel density estimates, revealing that the aggregated distributions mask an ordinal structure across the five 
rating classes: the densities of WC/TA, RE/TA and EBIT/TA shift monotonically from class A and B toward the low-intermediate 
ones, with class E appearing in the lower tail of each feature. 

This confirms the relation between low levels of profitability and liquidity and diminishing rating scores, in line with financial 
intuition: lower-rated firms tend to exhibit weaker working capital, retained earnings and operating margins. 

 

 

 

Figure 23: Rating classes distribution 

 

 

 

Figure 24: Features distribution in multiclass classification scenario 
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Figure 25: Features distribution by class in multiclass classification scenario 

 

About the ME/TL ratio, it exhibits the strongest difference from a normal distribution, being characterized by an extreme 
right tail which is extended beyond 60. From the rating class-conditioned distributions plot, what emerges is that the heavy 
tail is almost totally attributable to class A firms, whose high capitalization results into a wide density with significantly higher 
values compared to all the other classes. On the other hand, classes D and E remain clustered near zero, for exactly the 
opposite reason. 

The conclusion is that ME/TL plays again a key non-linear role mainly in discriminating higher-rated firms (A and B) from 
lower-rated ones. Finally, regarding S/TA, this ratio displays again a right skewness in the overall distribution, which is clarified 
by the class-conditioned distribution analysis: classes A and B are placed in the upper range, indicating a greater efficiency in 
generating sales from assets, whereas classes D and E are mainly concentrated on lower values. As a result, S/TA may prove 
to be useful for separating the intermediate classes (C and D) from the extremes. 

In summary, the combined analysis from the figures highlights an ordinal pattern across the feature space. Each rating class 
dominates a distinct subregion, with clear transitions along the scale from A to E. This proves the relevance of non-linear 
classifiers, as Quantum kernel models, in exploiting their distributional geometry to capture the adjacent complex boundaries 
separating the different rating categories. 

To complete the features distribution analysis, the correlation matrix in Figure 26 shows a light correlation among features, 
with coefficients ranging from 0.00 to 0.33, indicating that features encode largely distinct financial dimensions, lowering the 
risk of multicollinearity. 

As a matter of fact, the highest correlation is observed between RE/TA and EBIT/TA, which is to be expected, since both ratios 
reflect profitability-related characteristics. Nevertheless, this relation is moderate, and this suggests that each variable 
provides unique information about the firm’s financial condition. 

As regards WC/TA, this ratio shows low correlations with all other indicators (between 0.18 and 0.25), a fact that confirms 
the complementary relation between liquidity-oriented indication and profitability and leverage measures. On the other 
hand, ME/TL shows a non-linear correlation with other features, with its values ranging from 0.00 to 0.28. The lack of linear 
dependence indicates its nature of independent variable of class separation, in particular between high-rated and low-rated 
firms. In a similar way, S/TA shows weak correlations (0.08 with RE/TA and 0.00 with ME/TL), suggesting that efficiency in 
turning assets into sales constitutes a distinct explanatory channel. To conclude, the correlation matrix completes the 
features distribution analysis on the dataset. Features show heterogeneity, weak correlation and absence of strong linear 
dependencies, enhancing the potential benefits of using non-linear classical or Quantum kernels to map these relations into 
richer feature spaces. 
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Figure 26: Features correlation matrix for multiclass classification task 

 

Features and target analysis 

When it comes down to the model selection process, the same strategy already adopted for the binary classification task was 
used, performing a preliminary grid search based on a 5-fold cross-validation over 5 different random seeds, selecting the 
best performing model in line with the already specified strategy, based on a restricted range of accuracy accuracy gap ratio 
and out-of-sample accuracy. With respect to the previous task, only the best 𝐶 parameter value detected (0.1) was compared 
with different configurations of 𝛾 for RBF kernel, resulting in what Figure 27 exhibits, confirming the previous configuration 
(𝐶 = 0.1, 𝛾 = 0.1) to be the most ideal parameter combination for building the model. 

 

 

 

Figure 27: Best model parameters combination from Grid Search – the green bar indicates the best model 

 

This configuration was tested with a 5-fold cross-validation over 100 simulated scenarios, each represented by a different 
seed. The model taken as benchmark, again, was chosen based on the highest out-of-sample accuracy score. The best model 
identified was the seed 7,760 with an out-of-sample accuracy of 0.8540, as indicated in Figure 28. 
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Figure 28: Out-of-sample accuracy over 100 simulations (5-fold CV). As previously seen, the red dot marks the model 
achieving the highest accuracy and being used as benchmark for QSVM comparison 

 

OvO technique 

The difference between this task and its binary version was the use of a technique commonly adopted in cases of multiclass 
classification performed using Support Vector Machines, known as One-vs-One (OvO) technique. The general idea is that, 
since SVMs are by nature binary classifiers, the multiclass prediction can be reformulated as a collection of binary 
subproblems. 

As a matter of fact, the One-vs-One strategy foresees that a separate binary classifier is trained for each pair of classes, 

resulting in 
𝐾(𝐾−1)

2
 distinct SVM models for a 𝐾-class problem. For the five rating classes considered in this study, this results 

into 10 pairwise classifiers. 

At prediction time, each classifier casts a vote for one of the two classes it was trained to distinguish, and the final label is 
assigned according to a majority-voting rule. 

This framework proves to be particularly appropriate in this context for two reasons: 

1. A pairwise formulation allows each classifier to focus on the specific decision boundary between two adjacent classes, 
which is especially valuable in ordinal settings such as credit-rating prediction. 

2. OvO tends to yield better empirical results when classes exhibit heterogeneous distributions or overlapping regions in 
feature space, as observed in the preliminary dataset analysis. 

For these reasons, the OvO strategy was at the basis of the choice of the RBF kernel, other than for the feature distribution, 
and was adopted for all classical SVM baselines in the multiclass experiments, ensuring a robust and interpretable 
decomposition of the classification task. 

SVM-QSVM multiclass classification outcomes 

The comparison between classical and quantum-enhanced SVM followed the same selection conditions adopted in the binary 
classification task, thus conducting a 5-fold cross-validation for each possible combination of QSVM feature map. 

For this multiclass classification task, the quantum feature maps were specifically designed to exploit both single-qubit 
rotations and multi-qubit entanglement, with the purpose of capturing higher-order correlations among the financial ratios 
used as predictors. In particular, the models evaluated included: 

ZZFeatureMap. This configuration was set as before with full entanglement and depth 2, encoding pairwise feature 
interactions through Pauli-𝑍𝑍 gates, while maximizing connectivity among qubits. 

This choice was motivated by the fact that the same configuration emerged as the best-performing feature map in the binary 
classification problem. 
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Figure 29: Complete Pauli feature map {Z,XX,YY,ZZ} – Circular entanglement 
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Figure 30: Complete Pauli feature map {Z,XX,YY,ZZ} – Full entanglement 
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Pauli feature maps. Pauli feature maps generalize the structure of the ZZFeatureMap by allowing the inclusion of additional 
Pauli operators beyond the standard {𝑍, 𝑍𝑍} pair. In this study, two operator sets were considered: {𝑍, 𝑍𝑍} and 
{𝑍, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍}. 

The first configuration serves as a baseline extension of the ZZFeatureMap, while the second introduces the 𝑋𝑋 and 𝑌𝑌 
operators, enabling the encoding of additional second-order interactions that act on different directions of the Bloch sphere 
and allowing the feature map to explore a richer Hilbert space by introducing correlations that involve both bit and phase flip 
components, rather than relying solely on phase correlations (as in the case of 𝑍𝑍). 

Furthermore, these extended Pauli maps were used to investigate whether enhancing the expressivity of the embedding 
through additional two-qubit interactions can lead to an improved classification performance. 

Both circular and fully connected entanglement patterns were tested to evaluate how qubit connectivity impacts the 
resulting kernel. 

Rotation-based 𝑹𝒁 feature maps with entanglement. Here, the input features modulate single-qubit 𝑅𝑍 rotations, followed 
by entanglement layers arranged either in circular or full structure, as in the configuration described above. 

These feature maps extend phase encoding by correlating qubits through chains or complete networks of CNOT gates, 
enabling the representation of higher-order non-linear combinations of the input variables across multiple qubits. 

Taken together, these configurations were chosen to compare a large set of quantum embeddings with an increasing 
expressive power, capable of representing complex multi-qubit interactions in the data. 

Figures 29 and 30 show the complex structure of Pauli feature maps just described, both with circular and full entanglement, 
together with the entangling 𝑅𝑍-based feature maps, described by Figures 31 and 32. 

 

 

 

Figure 31: Entangling rotation-based feature map 𝑅𝑍 – Circular entanglement 

 

 

Figure 32: Entangling rotation-based feature map 𝑅𝑍 – Full entanglement 
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The difference is clear between circular and full entanglement, where the first differentiates for the fact of having a pairwise 
entanglement forming a cycle but not entangling each single feature with each other. 

To clarify the role of qubit connectivity in the quantum feature maps considered, it is useful to explicitly distinguish between 
circular and fully connected entanglement structures. In the circular configuration, qubits are entangled only with their 
nearest neighbours, forming a closed cycle in which each financial ratio interacts pairwise, but not simultaneously with all 
others. This topology limits circuit depth and interaction density while still enabling the encoding of structured second-order 
dependencies. In contrast, full entanglement implements an all-to-all connectivity pattern, where each qubit is entangled 
with every other qubit, allowing the feature map to represent all pairwise interactions among the input variables. This 
configuration maximizes the expressive capacity of the quantum embedding and provides a direct mechanism to map 
moderate correlations observed in the data—such as those identified in the correlation matrix—into the quantum state 
through explicit multi-qubit interactions. 

From the execution of each combination, the results reported in Figures 33 and 34 were obtained. 

 

 

 

Figure 33: Multiclass classification results - ZZFeatureMap and complete Pauli feature maps 

 

The classical SVM trained on the benchmark seed and configuration achieved a test accuracy of 85.40% with an extremely 
low accuracy gap, denoting a stable generalization. 

The confusion matrix showed systematic misclassifications among the intermediate classes (particularly B, C and D), and a 
marked difficulty in discriminating between classed D and E. This proved to be consistent with the distributional analysis 
presented earlier, as these classes share similar support in several financial ratios. 

As regards QSVM results, the best performance was obtained by the ZZFeatureMap with depth 2 and full entanglement, 
reaching a test accuracy of 92.87% with a moderate gap of +0.0097. 

The confusion matrix highlights substantial improvements across all classes, especially for B, C and E. The accuracy on class 
E, the most underrepresented and most difficult to classify, increased dramatically compared to the classical SVM, confirming 
the ability of the Quantum kernel to exploit higher-order feature correlations induced by the entangling operations. 

These results have been coherent with the distributional structure of the dataset, where class E exhibited displaced densities 
across most features. 

With reference to the Pauli feature maps, tested in the two variants previously shown, the performance revealed to be 
intermediate between the outcomes of classical SVM and ZZFeatureMap. 
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More specifically, as visible from the figures, the Pauli map circular entanglement achieved an out-of-sample accuracy of 
89.22%, while the fully entangled reached an even higher level of accuracy, of 91.30%. 

The inclusion of 𝑋𝑋 and 𝑌𝑌 operations, which introduced amplitude-based interactions in the addition to the phase-based 
𝑍𝑍 terms, improved the separability for intermediate classes, however showing a performance which is slightly below that 
of pure ZZFeatureMap. 

 

 

 

Figure 34: Multiclass classification results - Pauli feature map with {𝑍, 𝑍𝑍} and entangling 𝑅𝑍-based feature maps 

 

This may suggest that the dataset primarily benefits from phase correlations between each other features, in line with the 
observed ordinal progression across most of the financial ratios. 

In the end, observing the entangling 𝑅𝑍-based feature maps, configured with depth 2 with both circular and full 
entanglement, they both achieved high out-of-sample accuracy scores, of 91.68% and 90.90% respectively. 

Despite the slightly lower outcome, their configurations still outperformed the classical SVM by a large margin. The more 
regularized structure of the circularly entangled map seems to have contributed to the better performance. 

Looking at the overall results, QSVM consistently outperformed their classical version by 4 − 7%. High-intermediate classes B 
and C benefited from quantum embeddings, with an observed strong reduction in cross-misclassifications, whereas even 
better results were achieved in terms of the classification of the worst rating class, E: while classical SVM failed to separate E 
and D, all quantum models classified correctly an evident higher number of samples falling in E. 

These improvements confirm the earlier analysis of features distribution, showing that quantum feature maps, especially 
those involving entanglement, are capable of embedding the input data into highly non-linear and higher-dimensional Hilbert 
spaces, enhancing class separability where the classical kernel struggles. 

This is in line with recent literature (Zhang et al., 2024) (Schuld, Sinayskiy, and Petruccione, 2015) (Bhattacharjee, Fuad, and 
Hossain, 2024). 

5. Conclusions 

In this paper, the potential applications of Quantum Machine Learning have been thoroughly analyzed, with a specific 
comparative study quantum Support Vector Machines for regression and classification tasks, both binary and multiclass. The 
conclusion from this work is that quantum-enhanced structures, for their nature and characteristics connected with quantum 
mechanics, allow to overcome classical models in problems connected with the modeling of datasets where data are difficult 
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to predict or classify. In these cases, fundamental quantum properties as the entanglement are able to create relations among 
features of a model that classical structures could not detect, thanks to an increased precision in training and test phase. 

As a matter of fact, with a specific reference to classification tasks, fully entangling feature maps reached the best outcomes, 
with an increased accuracy and stability between training and test set, especially in the multiclass classification context, 
where the presence of separating adjacent classes brought a minor accuracy of the Classical RBF kernel in classifying the 
observations by their actual rating classes. 

In a future perspective, Credit Scoring and Credit Risk fields might prove to be ideal for the study and implementation of 
possible quantum-enhanced algorithms that could compete and overcome traditional procedures currently used in the 
sector. As demonstrated by the several references presented in this project, literature has literally flourished in the last few 
years, producing many works exploring other applicative models traditionally spread in Machine Learning, as Quantum Neural 
Networks applied to risk assessment and portfolio optimization (Udaru, 2025), which might overcome the current ones in 
the next future. 

Another interesting and fascinating research field recently explored is more oriented to create hybrid Machine Learning 
models, where the introduction of quantum elements in the classical structure of models may allow to solve problems and 
tasks traditionally not easy to overcome, with a reduction in training time and a better capacity to detect complex patterns 
in data than classical models (Schetakis et al., 2024). 

On this basis, this comparative study may be expanded in future development lines, both from a methodological and an 
applicative point of view. Some possible research patterns to follow might be oriented to apply the models presented to even 
more incomplete datasets, where patterns among features are difficult to detect and where distribution of data presents 
large skewness. Development of fit-for-purpose feature maps, depending on the characteristics of single datasets might be 
explored, or some applicative quantum-enhanced strategies might be experimented in other scenarios of Risk Management, 
like pricing or hedging strategies. 

The Quantum Computing field is still developing and physical limitations connected with the delicate environmental 
conditions required to make quantum computers highly functioning and efficient may affect its growth in the short term. 

Nevertheless, up to 30 years ago, even classic computers were not able to execute a large number of operations that today 
are considered elementary, but research has demonstrated that those limits could be overcome, so it is still not determined 
that quantum computers would fail in the attempt of being miniaturized, as it has been for classic architectures. 

An important contribution in recent times is constituted by cloud computing, which might represent a good alternative in 
the next few years. However, the current advantages in applying quantum strategies to traditional methods are now starting 
to emerge, and it paves the way to continue exploring possible efficient and effective solutions. 
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  𝐰 =   ∑  i = 1  N    𝛼  i   y  i   x  i


    𝛼  i > 0


    x  i  T   x  j


  𝜙 ( x )


  N → ∞


  K (   x  i ,   x  j )


  𝜙 ( x )


  K (   x  i ,   x  j ) = ⟨ 𝜙 (   x  i ) , 𝜙 (   x  j ) ⟩


    𝐦 𝐚 𝐱  𝛼   ∑  i = 1  N    𝛼  i −  1 2   ∑  i , j = 1  N    𝛼  i   𝛼  j   y  i   y  j K  (   x  i ,   x  j )   s.t.  0 ≤   𝛼  i ≤ C , ∑   𝛼  i   y  i = 0  


  f  ( x ) =   ∑  i = 1  N    𝛼  i   y  i K  (   x  i , x ) + b


  b


    𝛼  i


  𝛼


  0 <   𝛼  i ∗ < C


    𝐱  S


    y  s  (   ∑  i = 1  N    𝛼  i ∗   y  i k (   𝐱  i ,   𝐱  j ) +   b ∗ ) = 1


    b ∗


    b ∗ =   y  s −   ∑  i = 1  N    𝛼  i ∗   y  i k (   𝐱  i ,   𝐱  s )


    b ∗ =  1   | S |   ∑  s ∈ S [   y  s −   ∑  i = 1  N    𝛼  i ∗   y  i k (   𝐱  i ,   𝐱  s ) ]


  S


  𝜙 ( x )


   ℝ 2


    x 1 = ( 1 , 2 ) ,   x 2 = ( 2 , 3 ) ,   x 3 = ( 3 , 4 )


  𝜙 ( x ) = (   x 1 2 ,  2   x 1   x 2 ,   x 2 2 )


   ℝ 3


  𝜙 (   x 1  )  T 𝜙 (   x 2 ) = (  1 2 ,  2 ⋅ 1 ⋅ 2 ,  2 2 ) ⋅ (  2 2 ,  2 ⋅ 2 ⋅ 3 ,  3 2 ) = ( 1 , 2 . 828 , 4 ) = 1 ⋅ 4 + 2 . 828 ⋅ 8 . 485 + 4 ⋅ 9 ≈ 4 + 24 + 36 = 64


  K ( x , y ) = (   x  T y  ) 2


  𝜙 ( x ) : K (   x 1 ,   x 2 ) = ( 1 ⋅ 2 + 2 ⋅ 3 ) = ( 2 + 6  ) 2 =  8 2 = 64


  K ( x , y ) =   x  T y


  K  ( x , y ) =    (   x  T y + c )  d


  d


  c


  c = 1


  K  ( x , y ) =  exp ⁡  ( − 𝛾    ‖ x − y ‖ 2 )


  𝛾


  𝛾


  𝛾


  K  ( x , y ) =     ⁡  ⁡   ( 𝛾   x  T y + c )


  tanh


  𝛾


  𝐰


  ‖ 𝐰  ‖ 2


  ‖ 𝐰  ‖ 2


  ‖ 𝐰  ‖ 2


    x  i j ′ =     x  i j −   𝜇  j    𝜎  j  


    𝜇  j =  1  N   ∑  i = 1  N    x  i j


    𝜎  j =   1  N   ∑  i = 1  N (   x  i j −   𝜇  j  ) 2


  j


  𝐰


  C


    𝜀


  2 𝜀


  𝐦 𝐢 𝐧  1 2 ‖ 𝐰  ‖ 2 + C   ∑  i = 1  N (   𝜉  i +   𝜉  i ∗ )


    y  i − (   𝐰  T   x  i + b ) ≤ 𝜀 +   𝜉  i


  (   𝐰  T   x  i + b ) −   y  i ≤ 𝜀 +   𝜉  i ∗


    𝜉  i ≥ 0


    𝜉  i ∗ ≥ 0


    𝜉  i


  i


    𝜉  i ∗


  i


  i


    𝛼  i


    𝛼  i ∗


    𝛼  i


    𝛼  i ∗


   1 2   ∑  i = 1  N    ∑  i = 1  N  (   𝛼  i −   𝛼  i ∗ ) (   𝛼  j −   𝛼  j ∗ ) K (   x  i ,   x  j ) + 𝜀   ∑  i = 1  N (   𝛼  i +   𝛼  i ∗ ) −   ∑  i = 1  N    y  i (   𝛼  i −   𝛼  i ∗ )


    ∑  i = 1  N (   𝛼  i −   𝛼  i ∗ ) = 0


  0 <   𝛼  i ,   𝛼  i ∗ < C , ∀ i


  K  (   x  i ,   x  j )


    𝛼  i ≠ 0


    𝛼  i ∗ ≠ 0


    𝛼  i > 0


    𝛼  i ∗ < C


    b ∗ =   y  s − 𝜀 ⋅ s i g n (   𝛼  s −   𝛼  s ∗ ) −   ∑  i = 1  N (   𝛼  i −   𝛼  i ∗ ) K (   x  i ,   x  s )


    b ∗ =  1   | S |   ∑  s ∈ S [   y  s − 𝜀 ⋅ s i g n (   𝛼  s −   𝛼  s ∗ ) −   ∑  i = 1  N (   𝛼  i −   𝛼  i ∗ ) K (   x  i ,   x  s ) ]


  f ( x ) =   ∑  i = 1  N (   𝛼  i −   𝛼  i ∗ ) K (   x  i , x ) + b


  K  (   x  i , x )


  𝛼 ≠ 0


    𝛼 ∗ ≠ 0


    ∑  i    x  i | i ⟩


  A 𝐱 = 𝐛


  k


  k


  A


  𝜙 ( 𝐱 )


  𝐱 ∈  ℝ  n


  𝐱 ↦ | 𝜙 ( 𝐱 ) ⟩ =   U  𝜙 ( 𝐱 ) | 0 ⟩


    U  𝜙 ( 𝐱 ) | 0 ⟩


  𝐱


  | 0 ⟩


  ℋ


    k  Q (   x  i ,   x  j ) = | ⟨ 𝜙 (   𝐱  i ) | 𝜙 (   𝐱  j ) ⟩  | 2


  ℋ


    k  Q (   𝐱  i ,   𝐱  j ) = ⟨ 𝜙 (   𝐱  i ) | 𝜙 (   𝐱  j ) ⟩


    𝛼  i


  | 𝜙 ( 𝐱 ) ⟩


    k  Q (   𝐱  i ,   𝐱  j )


  ℋ


    𝐦 𝐢 𝐧  𝐰 , 𝝃  1 2 ‖ 𝐰  ‖ 2 + C   ∑  i = 1  N    𝜉  i s.t.    y  i ( ⟨ 𝐰 ,   𝜙  Q (   𝐱  i ) + b ⟩ ) ≥ 1 −   𝜉  i ;   𝜉  i ≥ 0 , ∀ i = 1 , … , N


    𝜙  Q (   𝐱  i ) =  | 𝜙  (   𝐱  i ) ⟩


  i


  ⟨ 𝐰 ,   𝜙  Q (   𝐱  i ) ⟩


  ℋ


  𝐰


  ℋ


  𝐰 =   ∑  j = 1  N    𝛽  j | 𝜙 (   𝐱  j ) ⟩


    𝛽  j ∈ ℝ


  ℋ


  𝐰


  𝐰


  ‖ 𝐰  ‖ 2 = ⟨ 𝐰 , 𝐰 ⟩ =   ∑  i = 1  N    ∑  i = 1  N    𝛽  j   𝛽  k ⟨ 𝜙 (   𝐱  j ) | 𝜙 (   𝐱  k ) ⟩


  ⟨ 𝐰 ,   𝜙  Q (   𝐱  i ) ⟩ =   ∑  j = 1  N    𝛽  j ⟨ 𝜙 (   𝐱  j ) | 𝜙 (   𝐱  i ) ⟩


   (   𝐰 ∗ ,   𝐛 ∗ )


  𝐱


  f ( 𝐱 ) = ⟨   𝐰 ∗ ,   𝜙  Q ( 𝐱 ) ⟩ +   𝐛 ∗


    𝐰 ∗


  f ( 𝐱 ) =   ∑  j = 1  N    𝛽  j ∗ ⟨ 𝜙 (   𝐱  j ) | 𝜙 ( 𝐱 ) ⟩ +   𝐛 ∗


  ⟨ 𝜙 (   𝐱  j ) | 𝜙 ( 𝐱 ) ⟩


  L ( 𝐰 , b , 𝝃 , 𝜶 , 𝝁 ) =  1 2 ‖ 𝐰  ‖ 2 + C   ∑  i = 1  N    𝜉  i −   ∑  i = 1  N    𝛼  i [   y  i ( ⟨ 𝐰 ,   𝜙  Q (   𝐱  i ) ⟩ + b ) − 1 +   𝜉  i ] −   ∑  i = 1  N    𝜇  i   𝜉  i


    𝜕 L  𝜕 𝐰 = 𝐰 −   ∑  i = 1  N    𝛼  i   y  i   𝜙  Q (   𝐱  i ) = 0 ⇒   𝐰 ∗ =   ∑  i = 1  N    𝛼  i ∗   y  i   𝜙  Q (   𝐱  i )


    𝜕 L  𝜕 b = −   ∑  i = 1  N    𝛼  i   y  i = 0 ⇒   ∑  i = 1  N    𝛼  i ∗   y  i = 0


    𝜕 L  𝜕   𝜉  i = C −   𝛼  i −   𝜇  i = 0 ⇒   𝛼  i ∗ ≤ C ,   𝜇  i ∗ = C −   𝛼  i ∗


    𝐦 𝐚 𝐱  𝜶   ∑  i = 1  N    𝛼  i −  1 2   ∑  i = 1  N    ∑  j = 1  N    𝛼  i   𝛼  j   y  i   y  j   k  Q  (   𝐱  i ,   𝐱  j )  s.t.  0 ≤   𝛼  i ≤ C ,   ∑  i = 1  N    𝛼  i   y  i = 0 ;


    k  Q (   𝐱  i ,   𝐱  j )


  | 𝜙 (   𝐱  i ) ⟩


    U  𝜙 † (   𝐱  j )


  | 0 ⟩


  | ⟨ 𝜙 (   𝐱  i ) | 𝜙 (   𝐱  j ) ⟩  | 2


  | 𝜙 (   𝐱  i ) ⟩


  | 𝜙 (   𝐱  j ) ⟩


    K  Q


    𝛼  i


    𝜕 L  𝜕   𝛼  k = 1 −   ∑  j = 1  N    𝛼  j   y  j   y  k   k  Q (   𝐱  j ,   𝐱  k )


    𝛼  i


    𝛼  i ∗


  0 <   𝛼  i ∗ < C


    𝐱  S


    y  s  (   ∑  i = 1  N    𝛼  i ∗   y  i   k  Q (   𝐱  i ,   𝐱  s ) +   b ∗ ) = 1


    b ∗ :     b ∗ =   y  s −   ∑  i = 1  N    𝛼  i ∗   y  i   k  Q (   𝐱  i ,   𝐱  s )


    b ∗ =  1   | S |   ∑  s ∈ S [   y  s −   ∑  i = 1  N    𝛼  i ∗   y  i   k  Q (   𝐱  i ,   𝐱  s ) ]


  𝐱


  f ( 𝐱 ) =   ∑  i = 1  N    𝛼  i ∗   y  i   k  Q (   𝐱  i , 𝐱 ) +   b ∗


  ℋ


    𝐦 𝐢 𝐧  𝐰 , 𝝃 ,   𝝃 ∗  1 2  ‖ 𝐰  ‖ 2 + C   ∑  i = 1  N (   𝜉  i +   𝜉  i ∗ )


    y  i −  (  ⟨ 𝐰 ,   𝜙  Q  (   𝐱  i ) ⟩ + b ) ≤ 𝜀 +   𝜉  i


   (  ⟨ 𝐰 ,   𝜙  Q  (   𝐱  i ) ⟩ + b ) −   y  i ≤ 𝜀 +   𝜉  i ∗


    𝜉  i ≥ 0  


    𝜉  i ∗ ≥ 0 .


  𝐰


  ℋ


  b


    𝜉  i


    𝜉  i ∗


  C


    𝜙  Q (   𝐱  i ) = | 𝜙 (   𝐱  i ) ⟩


  i


  𝐰


   (   𝐰 ∗ ,   𝐛 ∗ )


  f ( 𝐱 ) = ⟨   𝐰 ∗ ,   𝜙  Q ( 𝐱 ) ⟩ +   b ∗


    𝐰 ∗


  f ( 𝐱 ) =   ∑  j = 1  N    𝛽  j ∗ ⟨ 𝜙 (   𝐱  j ) | 𝜙 ( 𝐱 ) ⟩ +   b ∗


  ⟨ 𝜙 (   𝐱  j ) | 𝜙 ( 𝐱 ) ⟩


  ℋ


  ℋ


    𝐦 𝐢 𝐧  𝜶 ,   𝜶 ∗  1 2   ∑  i = 1  N    ∑  j = 1  N    ( 𝛼  i −   𝛼  i ∗ ) (   𝛼  j −   𝛼  j ∗ )   k  Q (   𝐱  i ,   𝐱  j ) + 𝜀   ∑  i = 1  N (   𝛼  i +   𝛼  i ∗ ) −   ∑  i = 1  N    y  i (   𝛼  i −   𝛼  i ∗ )


    ∑  i = 1  N    ∑  j = 1  N    ( 𝛼  i −   𝛼  i ∗ ) (   𝛼  j −   𝛼  j ∗ )   k  Q (   𝐱  i ,   𝐱  j )


  𝜀   ∑  i = 1  N (   𝛼  i +   𝛼  i ∗ )


  𝜀


  −   ∑  i = 1  N    y  i (   𝛼  i −   𝛼  i ∗ )


    y  i


    ∑  i = 1  N (   𝛼  i −   𝛼  i ∗ ) = 0


   {    0 ≤   𝛼  i ≤ C , ∀ i   0 ≤   𝛼  i ∗ ≤ C , ∀ i


  i


  j


    ( 𝛼  i ,   𝛼  i ∗ )


  f ( 𝐱 ) =   ∑  i = 1  N (   𝛼  i  −   𝛼  i ∗ )   k  Q (   𝐱  i , 𝐱 ) +   b ∗


    b ∗


    𝛼  i  > 0 ,     𝛼  i ∗ < C


    b ∗ =   y  s − 𝜀 ⋅ s i g n (   𝛼  s  −   𝛼  s ∗ ) −   ∑  i = 1  N (   𝛼  i  −   𝛼  i ∗ )   k  Q (   𝐱  i ,   𝐱  s )


    b ∗ =  1   | S |   ∑  s ∈ S [   y  s − 𝜀 ⋅ s i g n (   𝛼  s  −   𝛼  s ∗ ) −   ∑  i = 1  N (   𝛼  i  −   𝛼  i ∗ )   k  Q (   𝐱  i ,   𝐱  s ) ]


  S


  Z = 1 . 2   W C  T A + 1 . 4   R E  T A + 3 . 3   E B I T  T A + 0 . 6   M E  T L + 1 . 0   S  T A


  ε


  ε


  C ∈ { 0 . 1 , 1 , 10 , 25 , 50 , 100 }


  ε ∈ { 0 . 05 , 0 . 1 , 0 . 5 }


  [ 1 , 10000 ]


  G R


  G a p R a t i o =     RMSE  out −   RMSE  in    RMSE  out × 100


  RMSE


    RMSE  out


    RMSE  out


  G a p R a t i o


    RMSE  out


  C = 10


  𝜀 = 0 . 1


  RMSE


  C = 10


  C = 10


  𝜀 = 0 . 1


  RMSE


  RMSE


    RMSE  out


    RMSE  out = 2 . 616


  GR=3.9%


  GR=7.6%


  C = 10


  𝜀 = 0 . 1


  RMSE


  Z


  ZZ


  ZZ


  𝜙 ( S , x )


   {      x  i  if  S =  { i }         ( 𝜋 −   x  i ) ( 𝜋 −   x  j )  if  S = { i , j }


  S = { i }


  Z


  S = { i , j }


  ZZ


  d


  | 0 ⟩


  Z


  ZZ


  Z


  ZZ


   (   x  i ,   x  j )


    x  i   x  j


  r e p s ∈ { 1 , 2 }


  r e p s


  x


  U ( x )


  | 𝜓 ( x ) ⟩ = U ( x ) | 0 ⟩


  K ( x , z ) = F ( x , z ) = | ⟨ 𝜓 ( x ) | 𝜓 ( z ) ⟩  | 2


  x


  z


  ⟨ 𝜓 ( x ) | 𝜓 ( z ) ⟩ =   ∑  i = 0   2  n − 1    𝜓  i ( x  ) ∗ 𝜓 ( z )


  r e p s = 1


  r e p s = 2


  C = 10


  𝜀 = 0 . 1


  Default =  {    1 ⟹ if the firm defaults   0 ⟹ otherwise                


  Balance Ratio =   # Default  # No Default


  C ∈ ( 0 . 1 , 1 , 10 , 25 )


  𝛾 ∈ ( 0 . 001 , 0 . 01 , 0 . 1 , 1 )


  𝛾


    T N + T P  T N + F P + F N + T P


  T P


  T N


  F P


  F N


  AccuracyGap =   Accuracy  I S −   Accuracy  O O S


  AccuracyGapRatio =  (   AccuracyGap    Accuracy  I S ) × 100


  C


  𝛾


  A c   c  I N


  A c   c  O U T


  A c   c  g a p


  A c   c  g a p   R a t i o


  C = 0 . 1


  𝛾 = 0 . 1


  A v g   A c   c  o u t


  0 . 9385 ± 0 . 0009


  M i n   A c   c  o u t


  0 . 9363


  M a x   A c   c  o u t


  0 . 9410


  A v g   A c   c  g a p


  0 . 0021 ± 0 . 0011


  A v g   A c   c  g a p   R a t i o


  0 . 22 %


  R ∈ {   R  x ,   R  y ,   R  z }


  𝐱 = (   x 1 ,   x 2 , … ,   x  n ) ∈  ℝ  n


     ⨂  i = 1  n   R  𝛼 ( f (   x  i ) ) | 0 ⟩


  𝛼 ∈ { x , y , z }


  f (   x  i )


    R  x


  𝜋


  2 𝜋


    R  y


    R  z


    R  x


    R  y


    R  z


    R  z


  H


    R  z ( 𝜃 )


   (      e  − i 𝜃 / 2  0   0    e  i 𝜃 / 2 )


    R  z ( 𝜃 ) | 0 ⟩ =   e  − i   𝜃 2 | 0 ⟩ = | 0 ⟩


  𝜃


  | 0 ⟩


  H | 0 ⟩ =  1   2 ( | 0 ⟩ + | 1 ⟩ )


    R  z ( 𝜃 )


    R  z ( 𝜃 ) H | 0 ⟩ =  1   2 (   e  − i   𝜃 2 | 0 ⟩ +   e  i   𝜃 2 | 1 ⟩ )


    R  x


    R  y


    R  z


    R  X


    R  Y


  X


  Y


   2 5 = 32


    R  Z


  𝜋


  2 𝜋


  𝜋 / 2


  Z Z


    x  i   x  j


  R a t i n g =  {    A  if  Z > 3 . 25   B  if  1 . 65 < Z ≤ 3 . 25   C  if  1 < Z ≤ 1 . 65   D  if  0 . 25 < Z ≤ 1   E  if  Z ≤ 0 . 25


  C


  C = 0 . 1


  𝛾 = 0 . 1


    K ( K − 1 ) 2


  K


   { Z , Z Z }


   { Z , Z Z }


   { Z , X X , Y Y , Z Z }


  X X


  Y Y


  Z Z


    𝑹  𝒁


    R  Z


    R  Z


    R  Z


    R  Z


  X X


  Y Y


  Z Z


   { Z , Z Z }


    R  Z


    R  Z


  E S = f  ( S M C ,   U P G ,   G D P G R ,   T O ,   R E C ,   G F C )                           ( 1 )


      L n C O 2  i t =     𝛽 0 +   𝛽 1 L n   S M C  i t +   𝛽 2   L n U P G  i t +   𝛽 3 L n   G D P G R  i t +   𝛽 4 L n   T O  i t +   𝛽 5 L n   R E C  i t +   𝛽 6   G F C  i t +   𝜀  i t                     ( 2 )


    L n N R D  i t =     𝛽 0 +   𝛽 1 L n   S M C  i t +   𝛽 2   L n U P G  i t +   𝛽 3 L n   G D P G R  i t +   𝛽 4 L n   T O  i t +   𝛽 5 L n   R E C  i t +   𝛽 6   G F C  i t +   𝜀  i t                     ( 3 )


    L n F R D  i t =     𝛽 0 +   𝛽 1 L n   S M C  i t +   𝛽 2   L n U P G  i t +   𝛽 3 L n   G D P G R  i t +   𝛽 4 L n   T O  i t +   𝛽 5 L n   R E C  i t +   𝛽 6   G F C  i t +   𝜀  i t                       ( 4 )


    𝛽 1


    𝛽 6


    Y  i t =   𝛽  i 1   X  i t +     ∑  j =   − q  q    𝛿  i j ∆   X  i ,   t + j +   𝛾  1 I     D  i i +   𝜀  i t                       ( 5 )


      Y ∗  i t =    (   Y  i t −     Y -  i ) −  (       L  21 i ^      L  22 I ^ ) ∆   X  i t +  (       L  21 i −     L  22 i ^ ^      L  22 I ^ )   𝛽  (   X  i t −     x  i - )                 ( 6 )


    ∆ Y  i t =     𝜋  i   Y  i t − 1 +   𝛾  i   𝛿  i t +     ∑  j = 1  p − 1    𝜃  i j     Y  i , t − j +   𝜀  i t                 ( 7 )


    𝛿  i t


    ∑  j = 1  p − 1    𝜃  i j     Y  i , t − j


    𝜀  i t


    𝜀  i t =     𝜇  i t +   𝜃  i   f  t                     ( 8 )


    ∆ Y  i t =     𝜋  i   Y  i t − 1 +   𝛾  i   𝛿  i t +     ∑  j = 1  p − 1    𝜃  i j     Y  i , t − j +   𝜇  i t +   𝜃  i   f  t             ( 9 )


    𝜃  i


    Y  i t =     𝜑  i +     𝛾  i t +  ∆  i   F  i +     𝜇  i t             ( 10 )


    F  i )


   ∆  i


    𝜇  i t

